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Abstract. It was recently shown that a finite imbalance between electron densities in the
K and K′ valleys of bilayer graphene induces a magnetoelectric coupling. Here we explore
ramifications of this electronically tunable magnetoelectric effect for the optical conductivity
and dielectric permittivity of this material. Our results augment current understanding of
longitudinal magnetoresistance and magnetocapacitance in unconventional materials.

1. Introduction
The coupling of electric and magnetic degrees of freedom in materials continues to be
studied intensely, because of both its interesting physical origin and its potential for useful
applications [1–5]. The recent discovery [6, 7] of magnetoelectric couplings in bilayer graphene
(BLG) has established an intriguing link between magnetoelectricity and atomically thin
materials [8,9]. Here we investigate ramifications of this effect for electric transport, pointing out
intriguing similarities, but also crucial differences, with transport characteristics [10–15] arising
from the chiral anomaly [16] in Dirac [17] and Weyl [18,19] semimetals.

As a relevant context, we summarize the basic constitutive relations that represent the chiral
magnetic effect [10–16] in Dirac and Weyl semimetals with two valleys characterized by opposite
chirality. The most important feature is the generation of a finite imbalance %v of electron
densities between the valleys when both an electric field E and a magnetic field B are applied,
which also depends on the relaxation time τv for inter-valley scattering of charge carriers:

%v = − e3

2π2~2
τv B · E . (1)

Combined with the fact that %v in the presence of a magnetic field causes an electric current δj
to flow,

δj = − e

2π2~2D(EF)
B %v , (2)
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a correction to the magnetoconductivity tensor emerges that is of the form δσ
¯
(B) = δσ(B) B̂B̂,

with

δσ(B) =
e4 τv

4π4~4D(EF)
B2 . (3)

Here D(EF) denotes the density of states at the Fermi energy EF. See, e.g., Refs. [10,12,14] for
relevant derivations and Ref. [20] for a recent experimental observation.

As discussed in greater detail further below, the existence of a magnetoelectric coupling in
BLG whose magnitude depends on %v [6] gives rise to a set of constitutive relations that are
similar to those given above for Dirac and Weyl semimetals.

2. Magnetoelectric coupling in BLG for in-plane electric & magnetic fields
For the purpose of the present discussion, we only consider electric fields E‖ and magnetic fields
B‖ parallel to the plane of the BLG sheet. (Effects of field couplings in the general case are
presented in Refs. [6,7].) The single-particle Hamiltonian describing the charge-carrier dynamics
is given by

H = H0(k + eA) + e ξ‖ E‖ ·B‖ τz , (4)

where H0(k) describes the low-energy band structure for the field-free situation in the two valleys
associated with the high-symmetry K and K′ points in the BLG Brillouin zone, and A is the
electromagnetic vector potential. The diagonal Pauli matrix τz operates in valley (isospin) space,
and ξ‖ is a material-dependent parameter quantifying the strength of magnetoelectric coupling.

Several unusual physical effects arise from the presence of the term proportional to E‖ ·B‖ τz.
Due to its asymmetric coupling to the K and K′ valleys, simultaneous application of electric
and magnetic fields gives rise to a valley-charge imbalance

%v ≡ %K − %K
′

= 2e2 ξ‖D(EF)B‖ · E‖ . (5)

This represents an intriguing analogy with the situation in the Dirac or Weyl semimetals, see
Eq. (1) above. Furthermore, mirroring phenomena associated with axion electrodynamics [21,22]
or, more generally, with the magnetoelectric effect [23–25], the in-plane magnetic field in
conjunction with a finite %v induces an electric current [6]

δj ≡ jK + jK
′

= ξ‖B‖ ∂t%v . (6)

While there is some similarity between (6) and the constitutive relation (2) for the Weyl
semimetals, there is the crucial difference that the current arising from magnetoelectric coupling
in BLG is not proportional to %v itself but to its time derivative.

3. Magnetotransport from magnetoelectric coupling in BLG
The main focus of the present work is to elucidate how electric-transport characteristics of BLG
are modified by the magnetoelectric coupling. Hence, we assume B‖ to be static, but E‖ to be
time dependent, E‖(t). Assuming furthermore spatial uniformity, the continuity equation for %v
becomes

∂t%v +
%v
τv

= 2e2 ξ‖D(EF)B‖ · ∂tE‖ . (7)

Straightforward solution using Fourier transformation yields

%v(ω) = 2e2 ξ‖D(EF)B‖ · E‖(ω)
1

1− i/(ωτv)
. (8)
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Inserting (8) into the Fourier-transformed Eq. (6), we obtain a contribution to the BLG-sheet
conductivity tensor that is due to the magnetoelectric coupling, δσ

¯
(ω,B‖) = δσ(ω,B‖) B̂‖B̂‖,

with

δσ(ω,B‖) = −2e2
D(EF) ξ2‖

τv
B2‖

(ωτv)2√
1 + (ωτv)2

e−i arctan(ωτv) . (9)

Thus the valley-density-dependent magnetoelectric coupling causes a reduced conductivity in
the direction parallel to an applied in-plane magnetic field. The magnitude of the associated
response is set by the scale

σME(B‖) = 2e2
D(EF) ξ2‖

τv
B2‖ , (10)

which depends quadratically on B‖ but inversely on τv. In the static limit ωτv � 1, the

dissipative part of the conductivity dominates but is also suppressed by a small factor (ωτv)2.
The opposite (high-frequency) limit ωτv � 1 is characterized by the conductivity correction
being dominantly capacitive with magnitude proportional to the large factor ωτv, with the
dissipative part saturating at σME(B‖).

4. Magnetodielectric effect in BLG
Using the familiar identity relating the 3D-bulk conductivity and the dielectric permittivity [26],
we find a magnetoelectric-coupling-induced change to the dielectric tensor,

δε
¯
(ω,B‖)
ε0

≡ i
δσ
¯
(ω,B‖)
ε0 ω d

=
δε(ω,B‖)

ε0
B̂‖B̂‖ , (11)

δε(ω,B‖)
ε0

= −2e2

ε0

D(EF) ξ2‖

d
B2‖

ωτv√
1 + (ωτv)2

ei arccot(ωτv) . (12)

Here d is the electronic width of BLG. Thus this material exhibits a negative in-plane
magnetodielectric effect [27,28] with a magnitude that saturates at the susceptibility scale

χME(B‖) =
2e2

ε0

D(EF) ξ2‖

d
B2‖ (13)

in the high-frequency limit ωτv � 1 but which acquires a prefactor ωτv, and therefore vanishes,
in the static limit ωτv � 1. The imaginary part of the dielectric function exhibits the lineshape
of the derivative of a Lorentzian, thus its measurement would allow convenient extraction of
the inter-valley relaxation time τv. See Fig. 1 for an illustration of the frequency dependencies
exhibited by the real and imaginary parts of the contributions to the conductivity and the
dielectric constant due to the magnetoelectric effect.
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Figure 1. Frequency dependence of the
real and imaginary parts of the contribution
δσ to the longitudinal sheet conductivity in
BLG and the contribution δε to the dielectric
constant arising due to the valley-density-
dependent magnetoelectric effect. τv is the
inter-valley relaxation time.
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5. Discussion and conclusions
Our study has revealed the existence of a longitudinal magnetoconductivity and an associated
magnetocapacitance in BLG arising from its valley-density-dependent magnetoelectric effect.
More broadly, this behavior will be exhibited also by other materials whose symmetries are
similar to BLG. The ability to generate a valley-density imbalance %v by simultaneously applied
non-orthogonal electric and magnetic fields constitutes an intriguing analogy between BLG and
the Dirac and Weyl semimetals. Furthermore, in both material classes, a magnetic field causes
electric current to flow when the valley densities are unequal, but this imbalance must also be
time-varying in BLG whereas a current is generated already by a static %v in Dirac and Weyl
semimetals. Thus, while the unusual magnetotransport properties emerging in BLG and those
associated with the chiral anomaly in Dirac and Weyl semimetals turn out to share certain
features, they have a fundamentally different origin and also exhibit different dependencies on
physical parameters such as the inter-valley relaxation time.
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