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Abstract. Let X be the space of analytic, critical circle homeomorphisms with an irrational
rotation number py = [k, k, ..., k, ...]. It is shown [S. Ostlund, D. Rand, J. Sethna and E. Siggia,
Physica D,8 (1983) 303] that, the renormalization operator R defined on X has a unique fixed
point Tp. In this paper, we study the properties of orbits of a critical point and build a potential
for To.

1. Introduction and results

Historically, ergodic theory was a branch of thermodynamics and statistical mechanics.
Although we will not describe the precise relationships between thermodynamics and ergodic
theory (see Ruelles book [10] in the references for this), the connections motivate several
interesting constructions which turn out to have much wider applications. This is the heart
of thermodynamic formalism.

The introduction of thermodynamic formalism within the mathematical field of dynamical
systems occurred in the 1970s, and was primarily due to Y. Sinai, D. Ruelle and R. Bowen. In
this paper we build the thermodynamic formalism for the circle maps with a critical point. The
thermodynamic formalism for the unimodal Feigenbaum map was built by E. Vul, Y. Sinai and
K. Khanin [1]. In fact, our work is an analogy of their work for the critical circle maps.

Let us define a set of real-analytic commuting pairs that corresponds to a set of real-analytic
critical circle homeomorphisms the order of three. To do this, consider the pairs (£,7) satisfying
the following conditions:

(a) both & and 7 are real-analytic, strictly increasing on [1(0),0) and [0,£(0)) respectively and
£0) =n(0) +1;

(b) & and n commute at zero, that is n(£(0)) = £(n(0));

(c) both & and n has the cubic critical point at zero, that is £'(0) = 7'(0) = £”(0) = n"(0) = 0,
€"(0), n”"(0) are non zero;

(d) (n(£))"(0) = (€(n))"(0).

The pair (§,n) is called the critical commuting pair (shortly commuting pair). A commuting
pair is called non-generated if 0 < £(0) < 1. For a non-generated commuting pair (£,7) we define
its the height h(§,n) € No U {oo} as m if

En(0)) <0, €(n(0)) <0, ..., " (n(0)) <0, £™(n(0)) >0
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and h(&,n) = oo if no such m exists (note that in this case the map £ has a fixed point) where
€' is the i*® iteration of &. A non-generated commuting pair (£,7) is called renormalizable if its
height in finite and nonzero. Denote by X the set of all renormalizable commuting pairs. On X
we define a renormalization operator R as follows

R(&m) = (amo ™ tonoay!, apo™ onotoa,!)

where ay,(2) = (£™1(n(0)) —57”(77(0)))_1 (z). A commuting (£,7) € X is called infinitely-
renormalizable if R™"~1(&,n) is renormalizable for all n € Ng. For a infinitely-renormalizable
commuting (§,n) we define its rotation number p(§,n) € [0,1), by substituting its consecutive
heights for partial quotients in the continued fractions expansion p(&,n) = [my,ma,...,mp, ...]
where m,, is the height of R"~1(£, 7). Actually, the rotation number p(£,7) of the pair (£,7) can
be defined by dynamical approach as follows. Let T¢, be a circle homeomorphism generated by
(&,7m) defined on the unit circle [1(0),£(0)) as follows

£(x), if x € [n(0),0),
Te(@) _{ @), if e [8,5(0)). (1.1)

One can easily check that the homeomorphism T ,, is an analytic circle homeomorphism and has
the cubic critical point at zero. It is well known since Poincaré (1885), that the orbit structure
of T¢ ,, is determined by some irrational constant p(7% ;) so called the rotation number of T¢ ,, in
the following sense: for any point x of the circle, the mapping Tgw(x) — jp(Te¢yn) mod 1, j€Z
is orientation-preserving. One can easily verify that p(T¢,) = p(§, 7).

Further, consider the infinitely-renormalizable commuting pairs (£,7) whose the rotations
numbers p(&,n) equal to py = [k, k, ..., k, ...] for some k > 1. The set of all such commuting pairs
is denoted by Xj. R. Ostlund et. al [9] proved that the renormalization operator R acting on
X}, has the unique fixed point (g, 70). Let us recall the following definition.

Definition 1.1. Two orientation-preserving circle homeomorphisms T and 75 are said to be
C" conjugate, r > 1, if there exists an orientation-preserving circle homeomorphism H € C”(St)
(if 7 > 1, then it is required that H~! € C"(S!) such that

HOleTQOH.

Denote by E(Tp) the set of all circle homeomorphisms whose are C!' conjugated with T}
and defined on the standard circle S'. Tt is well known (see [3]) that any two topological
conjugated homeomorphisms have same rotation number. Therefore, the rotation numbers of
homeomorphisms of E(Tj) are the same and equal to p.

The purpose of this paper is to build thermodynamic formalism for the set FE(Tp). To
formulate our main result, we introduce further notations. Let

Pn

= [k, k..., k]
qn S——
n times
be the sequence of rational convergents of the continued fraction py = [k, k, ..., k, ...]. The coprime

numbers p,, and ¢, satisfy the recurrence relations p,, = kp,—1 + pn—2 and ¢, = kgn—1+ qn—o for
n > 1, where, for convenience we set pg =0, gg = 1 and p_; = 1, g—1 = 0. Taking the critical
point g = 0, we define the n'® fundamental segment It := I}}(z¢) as the circle arc [xo, Tg" (z0)]
if n is even and [T{" (x¢),z0] if n is odd. Certain number of images of fundamental segments
Ig_l and I, under iterates of Tp, cover whole circle without overlapping beyond the endpoints
and form the n'™ dynamical partition of the circle

P, := P,(xo,Tp) = {I]” =TI, 0<j < qn_l} U =TIy "), 0<i< gy}
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Obviously, the partition P, ;1 is a refinement of the partition P,. Indeed, the ”short” intervals
I are members of P41 and each "long” interval Iffl € P,, 0<1i< q,, is partitioned into
k + 1 intervals belonging to P, 1 such that

k-1
Izn_l = ]Z?H‘l U U LA T— (1.2)
5=0

Next, using the sequence of dynamical partition (P,), we introduce a certain symbolic
representation for the dynamics of Tj as follows. Let A = {a,0,1,...,k} be an alphabet. Consider
the set of infinite words L = {@ := (a1, ag,...,an,...) : |a; € A} corresponding to St \ Or, (zo),
where O, (z0) = {x0, To(0), ...}, and defined as follows. Take an arbitrary point z € S'\Or, (o)
we associate the unique word @ := (ay,aq, ..., an, ...) defined inductively as: a, = a if x € 17,
0<j<gnisan=k—sifzell’ . 0<i<g,0<s<k-1 andan:(]ifxelinﬂ,
0 < < ¢p. Thus, we obtain a one-to-one correspondence

S'\ O, (z) <2 L

Notice that, the finite word (a1,aq,...,a,) of the length n corresponds to an interval I
of the dynamical partition P,. We set I" = I(ai,aq,...,a,). Denote by Ay a probability
measure on the space of sequences L induced by Lebesgue measure on the circle, namely,
Xo(ar,ag,...,an) = |I(a1, a9, ...,a,)|. Consider another space of one-sided sequences,

Q= {? = (e1,€2,..,n,...) | i€ Aand g;y; =0iff ¢, =a, i > 1}.

Now, consider another T € E(Tp). Since T and Ty are topological conjugated the sets Og, (o)
and (97:0 (yo) have the same order, where yo = H(xo) and H is the conjugation between T and Tp.
Therefore, the symbolic representations of the points x € S'\ O, () and H(x) € St\ Oz, (vo)
are the same in £ i.e., there exists a unique @ € £ such that @ = ¢(x) and @ = ¥ (H (x)). We set

S(e) = (0,a,0,a,...), if e=a
T (a,0,a,0,..), ife=0
A? := H(I") and V; := A} UA2. Our main result is the following result.

Theorem 1.2. For any T € E(Ty) there exists a continuous (in the Tychonoff topology) mapping
U: Q. — R such that the following properties hold.

_>
(1) For any & = (€1, s Eps Eptly s Eny oe) AN b = (€1, ..., €p, bpt1, ..., by, ...) belonging to the
space 4, there exists a constant Cy = C1(T) > 0 such that
- _
U(Z) = U(b)| < Crlog| ™ (1.3)
where ay, = (€571 (n(0)) — €"(n(0)))~".
(2) Let I(ay,...,ar,Qr41,...,an) C I(ay,...;a;) C V1, 1 <7 <n. Then
| n

M = (1+¢1(a1,...,an)) ~exp{ Z U(as,as_l,...,ar,...,a1,7(a1))}7 (14)

| (a1, ...,ar)| S

where |1 (a, ...,an)| < const - |ag| ™.

Remark 1.3. e Theorem 1.2 generalizes the main theorem of [2].
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e The second assertion of Theorem 1.2 implies that, the length of any interval I™ € P, can
be expressed in the ”Gibbs” form:

"]

n < Const.
exp { z_:l U(asy Qs—1yeey Gpy ..., 01, 7(@1))}

const <

e Following the terminology of statistical mechanics, we call U the potential corresponding
to the map T. Due to Theorem 1.2 the potential depends on the long-range variables
exponentially weakly, i.e., on the statistical mechanical point of view, it is ”good”.

e One can easily verify that the potential U is unique and invariant under a smooth change
of variable.

2. Metrical properties of the orbit of critical point
As we have mentioned above the homeomorphism Tj is analytic, has the cubic critical point
zo = 0 and its rotation number is irrational. Due to Yoccoz’s [3] theorem Tj and the linear
rotation 7}, (x) = x + pi(mod 1) are topological equivalent. Hence the topological properties of
Ty and T}, are the same. In this section we study the metric properties of the Tp-orbit of the
critical point g = 0. We note that the commuting pair (g, 70) is a fixed point of renormalization
operator R i.e.,

{ §0:akoég_1on00alzl (2 1)

mo=ayo& tongofyoay’ '

where ay(2) = agz and oy, = [€871(10(0)) — €F(10(0))] L. We use this fact in the proof of the
following theorem.

Theorem 2.1. The following relations hold
T5" (o "7) = ;. "6(x), @ € [10(0),0), (2.2)
T3 (o ") = a " mo(), @ € [0,&(0)) (2.3)
for all n > 1.

Proof. We prove the theorem by induction. Let = € [19(0),0). If n = 1, then ¢; = k and
ap H(z) € [0,£(0)). Therefore T (o 'a) = TH(ap'e) = T (To(ag ta)) = Ty (no(ag 'x)).
Since no(ay, ') € [110(0), m0(£(0))) we get

Ty~ (oo, '2)) = & (no(ay, '), (2.4)
Relation (2.1) implies 5571(7]0(04,;1‘%)) = a; *¢(x). Hence
Tg' (o ) = ay o (). (2.5)

Suppose, the equation (2.2) holds k& < n. The relations (2.1) and gn+1 = kgn + gn—1 imply
Téln+1 (a;(n+1)$) _ Téfqn-i-qn—l (a’;(n-i-l)x) _ T(]fq" (Tgn_l (al:(n_l) . OLEZ.I))
= Ty (o, " Véolag*2)) = Ty (T (o ano (e "))
= T3 V" (a0 (ol %)) = Ty V™ (a0 (o L)) (2.6)
= Ty (T (o Mmooy M) = Ty (g "o (o ')

= Tg"(a,;"fg_z o no(alzlx)) = a;”alzlfo(x) - a;(nﬂ)&)(aﬁ).

This proves the first assertion of theorem. The proof of the second assertion is similar. O
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As a consequence of Theorem 2.1 we have.

Corollary 2.2. Let zo =0 and x; = Tixo, i > 1. We have
Ty = Q2]

for allm > 1.
Let A, be a subset of O, (xg) which is generation the n'i-dynamical partition i.e., A, =
{zo, 21, ..., Xg,4q,_, }- We set

AP = A, N[0,60(0)), ALY = Ay 0 [, weqa],

n

A1(1171) = An N [07 xQ1+QO)7 A(1’2) = An N [xfh—HIo:fO(O))?

n

k+1
where 1 < ¢ < k. It is clear, that A, = | Ag) and Ag) = Ag’l) U AS’2). Using the definition
=1

of Agf ), i =1, k4 1 and the structure of dynamical partition one can show that

|A$LZ)’ =qn—1+ qn-2,1=1, k;? |A'£Lk+1)‘ = Gn—2 + qn-3, (27)
where | - | - the cardinality of the finite set. The next theorem describes the transition from A,

to An+1-
Theorem 2.3. For alln > 1 the following relations hold.

AKED _ 1 (A;D U 50(0)), AUHD _ gt (n(ASjl)), 1<t0<k—1,

k
AL = 0‘1;1<U Agﬂ))’ AL — ¢ (Agc_:rln) — & (a,;lAﬁ})).
Proof. This theorem is also proved by induction. Assertion of the theorem can be easily verified
for n = 1. We rewrite A, and A, 1 as
An = An—l U (An \ An—l)a An+1 = An U (An—i-l \ An)

By the induction hypothesis, the assertion of Theorem 2.3 is true for A,,_1 and A,,. On the other
hand, A, _; is a subset of A,, and this a subset of A,,+1. Consequently, it is enough to prove the
assertions of Theorem 2.3 for A, \ A,—1 and A, 41 \ 4,. Using the definition of A,, we get

An+1 \ An = {l‘Qn"l‘qn—l’ Lgn+qn-1+1> "'7$Qn+1+Qn_1}7

Ay, \ Ap—1 = {$Qn71+Qn727 Lagn_1+qn_2+1; "'7$Qn71+Qn_1}7
j ; . k+1
(A9 0\ AD) = kgnor, 1< G <k, (A ABTD)] = gy,
Consider the first element x4, 44, , of A,41 \ Ap. By Theorem 2.1
LTan+aqn_1 = O‘lzlanfl-&-qnfz' (2'8)

So, the first element of A,1 \ A, obtains from the first element of A,, \ A,_1 by multiplying
a,;l. We pass to the second element of A, \ A,. Here, depending on the sign of x4, ,4q, »
there are two possibilities: either xq, 44, o € [170(0),0) or z¢, | 4q¢,_» € [0,&0(0))
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(a)

if g, 1 4gn_o € [10(0),0) then by Theorem 2.1 we have

Tgntgnir+l = 10(Tgn+gnr1) = To(azlqufﬁqw) = 50(041;1%”7&%72) € [Zg1+40- §0(0)),
Tantansa+2 = T0(60(y ' Tg, 14g.-5)) = M0(60( g 14gu-2)) € [21,22),

Tgntansi+s = T0(M0(Eo( ' Tqu_1+g0-s))) = Eo(n0(€0(y ' Tg,_1+q.-5))) € [22,23),
Zgntanir+h1 = T0(65 (0 (60(@ g 14a02))) = & (m0(é0(y ' Tgn 1400 -2))) =

= aglno(anfl+Qn72) = Oék_:lan71+qn72+1 € [07 50(0))

if g, 140 € [1(0),0) then again Theorem 2.1 we have
-1 ~1
xQn+Qn71+1 = TO(xQn+Qn+1) = To(ak anflJ’»qan) = 770(0‘]@ $Q7L71+Qn72) € [331’ 172),

Lgn+gn-1+2 = TO(WO(aizlan-&-an)) = fo(no(@ilanfﬁqw) € [z2,73)),

k—1 —1 —1 —1
$qn+Qn71+k+1 = 60 (no(akj xQn—l+Qn—2) = ak éo(xQn—l+Qn—2)) = ak ':L'qn—1+(In—2+1'

Continue this process one can show that any element of A, \ A,_1 obtains by multiplying a,;l
to an element of A, 41 \ A,. Moreover, with the same manner as in (a) and (b) one can show
that for each element of x4, 44, 145, 0 < Jj < kg, — 1, there exists an element x4, |, +¢n—2+1% in

Bp = {xQn71+(In72? $Qn71+Qn72+17 ot an,1+qn72+p}

1

where p > 1, such that: either xg,1¢, 145 = Qp Tg,_ 14gn_oti> OT Tgyigu_1+j

i—t _ . j—t —

(% (770(0% lenfl"F(Ian"l‘Q))’ t<j< t+k_27 O Tqp+qn_1+j — f(]) (770(50(0% 1x(1n71+Qn72+i)))7 t <
j <t+k —2. Next we show that B = A,, \ 4,,—1. To do this it is enough to show p = kg,—1. A
simply calculation shows that

‘B N (0’5(0)” = |(An+1 \An) N [mq1a0)| = (Q4n-1 + dn—2;
‘B N (wa,()” = |(An+1 \ATL) N [qu-i-qo’g(o)” = kqn—1;
1B (24,440, §(0)] = [(Ant1 \ An) N [0(0), 22]| = kgn—1;

|1 BN (zk—2,2k—1)| = [(Ant1 \ An) N (-1, zk]| = kgn—1.

Similarly

‘B N [77(0)’ 0)| = |(An+1 \An) N [vaqlJrqo” = kqn—1 — kqn—2;
‘B N (77(0)7 .7}2” = |(An+1 \An) N (-75271'3” = kqn-1.

Using these equations one can show that |B N [n(0),£(0)]| = kgn—1 — kgn—2 + kgn—2 = kgn—1.
This implies |B| = [(An+1 \ An)| = kgn—1. Theorem 2.3 is proved. O

Next we estimate the ratio of lengths of two intervals of dynamical partitions.

Lemma 2.4. Let I" € P, and I"™"™ € Py_,,, n > m such that I™ C I™™ ™. There exists a
constant C = C(Tp) > 0 such that

I’Vl
< Clag™, o ™" < CIIG).

In—m -
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Proof. The proof of lemma follows closely that of [1] for the Feigenbaum map. O

To formulate our next result we define some subsets of P,, as follow

Pl — {I" €P,: such that I" C [10(0), 0]},

P2 — {[” € P, : such that I" C [0750(0)]}a

n
P,; = {I" €P,: such that I" C 13},

where i = (n — m — 1), (n — m). The following theorem plays an important role to build the
thermodynamical formalism for Tj.

Theorem 2.5. The following relations hold, for any 0 < m < n.

Prnm =a; "RD . Py = ap, PR
if (n —m) is an odd number.
Popm1=a,"PD, Py = ap PO
if (n —m) is an even number.
Proof. The proof of theorem follows from Theorem 2.3. O

Consider the interval V"™ = I7""™ U I{‘_mﬂ. Notice that this interval is a neighborhood
of the point z;. Further, taking two intervals I’ and I such that I’ ¢ I C V"™ and

I' € Ppy1, I € P, we provide an estimate for the ration Ry = [I'|/|I| and its ”iterations”
R; = |Ti(I')|/|Ti(I)]. Denote

s — dn—m+1, if IC I?_mv
nem Gn-m, if ITcIP™

The following lemma will be used below.

Lemma 2.6 ([8]). There exists a constant C = C(Tp) > 0 and a natural number No = No(Tp)
such that

< Clag|™, 0<i< Sp—m (2.9)

In &
Ry

for all n > Ny.

3. Proof of Theorem 1.2

In this section we prove Theorem 1.2 i.e., we build the potential U for Ty. Note that the proof
of Theorem 1.2 follows closely that of Theorem 1.1 in [2]. To prove the theorem first we define
the prelimit potentials U,(,?)(al,ag, vy Em) and (77(,?)(51,62, ey€m) for 1 < m > n and then we
show that these potentials converge to the same limit Uy, (e1,¢€9,...,£m) exponentially fast as
n — oo. Finally we show that the limit of U,,(e1,¢e2,...,&y) exists and unique as m — oo.
Take m > 1 and fix it. Consider the Vl(nfm) neighborhood of z; for n > m. It is clear that
Vl(n*m) C [n0(0), z3] U [2,£0(0)) for n > m + 4. For definiteness we assume (n — m)- is even.
The proof is similar for the case when (n —m)-is odd. It is obvious

7™ C [y, 23] and I C [2q,£(0)).
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Consider two intervals I’ € P, and I € P,_1 such that I' c I C I f_k. Let the words

(n —m+ 1) times (n —m+1) times
——~ —_—~
I(a,1,0,(1,...,O,a,sm,...,sg,sl) and I(a,1,O,a,...,0,a,5m,...,52)
(n —1) times (n — 1) times

be the symbolic representations of I’ and I respectively. Define the following functions

I(a,1,0,a,...,0,a,&m, ...,€2,€1)
U(n) -1 ) 49 Uy Wy sy Yy Uy Emyy ) ) ]
m (E1 82, e Em) = I )

and
I1(1,0,a,0,...,a,epm, ...,€2,€1)
1(1,0,a,0,...,a,&m, ..., €2)

It follows from the structure of dynamical partition and the definition of symbolical
representation that

ﬁ,(,f)(sl,&‘g, ...,€m) =In

|1(1,0,a,0,...,a,em,...,0,a)| = |I(1,0,a,0,...,a,&p, ...,0)|.
It is easy to see that
U'r(r?)(a707537 "')6m) = (77%)(@’0’5& "'agm) =0.

Using Theorem 2.5, we get:

I(a,1,0,a,...,0,a,em, ...,2,€1) = no(1(0,a,0,a,...,0,a,&pm, ....,€2,€1)) =

= ol " (e, ooy €2,61))), (3.1)
where I (g, ...,€2,€1) € Pp,. Similarly,
1(0,1,0,a, ., 0,0, €, -y €2) = ol " " (I (em, .-y €2))) (3.2)

where (g, ...,e2) € Pp,_1. Denote by (81, 52) and (B3, 4) the intervals that correspond to
I(em,...,e2,¢1) and I(gp,...,£2), respectively. It is obvious that (51, 82) C (83, 04). Using the
definition U and (3.1)-(3.2)we get

U(n)(e’:‘l €2y ..t €m) =In |no(a;(n_m_1)ﬁ2) — no(al:(n_m_l)ﬁlﬂ —

Imo(ay "™ Ba) — mo(ay, "V By))|

83— B}
NG

With the same manner one can show

=1

+ 0> ") = U1, €2, o0y ) + O(Jag| 727 ™), (3.3)

OS(e1,22, s 2m) = Un(£1,82, s 2m) + O(lag| ~5=™), (34)

Next we prove the existence of the limit of U,,(e1,e2,...,6m) when m — oo. For this we
take a word & = (€1, .y Eny...) € Q4 and fix it. For a given m consider the expression
Um = Un(e1,...,em). Using (3.3) and (3.4), one can get

’I(VQn(‘S@er%E@era s 51))| +0 |—6n) (3 5)
( , .

Ug == hl Qg
o 1I(7 2n(Eesm)s Etrms s €2))] (
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where 7 on(er4m) is a 2n- dimensional vector of the form

. (1,0761’0,...,(170), if Ef+m = @,
72n(5€+m) - { (a7 170’(17 ,..,O,CL), if El+m = ovil

and the interval 72n(6g+m,eg+m_1, ..,€1) t is an element of dynamical partition Po,pi,,. It
follows from the definition of symbolical dynamics, that the interval 72n(€g+m,€g+m_1, vy €1)
belongs to the trajectory of the interval I (72n+m(8€+m), E0tm, -5 €1). More precisely

1(7211(554-771)7 El+my oy EL+1,ELy -9 E2, 51) — T8(1(72n+m(5£+m)7 Ely -y €2, 51)) (36)

where 0 < i < qoptm if eg =a and 0 < i < @ap4m+1 if € = 0V 1. Using (2.9), we get

|T8(I(72n+m(ef+m)a€€7"'752751))| |I(72n+m(5é+m)75€,---,52351)| - —7
In - X < Clag|™".
‘TO(I(72n+m(€5+m)7 €Ly ooy 2’52))| |I(72n+m(5€+m)7 €0y ey 52)|
(3.7)
On the other hand, by (3.3) and (3.4) we have
‘I(7Qn+m(5£+m)75€7'--752751)| —(2
In = Uy + O(|ay |~ @™, 3.8
|I(72n+m(52+m)75€7---762)’ ‘ (| ¢ ( )
Combining (3.5), (3.7) and (3.8) we get
Utm — Us| < Clag|™, (3.9)

for sufficiently large ¢ and m. Hence (U,),, is a Cauchy sequence. Let U(ey, €9, ..., &y, ...) be the
limit function of the sequence (U, ),. Taking the limit in (3.9) as m — oo, we get

|U(e1,€2, ey Eny ) — Uler, €9, ..0i60)| < C|Ozk|_£.

This proves the first assertion of Theorem 1.2. Next we prove the second assertion of
Theorem 1.2. Consider the intervals I(ay,...,a,) and I(ai,...,a,) such that I(ai,...,a,) C
I(ay,...,ar) C [n0(0),z3] U [x2,£0(0)], 7 < n. Denote by (5, Bi+1) and (d;, di+1) the intervals
that correspond to I(ay,...,ar4+;) and I(ay, ..., ar4+;—1) respectively, where i € [1,n—7]. It is clear
that (8;, Bi+1) C (di,di+1). Using the same arguments as in (3.3), one can show that

' 8 _ 33
USEE™ arisr1) = S5 O ) =
i+1 Y

_ (a1, aryicn,aryi) B+ BinaBi + 57
I(ay, ..., ar1i-1) d2, | + diy1d; + d2

Since [d;, d;v1] C [nx(0), x3] U [x2,£,(0)] and the rank of [d;, d;y1] is (r +i — 1) we get

B21 + Bir1Bi + B2
d22+1 + diy1d; + d?

+O(Jag| 7). (3.10)

=1+ O(Jay|~*).

Substituting the right hand side of the above equation (3.10) we get

I(a1 ceey Qptg—1 ar+i) (n-tr+i) - ‘
3 ceey ) =U'"" . O (r+1)
I(al,...7ar+i_1) r+i (arJrz’ ,a1)+ (|04k| )

for sufficiently range n. Taking the products from both sides of this relation over i = 1, (n — r),
we obtain the second assertion of Theorem 1.2. Theorem 1.2 is completely proved.
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