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Abstract. We study the influence of quintessential matter on the equations describing the
properties of a thin accretion disk around a rotating compact object. From these, we show that
quintessence matter may play an important role in the accretion process.

1. Introduction

Current astronomical observations suggest that the Universe is undergoing an accelerated
expansion. One model used to explain this behavior is the existence of a dynamic scalar field
known as quintessence. This field has been incorporated by Kiselev [1] in a static and spherically
symmetric solution of the Einstein field equations, which has been generalized to a rotating
solution in [2–4]. Some general aspects of spherical accretion onto static Kiselev black holes
have been presented in [5]. In this work, we will derive the equations describing the properties
of a thin disk [6–8] around a rotating compact object surrounded by quintessence matter to
show that this field may play an important role in the accretion.

2. The Rotating Kiselev Solution

Recently, a rotating generalization of the Kiselev’s metric [1] was obtained using the Newman-
Janis algorithm [2–4] with a line element in Boyer-Lindquist coordinates written as

ds2 = −
(

Σ∆

Ξ
+

̟2Ξ sin2 θ

Σ

)

dt2 − 2̟Ξ sin2 θ

Σ
dtdφ+

Σ

∆
dr2 +Σdθ2 +

Ξ

Σ
sin2 θdφ2, (1)

where ∆ = r2 + a2 − 2Mr − αr1−3ω, Σ = r2 + a2 cos2 θ, Ξ =
(

r2 + a2
)2 − a2∆sin2 θ and

̟ = a
Ξ

(

2Mr + αr1−3ω
)

. This solution describes a compact object characterized by its mass M ,
angular momentum a and a parameter α which measures the intensity of a quintessence field
with equation of state Pq = ωρq, where Pq and ρq are its pressure and energy density [1, 9, 10]
and the state parameter takes values in the range −1 < ω < −1

3 . In this work, we are interested

in the particular value ω = −2
3 , which describes an object surrounded by quintessence matter.

For black holes, the horizon structure of this solution is defined by the relation ∆ = 0, which
gives, in general, three horizons: an inner r−, an outer r+ and a cosmological horizon rq. The
existence of a black hole spacetime (with horizons) is restricted by the conditions α ≤ 1

6 and

a ≤ acrit =

√

2(−1+9α+(1−6α)3/2)
27α2 (see [2] for the details).
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3. The accretion disk structure equations

Consider a thin accretion disk with a very small total mass in the equatorial plane around a
rotating compact object described by equation (1). In order to study the dynamics of the gas
flow, we will consider a general energy-momentum tensor of the form T µν = (ρ+ ǫ+ P )UµUν+
Pgµν+Sµν+Uµqν+Uνqµ, [7,8] where ρ is the rest-mass density, ǫ is the thermal energy density
and P is the pressure, including gas and radiation contributions. Uµ represents the 4-velocity
of the flow and contains the velocity 3-vector ~u. qν is the energy-flux and Sµν is the viscous
stress tensor, written in terms of the bulk viscosity, ξ, and the dynamic viscosity, η, as in [11]:

Sµν = η (hµσ∇σu
ν + hνσ∇σu

µ) +
(

ξ − 2
3η
)

hµν∇σu
σ, with hµν = UµUν + gµν . As usual, these

contributions satisfy the constrains SµνUν = 0 and qµUµ = 0.
The structure equations for the accretion disk are the energy momentum balance, ∇νT

µν = 0,
together with the continuity equation (baryon conservation), ∇µ (ρU

µ) = 0, an equation of state,
a viscosity prescription and an equation describing the overall energy transport mechanism. In
order to study these equations, we will consider some simplifying assumptions [12,13], in which
the structure of the accretion disk is build using cylindrical coordinates (t, r, φ, z) and

- The disk is time independent and axisymmetric (derivatives with respect to t and φ vanish).
- The disk is geometrically thin, i.e. the proper height satisfies, H (r) ≪ r or ∂rP

∂zP
∼ z

r
≪ 1.

- The gas is moving on almost Keplerian orbits with azimuthal velocity uφ ≈
√

GM
r

, but also

has a small radial drift velocity, ur, and a smaller vertical velocity, uz. From the continuity

equation one can obtain the conditions uz
ur

∼ z
r
≪ 1 and ur

uφ
∼ H2

r2
≪ 1 [6].

In order to write the structure equations for the thin disk, we introduce the radial functions

A = 1− 2M

r
− α

r3ω+1
+

a2

r2
, (2)

B = 1− 3M

r
− 3α

2r3ω+1
+

2a

r

√

M

r
+

α
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, (3)
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r

√

M

r
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α

2r3ω+1
+
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, (4)
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1

2
√
r

∫ r
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√

Mx+ α
2x
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x2 − 3Mx− 3α
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√
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dx√
x
, (5)

F = 1 +
α

2r3ω+1

(

M

r

)

−1

, (6)

where r0 is the inner boundary of the disk (marginally stable circular orbit for a black hole [14]).
Considering a non-relativistic gas, ρ ≫ ǫ and ρ ≫ P [15], we project ∇νT

µν = 0 onto the
4-velocity and onto the 3-space orthogonal to Uµ to obtain the equations

Uν∂νǫ+ (P + ǫ)∇νU
ν + Sµν∇µUν +∇νq

ν + qµUν∇µUν = 0 (7)

and
[

U
i
U

µ + g
iµ
]

∂µP + ρU
µ
∇µU

i +∇µS
iµ +U

i
Uν∇µS

iµ + q
i
∇µU

µ + q
µ
∇µU

i +U
µ
∇µq

i
−U

i
U

µ
q
ν
∇µUν = 0. (8)

The velocity Uµ defines a local co-rotating reference frame from which it is possible to define
an orthonormal tetrad b

µ
(α) with b

µ
(0) = Uµ and gµνb

µ
(α)b

ν
(β) = ηαβ (details in [7,8,16]). Using the

b
µ
(α), we define the tetrad components of Sµν and qµ, denoted as −tαβ and Fα, respectively.
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Figure 1. Relativistic correction factors FC
B

, which affects the hydrostatic equilibrium equation

(10) and
√

FA
B

appearing in the energy balance in tetrad components. We plot Kerr, α = 0, and
the α = 0.01 rotating metric. Curves represent a

M
= 0, 0.25, 0.5, 0.75 and 1.0 from right to left.

The z - component of equation (8) gives the vertical momentum balance,

∂zP = −ρz
M

r3
FC

B
. (9)

Introducing the radial component of the 4-velocity, written through the continuity equation

as r
∫H(r)
−H(r)

(

ρU1
)

dz = r
〈

ρU1
〉

= − Ṁ
2π with Ṁ is the total accreted mass flux, the azimuthal

component of equation (8) is written in terms of the tetrad components of the stress tensor.
After integrating over the height of the disk and using equation (3), it gives

〈trφ〉 =
Ṁ

2π

√

M

r3

√
FD

A
. (10)

Finally, from the energy balance equation (7) in tetrad components we obtain ∂Fz
∂z

=
3
4

√

M
r3

√

FA
B

trφ, which integrated over the disk height and using (10) becomes Fz =
3MṀ
8πr3

√

FD
B

.

When comparing the obtained equations with the non-relativistic results, it is easy to identify
that the relativistic corrections are condensed into functions A, B, C, D and F . In Figures 1 and
2 we show the behavior of four of the relativistic correction factors appearing in the structure
equations for the particular case of quintessence, ω = −2

3 . It is important to note that the
existence of quintessence, even for small α, changes the behavior of the corrections importantly.
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Figure 2. Relativistic correction factors
√

FD
A

affecting the tetrad components of the stress

tensor equation (10) and
√

FD
B

characterizing the energy loss. We consider Kerr solution, α = 0,
and the rotating metric with α = 0.01. Curves represent a

M
= 0, 0.25, 0.5, 0.75 and 1.0, from

right to left.

References
[1] Kiselev V V 2003 Class. Quan. Grav. 20 1187
[2] Toshmatov B, Stuchlik Z and Ahmedov B 2015 arXiv:1512.01498 [gr-qc]
[3] Ghosh S 2016 European Physical Journal C 76 222
[4] Xu Z and Wang J 2016 Preprint 1609.02045 [gr-qc]
[5] Yang R J 2016 Preprint 1605.02320 [gr-qc]
[6] Frank J, King A and Raine D 1992 Accretion Power. (London: Cambridge University Press)
[7] Riffert H 1998 Thin Accretion Disks around Black Holes. In: Relativistic Astrophysics eds. H. Riffert et al

(Germany:Vieweg+Teubner Verlag) pp 120-138
[8] Riffert H and Herold H 1995 Astrophys. J. 450 508
[9] Younas A, Hussain S, Jamil M and Bahamonde S 2015 Phys. Rev. D 92(8) 084042
[10] Majeed B, Jamil M and Pradhan P 2015 Adv. High Energy Phys. 2015 124910
[11] Landau L D and Lifshitz E M 1991 Hydrodynamik (Berlin:Akademie Verlag)
[12] Kluzniak W and Kita D 2000 Preprint astro-ph/0006266
[13] Czapla M and Kluzniak W 2007 Proc. of RAGtime 8/9: Workshops on black holes and neutron stars 15-

19/19-21 September, 2006/2007 eds. Hledik S and Stuchlik Z (Czech Republic) pp. 27-33
[14] Hussain I and Ali S 2016 Eur. Phys. J. Plus 131 275
[15] Page D N and Thorne K S 1974 Mon. Not. R. Astron. Soc. 191 499
[16] Novikov I D and Thorne K S 1973 Astrophysics of Black Holes. In: Black Holes eds. C. DeWitt and B.S.

DeWitt (New York: Gordon & Breach) p. 344


