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Abstract. The determining of the acting moments of force when the cylinder is characterized 
by roughness after the deformation of contacting surfaces of the rotating cylinders and the 
substrate while interacting with incompressible viscous liquid is still one of the main problems 
in printing. The numerical calculation of the radial forces and rotary moments with integral 
formulas for deforming surfaces was carried out with regard to the discrete grid at the grid 
points of the upper and lower cylinders surfaces and their deformation speeds. The paper 
considers the results of the numerical modeling for the quantitative assessment of rotary 
moments of radial forces from the cylinders surfaces, occurring during the transfer of 
incompressible viscous liquid on the substrate between two rotating cylinders. The definition 
of dynamic forces (radial and tangential force, moment of force) in the discrete form on the 
example of one computational cell is presented. It is noted, that the consideration of boundary 
deformation results in the decrease of the calculated dynamic values by 3-5 times as well as to 
the reducing of the ink bleeding near the boundaries of the printing surface. 

1.  Introduction 
The competitiveness trends in the modern printing equipment market dictate the terms of their 
continuous improvement. The main purpose of offset printing machines is the obtaining of multiple 
identical printouts by applying viscous incompressible liquid (ink) on the coated substrate by contact 
under pressure. 
On the other hand, their purpose is also the implementation of the printing process with its inherent 
variety of deformations caused by contact phenomena in offset printing machines.  
The presence of different deformations has a significant impact on the production quality and 
operation of various mechanical systems.  
The deformations in the real printing process and the impossibility of their total elimination constitute 
an important scientific problem, i.e. their account and control, the solution of which requires 
comprehensive analysis of the phenomena, because the deformations are fundamental in assessing the 
quality of printed products and the equipment performance. 
A prerequisite for achieving the desired quality of the final printed product [1] during the operation of 
offset printing machines is the consideration of the effect of the process of transferring viscous 
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incompressible liquid (ink) to the substrate on the cylinder dynamic characteristics while simulating 
and the following design of the printing units in offset printing machines. 
The search for new approaches to solving the above problem, taking into account that the theoretical 
developments, in particular the development of mathematical models simulating the work of the 
printing machine functional units, are among the priorities and has not lost its relevance today. 

2.  Statement of the problem 
In [2], there is a stress on the active control of the viscous incompressible liquid flow with respect to 
the rotating cylinder only, but not with account for the liquid transfer to the substrate, contacting with 
the rotating cylinder surface. Computer simulation of the non-monotonic distribution of the ink film 
during its transfer to the substrate in the printing machine is given in [3], where the issue of vibration 
compensation is considered. 
The attention to this problem is also paid in the following papers [4, 5, 6, 7] where there is only 
information given on the questions of the liquid transfer between two parallel plates at the strain, 
rapture and liquid output stages. The influence of the surface tension and the contact angles on the 
liquid transfer is estimated.  
In [8, 9] the results of numerical modeling of calculating the indices of viscous incompressible liquid 
transfer on a substrate, taking into account the deformation, are presented. However, the effect of the 
rotational torques is not considered by the authors 
The definition of the acting moments of force occurring as a result of the cylinder raggedness when 
the cylinder surface deformation occurs while interacting with viscous liquid and the other cylinder is 
still in the focus of researchers.  
In its turn, the need to select the projection of the tangential and the normal stress to the appropriate 
direction (the radius vector to the axis of the cylinder, or to the normal radius of the cylinder in the 
rotation plane) during the integration of these values has also both scientific and practical significance 
for the printing machines design and operation. 

3.  Methods 
The numerical calculation for radial forces and moments with these integral expressions for the 
deformable surfaces was carried out based on the discrete grid at the points of the upper and lower 
cylinders surfaces and their deformation rates, which is essential in determining the shear stresses. 
The simulation is performed using an algorithm developed by the authors of the numerical solution of 
the Navier-Stokes equations for viscous incompressible liquid on a two-dimensional grid with the help 
of finite-difference approximations of differential operators on a compact template.  
The laminar type of viscous incompressible fluid flow at the point of surfaces contact and a constant 
cylinders rotation speed is considered. 
  The numerical calculation on defining the dynamic characteristics was performed on the grid 80×80 
for the initial liquid size with thickness δH = 2.0⋅10-6 m and width δS = 8.0⋅10-6 m, for kinematic viscosity 
ν = 0.012 m2/s, density ρ = 103 kg/m3, liquid surface tension coefficient Cn  = 0.03 N/m. 

4.  Method implementation 
Let us consider on the example of a cylinder the defining of the discreet values for stresses at the i-th 
point in the cylinder transversal direction with computational region hx(r) to Lz in size (Figure 1), 
where Lz is the length of the calculated element along the cylinder. 
In Figure 1, on the example of the boundary point «04», let us consider the definition in a discrete 
form the dynamic values from one computational cell.   
As the system of polar coordinates (r,φ) is considered with its transformation into the similar system 
(x,y)=(Rφ,R-r), then the step size to the grid hx will correspond to the dimension at radius r = R, и 
hx(r) = hx0 = ∆φ·R  where ∆φ is the grid step to the angle φ.   
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Figure 1. The determination in a discrete form the dynamic values (radial and tangential force, 
moment of force) from one computational cell. 
 
To determine the active forces moment Mϕ on the cylinders axis from the surfaces of contacting with 
ink, let us calculate the integral values of the following form with regard to the main liquid stress and 
the conditions of incompressibility and adhesion of viscous liquid on solid boundaries (at constant 
cylinder radius r = R): 
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where r,φ,l are the surface cylindrical coordinates; S, P are the pressure on the cylinder and the liquid 
surfaces; P0 is the external atmospheric pressure. 
For determining the acting moment of forces Mφ relatively to the cylinders axes it is necessary to 

integrate the tangent stresses 







∂
∂

r
r

Uϕνr over the surface of the liquid contact with the cylinder while 

considering the positive moments of forces anticlockwise: 

∫∫ 















∂
∂

−= dldR
r

U
M ϕνr ϕ

ϕ
2                           (2) 

To find out the total radial force and the moment of force for the given let us do the summation over 
the calculated cells of the deformed surfaces, which generates force stress, interacting with the 
contacting liquid, with which a power generated voltage.  
Thus, if the computational point «0», nearest by index i to the boundary point «04» of the cylinder, 
belongs to the liquid region, then in this boundary point we calculate discrete values Fri, Fφi, Mφi at 
radius value ri,j(04) = R + yi,j(04) and angle φi = xi / R. 
Normal and tangent directions n, τ with angle α to the radius-vector r can be determined here by the 
neighbor points coordinates (xi-1, yi-1(23)), (xi+1, yi+1(14)) and by angle β, being a discrete step along φ  in 
a polar coordinate system and defined on a uniform grid in the form of β = hx0 / R. 
Thus, let us define this angle α in the following form: 
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For approximate definition of the values (P - P0) when calculating Fr, Mφ in place of P let us use 
Pi,j(04), defined either by the pressure value in the nearest computational point Pi,j(0) with the precision 
( )yhO , or ( )2

yhO  by recomputation from the expression, obtained on the basis of the equation of 
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For calculating Pi,j(04) it is necessary to replace the first and the second partial derivatives of Ur, Uφ to 
finite-difference.  
 Here, it is necessary to use all additional points at the boundary intersection with the nodal lines 
(Figure 2). 
 

 
Figure 2. The definition of the dynamic forces (radial and transversal forces, moment of force) in the 
discrete form from one computational cell at additional grid points on the grid lines of various 
directions under very curved boundaries. 
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and 
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Based on the expressions of types (5) − (6) for calculating the pressure on the computational region 
boundary Pi,j(04) instead of (4) we obtain the following approximate formula: 
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Besides, for an approximate definition of the derivatives in the expression )()( α
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non-uniformly grid points with steps h and h' let us denote them ϕUh
r
'Λ  and r

h U'ϕΛ ). 
From here, values Fri , Fφi , Mφi  near the boundary of the considered cylinder with computational 
node  (i,j) could be obtained from the following expressions (if there is no the cylinder boundary 
contact with the fluid, these values for the i-th radial direction are set to zero): 
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Total values Fr, Mφ over the all cylinder surface boundary points, contacting with the liquid, can be 
obtained in the following form: (8)  и (10) 
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where N1 is the number of calculated points over coordinate x (or φ);  eri is the unit vector for the i-th 
direction of the vector radius near the boundary (i,j) - th point of the computational grid. 
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5.  Results and discussion 
The computed values of radial forces on the axis and of the moments of forces for cylinders during the 
interaction with the flowing fluid including the moment of the fluid division between the cylinders 
surfaces are shown. Figure 3 presents the change in radial forces for the case with no cylinders surface 
deformation; while Figure 4 shows the detailed calculation for the case of the interaction with the 
deforming cylinder surfaces and the substrate. 
It can also be noted, that when there is no boundaries deformation, in the middle of the period of 
interaction between the cylinders and the liquid, the peak of power loads occurs when the liquid is 
compressed to the maximum. 
 

 
Figure 3. Radial forces of the pressure on cylinders 1 and 2 without deformation during filtration on 
cylinder 2 (row 2). 
 

 
Figure 4. Radial forces of the pressure on cylinders 1 and 2 during deformation and filtration on 
cylinder 2 (row 2). 
 
It may be noted that in the absence of boundaries deformation power loads peak occurs in the middle 
of the period of the cylinders interaction with fluid, when its maximum compression occurs. The 
values of the radial forces are several times greater than for the case of deformation. During the 
deformation of the cylinders surfaces relative maxima are observed at the beginning of the cylinders 
interaction during the collision of cylinder 2 with the fluid, and finally during the division of fluid 
along the two cylinders when compression forces are replaced by the tensile forces that occurs with 
some delay in contrast to the reaction without deformation. Such values behavior can be also observed 
for those moments of forces, for which the forces are calculated in transverse directions. 

6.  Conclusions 
The implementation of the approach suggested for solving the task of defining the acting (operating) 
moments of forces:  

• taking account of boundaries deformation reduces the computational dynamic quantities by 3-5 
times and the ink spreading around the boundaries of the printed area; 
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• maximum values occur both at the initial moment of the hydrodynamic shock in the collision 
of the printing cylinder with liquid and at the end of the separation (gap) of the liquid in the 
cylinders and its transfer to the substrate; 

• when there is no boundary deformation, maximum strain at the cylinders can occur at the 
moment of the maximum fluid compression. Taking into consideration the deformation, the 
forces change the direction into the reverse (opposite) one with some delay after the maximum 
compression of the fluid, when the deformed boundaries recover their original shape. 
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