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Abstract. The SIS epidemic model describes the pattern of disease spread with characteris-
tics that recovered individuals can be infected more than once. The number of susceptible and
infected individuals every time follows the discrete time Markov process. It can be represented
by the discrete time Markov chains (DTMC) SIS. The DTMC SIS epidemic model can be devel-
oped for two pathogens in two patches. The aims of this paper are to reconstruct and to apply
the DTMC SIS epidemic model with two pathogens in two patches. The model was presented
as transition probabilities. The application of the model obtain that the number of susceptible
individuals decreases while the number of infected individuals increases for each pathogen in
each patch.

1. Introduction
Health is the important thing in human life. Health can be impaired due to an infectious disease.
The spread of infectious diseases that occurs in a long period of time can lead to the occurrence
of an epidemic. The epidemic can be represented in a mathematical model (Hethcote [5]).

In 1927, the epidemic model was first introduced by Kermack and McKendrick [6]. In 1994,
Allen [2] has been written the susceptible infected susceptible (SIS) epidemic models. The
characteristic of the model is a susceptible individual, after a successful contact with an infectious
individual, becomes infected and infectious, but it does not develop immunity to the disease.
In the SIS epidemic models, the individuals conditions are classified into two categories, there
are susceptible (S) and infectious (I). The number of susceptible and infected individuals is
random events that depend on time so it follows the stochastic process (Allen [2]). The number
of susceptible and infected individuals at time t+ 1 depends only on the individuals at time t,
so these follow the discrete time Markov process. It can be described as an epidemic model of
discrete time Markov chains (DTMC) SIS (Allen [1]).

According to Allen and Kiruparahan [3] in 2005, a susceptible individual can be infected
more than one pathogen. In 2007, McCormack and Allen [7] represented that the spread of the
disease also can occur in one or more patch, due to their individual displacement occurred from
one patch to another. Then Allen et al.[4] developed a model of an epidemic DTMC SIS for
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two pathogens in the two patches. By referring to Allen et al., the aims of this research are to
reconstruct and to apply the DTMC SIS epidemic model with two pathogens in two patches.

2. DTMC SIS Epidemic Models with One Pathogen
In 2003, Allen [1] introduced the DTMC SIS epidemic model. There are four assumptions on
the model i.e. total population size N is constant, the birth rate that equals to the death rate,
homogeneously population, and the individuals born are susceptible individuals. Let S(t) and
I(t) denote discrete random variables for the number of susceptible and infected individuals at
time t. The total population size N is constant so S(t) + I(t) = N . Let S(t) = s and I(t) = i,
s and i are state, the joint probability function for S(t) and I(t) is given by

p(s,i)(t) = P{S(t) = s, I(t)) = i},

where s, i = 0, 1, 2, . . . , N and t = 0,∆t, 2∆t, . . ..
A transition is a change in the number of susceptible and infected individuals during the time

period ∆t. The time period ∆t is chosen sufficiently small such that the number of susceptible
and infected individuals changes by at most one during the time period ∆t, that is −1 if it
decreases, 0 if it fixed, or 1 if it increases. During the time period ∆t, if the change in the
number of susceptible and infected individuals is h and j, where h and j ∈ {−1, 0, 1}, so the
transitions are from state s to s+h and from state i to i+ j. According to Allen [1], the DTMC
SIS epidemic model satisfy

p(s+h,i+j),(s,i)(∆t) =



βis
N ∆t, (h, j) = (−1, 1);
γi∆t, (h, j) = (1,−1);
δi∆t, (h, j) = (0,−1);

1−
(
βis
N + γi+ δi

)
∆t, (h, j) = (0, 0);

0, (h, j) others,

where δ denotes the birth rate that equals to the death rate, β denotes the contact rate, and γ
denotes the recovery rate.

3. DTMC SIS Epidemic Models with Two Pathogens
According to Allen et al.[4], the individuals can be infected with more than one pathogen through
direct contact between an infected individual and a susceptible one. Let S(t) and Ik(t) denote
discrete random variables for susceptible and infected individuals with pathogen k at time t,
where k = 1 and 2. The assumptions of the DTMC SIS epidemic model with two pathogens equal
to the assumptions of the DTMC SIS epidemic model one pathogen. Let S(t) = s, Ik(t) = ik,
and the change in the number of susceptible and infected individuals with pathogen k during
the time period ∆t is jk, with jk ∈ {−1, 0, 1}, then the DTMC SIS epidemic model is given by

p(s+h,ik+jk),(s,ik)(∆t) =


βk

ik
N s∆t, (h, jk) = (−1, 1);

γkik∆t, (h, jk) = (1,−1);
δkik∆t, (h, jk) = (0,−1);
1− a (h, jk) = (0, 0);
0, (h, jk) others,

where a =
(
β1s
N i1 + γ1i1 + δ1i1 +

β2s
N i2 + γ2i2 + δ2i2

)
∆t, with δk, βk, γk denote the birth rate

that equals to the death rate, the contact rate, and the recovery rate of pathogen k.
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4. Main Results
4.1. The Reconstruction Model
The reconstruction of the DTMC SIS epidemic model with two pathogens in two patches refers
to Allen et al.[4]. The assumptions of the DTMC SIS epidemic model with two pathogens in two
patches equal to the assumptions of the DTMC SIS epidemic model with two pathogens. There
are two processes in the model i.e. an infection process and an dispersal process. The infection
process discusses about the contact of susceptible and infected individuals in the same patch.
The dispersal process discusses about an individual movement from one patch to another.

Let Sd(t) and Idk(t) indicate discrete random variables for the number of susceptible
individuals at time t in patch d and the number of infected individuals by pathogen k at time
t in patch d, respectively, where Sd(t), Idk(t) ∈ {0, 1, 2, . . . , N}. Let N1 and N2 indicate the
population size in patch d, d = 1, 2 and the total population size is N1+N2 = N , where N1 and
N2 are constant. Let Sd(t) = sd and Idk(t) = idk, the joint probability function for Sd(t) and
Idk(t) is given by

p(sd,idk)(t) = P{Sd(t) = sd, Idk(t) = idk},

where sd, idk = 0, 1, 2, . . . , N and t = 0,∆t, 2∆t, . . ..
If the change in the number of susceptible and infected individuals during the time period

∆t are hd and jdk, then the transitions are from state sd to state sd + hd and from state idk to
state idk + jdk. The transition probability for sd to sd + hd and idk to idk + jdk is

p(sd+hd,idk+jdk),(sd,idk)(∆t) = P{(Sd(t+∆t), Idk(t+∆t)) = (sd + hd, idk + jdk)|
(Sd(t), Idk(t)) = (sd, idk)}.

If there is a new infection, so state (sd, idk) transition to state (sd−1, idk+1). The transition
occurs due to a susceptible individual becomes infected by pathogen k. If there are idk infected
individuals in Nd population, then the probability of contact between infected individuals and
susceptible individuals is idk

Nd
. If βdk is the contact rate of infected individuals by pathogen k in

patch d, then the transition probability from state (sd, idk) to state (sd − 1, idk + 1) satisfy

p(sd−1,idk+1),(sd,idk)(∆t) = βdk
idk
Nd

sd∆t.

If an infected individual by pathogen k recovers from the infection, then state (sd, idk)
transition to state (sd+1, idk − 1). If γdk is the recovery rate of pathogen k in patch d, then the
transition probability from state (sd, idk) to state (sd + 1, idk − 1) is given by

p(sd+1,idk−1),(sd,idk)(∆t) = γdkidk∆t.

If an infected individual with pathogen k dies from the infection, then state (sd, idk) transition
to state (sd, idk − 1). If δdk is the death rate of pathogen k in patch d, then the transition
probability from state (sd, idk) to state (sd, idk − 1) is

p(sd,idk−1),(sd,idk)(∆t) = δdkidk∆t.

There is a possibility that during the time period ∆t, no event occurs. The probability no
event occurs during the time period ∆t is given by

p(sd,idk),(sd,idk)(∆t) = 1−

(
βd1sd
Nd

id1 + γd1id1 + δd1id1 +
βd2sd
Nd

id2 + γd2id2 + δd2id2

)
∆t,
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where sd + id1 + id2 ∈ {0, 1, 2, . . . , Nd}.
Let b = (βd1sd

Nd
id1+γd1id1+δd1id1+

βd2sd
Nd

id2+γd2id2+δd2id2)∆t, then the DTMC SIS epidemic
model for the infection process in patch d for pathogen k satisfy

p(sd+hd,idk+jdk),(sd,idk)(∆t) =


βdk

idk
Nd

sd∆t, (hd, jdk) = (−1, 1);

γdkidk∆t, (hd, jdk) = (1,−1);
δdkidk∆t, (hd, jdk) = (0,−1);
1− b, (hd, jdk) = (0, 0);
0, (hd, jdk) yang lain,

(1)

where βdk, γdk, and δdk are positive.
There is a dispersal process after the infection process. The dispersal process refers to the

movement of individuals from one patch to another. In this process, the populations size N1 and
N2 are constant. Thus, if there is the movement of individuals from patch 1 to patch 2 then also
there is the movement of individuals from patch 2 to patch 1. If the susceptible individuals move
from one patch to another with probability pd, then the remains of the susceptible individuals
which don’t move from one patch to another have a probability 1−pd. If the infected individuals
by pathogen k move from one patch to another with probability pdk, then the remains of
the infected individuals by pathogen k which don’t move from one patch to another have a
probability 1 − pdk. Thus, the DTMC SIS epidemic model for the dispersal process in patch d
for pathogen k satisfy

p =

{
pd,
1− pd,

and q =

{
qdk,
1− qdk.

4.2. The Model Application
In this section, the parameters value were selected by referring to Allen et al.[4]. The parameters
value are contact rate β11 = 0.1, β12 = 0.05, β21 = 0.05, β22 = 0.075, recovery rate γ11 = 0.05,
γ12 = 0.025, γ21 = 0.033, γ22 = 0.05, the birth rate that equals to the death rate δdk = 0,
the population size N = 200, N1 = 100 and N2 = 100. By using the parameters into the
model (1), it is obtained the transition probabilities. By knowing the transition probabilities,
it is also known the transition from state (sd, idk) to state (sd + hd, idk + jdk), then the number
of susceptible and infected individuals at time t can be known. By using initial conditions
I11(0) = I12(0) = I21(0) = I22(0) = 1 and S1(0) = S2(0) = 98 into the model (1) with the
parameters value which refers to Allen et al., the number of susceptible and infected individuals
at an interval 600 first period of times is presented in the Figure 1 and 2.
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Figure 1. The number of S1I11I12
at an interval 600 first period times.
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Figure 2. The number of S2I21I22
at an interval 600 first period times.
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Figure 1 shows that the number of susceptible individuals at time 84th decreases from 1 to
7. At time 84th to time 600th, the number of susceptible individuals fluctuates in number 5
to 9. The number of infected individuals by the first pathogen increases from 1 to 44 at time
84th, then it fluctuates in number 41 to 47. The number of infected individuals by the second
pathogen increases from 1 to 49, then it fluctuates in number 48 to 50. Figure 2 shows that the
number of susceptible individuals decreases from 98 to 22 at time 346th, then it fluctuate until
time 600th in number 18 to 26. At time 346th, the number of infected individuals by the first
pathogen increases from 1 to 42, then it fluctuates until time 600th in number 39 to 45. The
number of infected individuals by the second pathogen increases from 1 to 36, then it fluctuates
until time 600th in number 31 to 40.

To observe the change in the number of infected individuals at time t and to calculate the
transition probabilities, we present the disease spread at an interval 10 first period of times in
Figure 3 and 4.
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Figure 3. The number of I11I12 at
an interval 10 first period of times.
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Figure 4. The number of I21I22 at
an interval 10 first period of times.

The transition probabilities of diseases spread in Figure 3 and 4 can be calculated by using
model (1). Figure 3 shows the change in the number of infected individuals, I11(1) = 1 to
I11(2) = 2. There is a transition of a susceptible individual that it can be infected by the first
pathogen at a time period ∆t. The transition probability of I11(1) = 1 to I11(2) = 2 by using
model (1) is 0.098. Figure 4 shows the change in the number of infected individuals I21(2) = 1
to I21(3) = 2. The transition probability of I21(2) = 1 to I21(3) = 2 is 0.049. In the same way,
the transition probability at every time can be easily calculated.

The transition probabilities of the movement individuals in the dispersal process were selected
by referring to Allen et al.[4]. The transition probability of the movement susceptible individuals
is pd = 0.01. Allen et al. assumes that the infected individuals are isolated, then the transition
probability of the movement infected individuals is qdk = 0. Thus, the transition probability of
no occur the movement susceptible individuals is 1− pd = 0.99.

5. Conclusions
From this paper, we have two conclusions.

(i) The DTMC SIS epidemic model with two pathogens in two patches is given by

(a) the transition probabilities of the infection process are

p(sd+hd,idk+jdk),(sd,idk)(∆t) =


βdk

idk
Nd

sd∆t, (hd, jdk) = (−1, 1);

γdkidk∆t, (hd, jdk) = (1,−1);
δdkidk∆t, (hd, jdk) = (0,−1);
1− b, (hd, jdk) = (0, 0);
0, (hd, jdk) others,
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with βdk, γdk, and δdk are positive, where b = (βd1sd
Nd

id1 + γd1id1 + δd1id1 +
βd2sd
Nd

id2 +

γd2id2 + δd2id2)∆t.
(b) the transition probabilities of the dispersal process are

p =

{
pd,
1− pd,

and q =

{
qdk,
1− qdk.

(ii) The application of the model which refers to Allen shows the pattern of disease spread
DTMC SIS epidemic model with two pathogens in two patches. In patch one, at time
84th, the number of susceptible individuals decreases from 98 to 7, the number of infected
individuals by the first pathogen increases from 1 to 44, and the number of infected
individuals by the second pathogen increases from 1 to 49. In patch two, at time 346th, the
number of susceptible individuals decreases from 98 to 22, the number of infected individuals
by the first pathogen increases from 1 to 42, and the number of infected individuals by the
second pathogen increases from 1 to 36.
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