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Abstract. We make phenomenological predictions for particle spectra and elliptic flow in
heavy-ion collisions using 3+1d anisotropic hydrodynamics (aHydro) including the effects of
both shear and bulk viscosities. The dynamical equations necessary are derived by taking
moments of the Boltzmann equation allowing for three distinct (diagonal) momentum-space
anisotropy parameters. The formulation is based on relaxation-time approximation for the
collisional kernel and a lattice-QCD-based equation of state. Evolving the system to late times,
we calculate particle production using THERMINATOR 2, modified to account for an ellipsoidal
distribution function. We obtain particle spectra for different particle species such as pions,
kaons, and protons, and elliptic flow v2 as a function of centrality, transverse momentum,
and rapidity. In our model, we have four free parameters, i.e. freeze-out temperature, initial
central energy density, initial momentum-space anisotropies, and shear viscosity to entropy
density ratio. Using a multidimensional fit to LHC experimental data, we make a preliminary
extraction of these parameters. We find reasonable agreement between 3+1d aHydro and
available experimental data for η/s ∼ 0.23.

1. Introduction
In recent years, hydrodynamics has enabled us to enhance our understanding of the space-
time evolution of the quark-gluon plasma (QGP) created in ultra-relativistic heavy-ion
collisions. Different schemes of hydrodynamics such as ideal hydrodynamics and later viscous
hydrodynamics (vHydro) have been able to describe the evolution of QGP quite well [1].
However, the existence of large momentum-space anisotropies at early times and near the
transverse edges of QGP is numerically challenging and can cause standard vHydro schemes
to break down. Anisotropic hydrodynamics (aHydro) addresses this issue by taking into
account the inherent momentum-space anisotropy of the QGP at leading order in a reorganized
hydrodynamic expansion [2–11]. Importantly, aHydro has been shown to agree better with exact
solution of the Boltzmann equation than vHydro models [12–17]. In this paper, we study the
phenomenology of the QGP using a 3+1d aHydro formalism. Evolving the system to late times,
we calculate the resulting identified particle spectra and elliptic flow generated using a fixed
energy density freeze-out prescription. Our preliminary results show a reasonable agreement
with the LHC experimental data for 2.76 TeV Pb+Pb collisions.
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2. Setup and background
Leading order anisotropic hydrodynamics (aHydro) is based on an anisotropic distribution
function of the form [6,18]

f(x, p) ≡ fiso
(√pµΞµνpν

λ

)
, (1)

with λ being a temperature-like scale and Ξµν ≡ uµuν +ξµν−Φ∆µν being the anisotropy tensor,
which parametrizes the anisotropic form of distribution function. In this relation, uµ is fluid
four-velocity, ξµν is a symmetric traceless anisotropy tensor which obeys uµξ

µν = 0, Φ is the bulk
degree of freedom, and ∆µν ≡ gµν−uµuν is the transverse projection operator. Herein, the tensor
ξµν is taken to be diagonal, i.e. ξµν = diag(0, ξ), where ξ are anisotropy parameters in different
spatial directions. This form contains information about both shear and bulk corrections at
leading order [6]. In what follows, we assume the distribution to be of Boltzmann form, i.e.
fiso(p) ≡ exp (−p).

3. Dynamical Equations
In order to derive the dynamical equations, one needs to set up the basis vectors in the lab frame
(LF). To do so, one needs to perform a set of tensor transformations including a boost along
and a rotation around the longitudinal beam direction, followed by a transverse boost which
connects the local rest frame to the LF [2,18]. The dynamical equations are obtained by taking
moments of the Boltzmann equation

pµ∂µf = −C[f ] , (2)

assuming the anisotropic form for the distribution function (1) and then taking the relevant
projections using the LF basis vectors. The zeroth and the first moments lead to evolution
equations for the particle four-current Jµ and the energy-momentum tensor Tµν . Taking higher
moments, one obtains the dynamical equations for hydrodynamics quantities of higher rank,
i.e. the second moment of the Boltzmann equations provides information about microscopic
dissipation. The result is a closed set of dynamical equations,

∂µJ
µ = (neq − n)/τeq , ∂µT

µν = 0 , ∂µIµνλ = uµ(Iµνλeq − Iµνλ)/τeq , (3)

which is obtained based on the relaxation-time approximation for the collisional kernel. In
the equations above, Jµ, Tµν , and Iµνλ are the first, second, and third moments of the
distribution function, respectively. Note that the nth-moment of distribution function is defined
by Ndof

∫
d3p/((2π)3E)pµ1 · · ·pµnf(x, p), with Ndof being number of degrees of freedom. Herein,

we obtain four equations from the first moment and three from the second moment. In addition,
the conservation of energy provides us with an extra equation which allows us to compute the
local effective temperature from the non-equilibrium energy density (Landau-matching).

4. aHydro equation of state
Implementing a realistic equation of state (EoS) in the framework of aHydro is conceptually
challenging since the EoS is a relation between the energy density and pressure in isotropic
equilibrium. We have devised two approaches to deal with this issue. In the quasiparticle
approach, we assume that the system is comprised of quasiparticles with a temperature-
dependent mass which is fit to the lattice QCD data [19, 20]. In the second approach, called
the standard approach, we obtain the necessary dynamical equations in the conformal limit
(m → 0). In this limit, the components of Tµν multiplicatively factorize and one can then
connect the isotropic parts of energy density and pressures using a realistic EoS [21]. In this
work, we have used the standard approach. The realistic equilibrium EoS used herein is taken
from Krakow parametrization of lattice data [22].
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Figure 1. In this figure, we compare aHydro predictions to experimental data for π+ (blue),
K+ (red), and p (green). The left panel shows the particle spectra and the right panel shows
v2, both as a function of transverse momentum pT for the 20-30% centrality class. The best fit
corresponded to T0 = 0.56 GeV, TFO = 0.13 GeV, and 4πη/s = 3. The system is initialized at
τ0 = 0.25 fm/c using an smooth optical Glauber profile. Note that the experimental error bars
shown are statistical only.

5. aHydro freezeout
Evolving to late times, the system undergoes a crossover from quarks and gluons to hadronic
degree of freedom and later on the kinetic freezeout. In order to compare the result of our
hydrodynamics model to experimental data, one needs to calculate the differential particle
spectra at freezeout. This procedure is done by constructing a constant energy density
hypersurface, defined through an effective temperature TFO = E−1(EFO). Then, by computing
for the particles which cross this hypersurface, one can determine the number of hadrons
produced in heavy-ion collisions at the freezeout. For this purpose, we apply a generalized
Cooper-Frye formula, modified for aHydro [20].

6. Results
In this section, we present our preliminary results and compare them to LHC experimental
data for 2.76 TeV Pb+Pb collisions [23, 24]. The results are generated for many hadronic
event samples at freezeout. In the plots shown herein we sampled 20,100 hadronic events using
THERMINATOR 2 [25]. The system is initialized at τ0 = 0.25 fm/c using an smooth optical
Glauber profile and assumed to be initially isotropic in momentum space. In our model, we have
some free parameters including initial central temperature T0, shear viscosity to entropy density
ratio η/s, initial momentum-space anisotropies of the system, and the freezeout temperature
TFO. By fitting to the experimental data and determining the best fit, we have estimated the
appropriate values for these parameters. Based on our model, the best fit parameters values
are: T0 = 0.56 GeV, TFO = 0.13 GeV, and η/s = 3/4π.

In Fig. 1, we have plotted our results for LHC 2.76 TeV Pb+Pb collisions for 20-30% centrality
class. In our plots, the results for charged pions (blue), kaons (red) and protons (green) are
presented. The shaded bands are the statistical error associated with the THERMINATOR 2
Monte-Carlo sampling of the hypersurface. The left panel shows the pT -differential particle
spectra and the right panel shows v2, both as a function of transverse momenta pT . For
pT < 2 GeV the v2 fit quality seems very good. Our results follow the experimental data
not only in magnitude but also in curvature. For pT > 2 GeV the fluctuations are significant
because of the fewer number of events in this range of momentum. While the fit to v2 seems
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quite promising, for very small pT our model underestimates the spectra, as can be seen from
the left panel of Fig. 1. We are currently investigating the cause of this discrepancy.

7. Conclusions and outlooks
In conclusion, we have implemented a 3+1d aHydro code for studying the quark-gluon plasma
created in ultra-relativistic heavy-ion collisions. This model can be used to study particle
spectra, flow coefficients, and other quark-gluon plasma experimental observables. By fitting
to experimental data, we have managed to extract a preliminary estimation for some unknown
parameters including initial central temperature, freezeout temperature, and shear viscosity to
entropy density ratio. Our estimation for η/s ' 0.23 is quite different from a recent estimation
by viscous hydrodynamics, η/s ' 0.095 [26]. In order to improve the accuracy of the model for
the future studies, one needs to consider fluctuating initial conditions for the aHydro evolution.
Fluctuating initial conditions are already implemented in the 3+1d aHydro code, however, for
this preliminary study, we restricted our attention to a smooth optical Glauber profile. Looking
forward, one also can take into account off-diagonal components of anisotropy tensor and the
effect of chemical potential(s) in the anisotropic distribution function.
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