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Abstract. A particular form of the C-metric is investigated, giving it a non-standard
interpretation and removing any singularity at r = 0. In the weak field limit of the accelerating
black hole, the proper acceleration A of a static observer is constant and the geometry becomes
conformally-flat (anti de Sitter). The stress tensor is of Λ-type (Λ = −3a2/8πG) and its energy
density is negative. We propose that Λ is responsible of inertial forces that appear in uniformly
accelerated systems (far from the accelerating source m and for r << 1/a the dominant term
in the expression of ar is −a cosθ). The components of the stress tensor and all invariants of
the conformally-flat Schwarzschild spacetime are regulated by means of the exponential factor
exp(−k/r), k > 0.
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1. Introduction

The well-known C-metric belongs to a class of spacetimes with boost-rotation symmetries
[1, 2, 3, 4, 5]. Kinnersley and Walker [6] have shown since 1970 that the C-metric describes a
pair of uniformly accelerated black holes (BHs) in the Minkowski spacetime. Their acceleration
originates from the conical singularities produced by a strut between the two BHs or two semi-
infinite strings connecting them to infinity. The pair creation of BHs may be possible in a
background with a cosmological constant Λ as this supplies the negative potential energy [7, 8].

To find the physical interpretation of the Λ 6= 0 case, Podolsky and Griffiths [2] introduced
a new coordinate system adapted to the motion of two uniformly accelerating test particles in
de Sitter (dS) space. However, the curvature singularity at r = 0 is also present, as in the
previous papers on the subject. A physical meaning of the C-metric with a negative Λ was
given by Podolsky [3]. He showed that this exact solution of Einstein’s field equations describes
uniformly accelerated BHs in anti de Sitter (AdS) universe, using a convenient coordinate system.
Recently Arnfinnsson and Gron [4] found a new source (a singular accelerating mass shell) of the
C-metric, using the Israel junction conditions. They took advantage of the C-metric in spherical
coordinates, previously used in [9]. The shell consists of a perfect fluid that creates a jump of
the extrinsic curvature when the shell is crossed.

Our purpose in this work is to develop the previous studies on the C-metric, giving it a
different interpretation and ruling out any singularity at r = 0. We get rid of the conical
singularity by neglecting 2amG/c4 w.r.t. unity (a is the constant acceleration and m is the BH
mass). Our basic geometry is conformal to the Schwarzschild (KS) metric and possesses axial
symmetry. We found that the const a is the proper acceleration of a static observer and the
spacetime is AdS far from the mass m, with a cosmological constant Λ = −3a2. To get rid of
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the curvature singularity at r = 0 we make use of the modified KS geometry [10, 11] so that the
spacetime becomes AdS both when r → 0 and when r →∞.

Throughout the paper we use geometrical units G = c = 1, unless otherwise specified.

2. Conformal Schwarzschild metric

To begin with, we write down the C-metric in spherical coordinates, following [4, 9]

ds2 =
1

(1 + arcosθ)2

(

−Qdt2 +
1

Q
dr2 +

r2

P
dθ2 + Pr2sin2θdφ2

)

, (1)

where Q = (1− a2r2)(1− 2m/r), P = 1+ 2amcosθ, a is a constant and m is the BH (or a point
particle) mass. According to the authors of [4] and [9], Eq. (1) can be viewed as a nonlinear
combination of the KS and Rindler geometries, representing the metric around an accelerating
point particle or a BH. The function P is related to a conical singularity along the symmetry
axis where the sources of the acceleration a (a cosmic string or a strut) are supposed to be
located.

Let us observe that the term 2amcosθ in the expression of P is very small compared to unity
when reasonable values for a and m are used. We have, indeed, am = amG/c4 = ma/(c4/G),
where c4/G ≈ 1044N is a maximal force. Therefore, we shall work in the approximation
P = 1. Something similar is valid for the function Q. The term a2r2/c4 contains the factor
1/c4 ≈ 10−34s4/m4 and, therefore, we take Q = 1 − 2m/r from now on, but we will preserve
the first order terms ar/c2 and 2Gm/c2r. In other words, our areas of study are am << 1 and
a2r2 << 1. The condition a2r2 << 1 is compatible with the removal of the singularity at r = 0,
which will be done in Section 4.

The above approximations yield the conformal KS metric

ds2 =
1

(1 + arcosθ)2

[

−(1− 2m

r
)dt2 +

dr2

1− 2m
r

+ r2dΩ2

]

, (2)

where dΩ2 stands for the metric on the unit 2-sphere. The spacetime (2) has a BH horizon
at r = 2m. We might consider (2) as a metric by itself and forget that it originates from the
C-metric. The Ricci scalar for (2) is given by

Ra
a = −12a2 − 12am

r2
cosθ (1− arcosθ) (3)

It is worth noticing that there is a curvature singularity when r → 0 and asymptotically
Ra

a = −12a2. The singularity will be removed in Section 4, after a slight modification of
the geometry (2).

Let us take now a static observer in the geometry (2) with the velocity vector field

ub =





1 + arcosθ)
√

1− 2m
r

, 0, 0, 0



 , (4)

where b labels (t, r, θ, φ). The acceleration 4-vector ab = ua∇au
b has the nonzero components

ar = (
m

r2
− acosθ +

3am

r
cosθ)(1 + arcosθ), raθ = asinθ (1 + arcosθ) (5)

with the proper acceleration

A ≡
√

aba b =

√

√

√

√

√

[

acosθ(1− 2m
r
)− m

r2
(1 + arcosθ)

]2

+ (1− 2m
r
)a2sin2θ

1− 2m
r

(6)
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In the weak field limit ((m = 0), A = a and the interpretation of the constant a as the acceleration
of a static observer is justified. In addition, the horizon surface gravity is given by

κ =
√

abab
√−gtt|r=2m =

m

r2
|r=2m =

1

4m
, (7)

exactly as for a KS black hole. It does not depend on θ, as it should be.
In the expression of ar from (5) we observe that the dominant term is −acosθ, when

r >> 2m, ar << 1 and ma << 1. If we consider a test particle of mass m′, located on
the z-axis (θ = 0), we have in the above conditions m′raθ = 0 and m′ar ≈ −m′a (the term
mm′/r2 represents the Newtonian gravitational force from the classical mechanics and −m′a is
the inertial force; because of the Newton’s constant G, the Newtonian force is obviously much
weaker than the inertial force). The standard view asserts that the inertial forces originate
from a fictitious field but here the field comes from the nonflat character of the geometry (even
when m = 0): the nonzero Ricci scalar Ra

a = −12a2 or the Kretschmann invariant K = 24a4.
Therefore, in our opinion, the inertial forces which appear in accelerated systems originates from
the negative cosmological constant generated by acceleration (when m = 0, the spacetime (2)
is AdS, with Λ = −3a2). A similar dependence of Λ on the acceleration a has been reached by
Cvetic and Griffies [12] in their studies of domain walls with an AdS geometry on one side (see
also [13]). Moreover, they showed that asymptotically in the AdS spacetime, geodesic particles
moving in the z = rcosθ direction are Rindler particles whose constant proper acceleration
is proportional to

√
−Λ. In conclusion, the spacetime in an accelerated coordinate system

turns out not to be flat but conformally flat (AdS) and the metric cannot be obtained by a
coordinate transformation from the Minkowski space. The curvature is created by the agent
which accelerates the test particle. That reminds us the quantum Unruh effect - the heat bath
felt by an accelerating observer. We must keep in mind that the thermal bath of particles -
which is an intermediary - has energy and, as a consequence, creates curvature (by the agent
which put the reference system in accelerated motion). This curvature is, however, neglected
(the thermal bath has a negligible temperature) and the metric remains flat.

3. Anisotropic stress-energy tensor

We look now for the sources of the spacetime (2), namely the stress tensor to lie on the r.h.s.
of Einsteins’ equations Gab = 8πTab in order that (2) to be an exact solution. By means of the
software package Maple - GRTensorII, one finds that

T t
t = −ρ =

3a2

8π

(

1 +
2m

ar2
cosθ

)

, T r
r = pr = −ρ, T θ

θ = T φ
φ = pθ = pφ =

3a2

8π

(

1− 2m

r
cos2θ

)

(8)

Because T t
t = T r

r, and T θ
θ = T φ

φ, the spacetime has an infinite set of comoving reference frames

[14, 15, 16]. One sees also that a → 0 leads to a vanishing T a
b, even though m 6= 0. This is

because the metric (2) becomes the KS metric which is an empty space solution of the Einstein
equations. Moreover, the weak field limit (m = 0) gives us an AdS spacetime, with Λ = −3a2,
when the anisotropic fluid becomes isotropic, with

−ρ =
3a2

8π
= pr = pθ. (9)

In this case T a
b is Lorentz-invariant (T a

b ∝ Λδab ). The energy density of the gravitational fluid
is negative and so the weak energy condition is not observed. However, when m 6= 0, for small
r and with cosθ < 0 or a < 0, one might obtain ρ > 0.
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With all the fundamental constants introduced in (8), the energy density looks like

ρ = − 3a2

8πG

(

1 +
2Gm

ar2
cosθ

)

= − 3a2

8πG

(

1 +
2g

a
cosθ

)

(10)

where g = Gm/r2 is the Newtonian acceleration due to the mass m, at the distance r from the
point particle or the BH. If we take, for example, m = 1Kg, r = 1m and a = 1m/s2, one obtains
g << a and ρ ≈ −3a2/8πG = −1010ergs/cm3. Consequently, the effect of the acceleration a of
the mass m is much greater than that of the gravitational field g due to the mass m. We also
note that ρ ∝ a2, as in the Newtonian gravitation.

For the tangential pressures we may perform a similar analysis

pθ = pφ =
3a2

8πG

(

1− 2Gm

rc2
cos2θ

)

=
3a2

8πG

(

1− rg
r
cos2θ

)

(11)

where rg is the gravitational radius of the mass m. Outside the source (if the particle is not a
BH) we have r > rg and, therefore, pθ > 0 for any θ ∈ (0, π). All the components of the stress
tensor are, of course, divergent at r = 0 because of the curvature singularity at the origin of
coordinates.

4. Regular stress-energy tensor

We try now to modify the metric (2) in order to render all the physical parameters finite, both
at the origin and at infinity. For that purpose we apply a previous choice [10, 11] and introduce
the factor exp(−k/r), k > 0 as a cutoff in the KS metric. Therefore, the geometry (2) becomes

ds2 =
1

(1 + ar cosθ)2



−
(

1− 2m

r
e−

k
r

)

dt2 +
1

1− 2m
r
e−

k
r

dr2 + r2dΩ2



 . (12)

A discussion of the geometry inside the square parantheses from (12) in terms of the values of
k has been given in [11] and will not be repeated here. The exponential factor, indeed, makes
finite all invariants corresponding to the metric (12) and all the components of the stress tensor.
The curvature scalar has the form

Ra
a = −12a2 + 2

r5
(...)e−

k
r (13)

where (...) stands for a fourth degree polinomial of r. It is clear from (13) that the Ricci scalar
tends to the constant value −12a2 when r → 0 or when r →∞.

As far as T a
b is concerned, we obtain the following expressions for its components

T t
t = −ρ =

3a2

8π
−
[

q2

8πr4
(1 + ar cosθ)− 3am

4πr2
cosθ

]

e−
q2

2mr , T r
r = pr = −ρ, (14)

and

T θ
θ = T φ

φ =
3a2

8π
−
[

3ma2

4πr
cos2θ − q2

8πr4
(1 + ar cosθ)(1 + 3ar cos2θ) +

q4

32πmr5
(1 + ar cosθ)2

]

e−
q2

2mr

(15)
where the positive constant k has been replaced with q2/2m for a particle of charge q (see [11]).
We see from Eqs.(14) and (15) that the mass m and the charge q play no role when r → 0
or r → ∞, due to the exponential cutoff. What remains is the first term proportional to the
cosmological constant Λ = −3a2, i.e. the values of ρ, pr and pθ given by (3) when m = 0.
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A similar effect takes place for the components of the acceleration of a static observer. We
have

ar = −acosθ (1 + arcosθ) +

[

m

r2
(1 + arcosθ)(1 + 3arcosθ)− q2

2r3
(1 + arcosθ)2

]

e−
q2

2mr (16)

and
raθ = asinθ (1 + arcosθ), at = aφ = 0. (17)

We observe that, at r = 0, ar = −acosθ and raθ = asinθ, whence
√

abb|r=0 = A0 = a. However,

for an asymptotic, static observer, both nonzero components are divergent.
Let us remark that, with P 6= 1, Q 6= 1 in (1), the Ricci scalar and all nonzero components of

T a
b are not regulated at r = 0 even when the exponential factor is used because there are terms

in their expressions which do not contain exp(−k/r).

5. Conclusions

Our main assumption in this paper refers to the non-flat character of the metric in an accelerating
reference system. Far from a uniformly accelerated BH (or a point particle) of mass m the
metric seems to be not flat but conformally-flat, with axial symmetry. The associated energy-
momentum tensor is of Λ-type (Λ = −3a2/8πG), Lorentz invariant, with negative energy density
and the Ricci scalar Ra

a = −12a2.
We consider that Λ is responsible for the inertial forces that give rise in accelerated reference

systems. Therefore, in our view the metric in an accelerating system cannot be obtained from
the Minkowski metric through a coordinate transformation.
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