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Abstract. In this paper, we consider the Ising-XY model with competing interactions on the
Cayley tree of order two. This model can be seen as a non-commutative (i.e. J-XY-interactions
on next-neighbor vertices) perturbation of the classical Ising model on the Cayley tree. For the
considered model we establish the existence of three translation-invariant quantum Markov
chains. We notice that if the XY-interactions vanish, i.e. J = 0, then one gets the Ising model.
If the classical Ising model vanishes in the considered model, then we obtain XY-model for
which it turns out there exists only one translation invariant QMC.

1. Introduction

In [1] a quantum analogues of Markov chains were constructed and they were called by quantum
Markov chains (QMC) which are defined on infinite tensor product algebras. The reader is
referred to [5, 17] and the references cited therein, for recent developments of the theory and
the applications.

In [3]-[6],[8, 19] it was attempted to construct quantum analogues of classical Markov fields.
In [7] it has been proposed a definition of quantum Markov states and chains, which extend
all known ones. We point out that one of the basic open problems in quantum probability is
the construction of a theory of quantum Markov fields, that is quantum process with multi-
dimensional index set. This program concerns the generalization of the theory of Markov fields
(see [15],[18])) to non- commutative setting, naturally arising in quantum statistical mechanics
and quantum field theory.

First attempts to investigate QMC over such trees was done in [14], such studies were related
to investigation of thermodynamic limit of valence-bond-solid models on a Cayley tree [16]. The
mentioned considerations naturally suggest the study of the following problem: the extension
to fields of the notion of generalized QMC. In [13, 12|, we have introduced a hierarchy of
notions of Markovianity for states on discrete infinite tensor products of C*—algebras and for
each of these notions we constructed some explicit examples. In [21, 20, 24, 25] noncommutative
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extensions of classical Markov fields, associated with Ising and Potts models on a Cayley tree,
were investigated.

In this paper, we consider the Ising-XY model with competing interactions on the Cayley
tree of order two. This model can be seen as a non-commutative (i.e. J-XY-interactions on
next-neighbor vertices) perturbation of the classical Ising model on the Cayley tree. For the
considered model we are going to establish the existence of translation invariant quantum Markov
chains (see [9]). We notice that if the XY-interactions vanish, i.e. J = 0, then one gets the Ising
model for which the corresponding QMC has been studied in [10], and shown the existence of
the phase transition in the sense of [9]. We point out that if one considers the Ising type next
neighbor interactions, then the corresponding QMC has been investigated in [22, 23]. In the
present paper, we establish the existence (under some conditions) of three translation invariant
QMC for the considered model. If the classical Ising model vanishes in the considered model,
then we obtain XY-model for which it turns out there exists only one translation invariant

QMLC.

2. Preliminaries

Let T® = (L, E) be a semi-infinite Cayley tree of order k > 1 with the root z° (i.e. each vertex
of Fi has exactly k + 1 edges, except for the root x°, which has k edges). Here L is the set
of vertices and FE is the set of edges. The vertices x and y are called nearest neighbors and
they are denoted by [ =< z,y > if there exists an edge connecting them. A collection of the
pairs < x,x1 >,...,< T4_1,y > is called a path from the point x to the point y. The distance
d(xz,y),x,y € V, on the Cayley tree, is the length of the shortest path from x to y.

Recall a coordinate structure in I‘]i: every vertex z (except for z%) of Fi has coordinates
(i1,...,in), here i, € {1,...,k}, 1 < m < n and for the vertex 2° we put (0). Namely, the
symbol (0) constitutes level 0, and the sites (iy,...,4,) form level n (i.e. d(z°,z) = n) of the
lattice (see Fig. 1).

Let us set

Wp={x €L : d(x,z9) =n}, A, = U Wi, Apm) = U Wi, (n <m)
k=0 k=n

(o @]
En:{<a:,y>€E:ac,y€An}, A%:UWk
k=n

For z € %, 2 = (iy,...,i,) denote
S(x) ={(z,i): 1<i<k}.

Here (z,7) means that (i1,...,ip,7). This set is called a set of direct successors of x.

Two vertices z,y € V is called one level next-nearest-neighbor vertices if there is a vertex
z € V such that x,y € S(z), and they are denoted by > z,y <. In this case the vertices x, z,y
was called ternary and denoted by < x,z,y >.

Let us define on I‘ﬁ a binary operation o : Fﬁ X Fﬁ — Fﬁ as follows: for any two elements

x = (i1,...,ip) and y = (j1,...,Jm) pPut
l’oy:(ila...7in)o(j17”’7jm) = (ilv"'Jin7j17“'7jm) (1)

and
zox =z 0ox = (i1,...,0n) 0 (0) = (i1,...,10pn). (2)
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By means of the defined operation Flj_ becomes a noncommutative semigroup with a unit.
Using this semigroup structure one defines translations 7 : I‘i — Fﬁ, g e Fﬁ by

T9(z) = goux. (3)

It is clear that 7 = id.
The algebra of observables B, for any single site z € L will be taken as the algebra M, of the
complex d x d matrices. The algebra of observables localized in the finite volume A C L is then

given by By = @ B,. As usual if A! € A2 C L, then By is identified as a subalgebra of B2
TEN

by tensoring with unit matrices on the sites x € A%\ Al. Note that, in the sequel, by By 4 we
denote the positive part of By. The full algebra Bj, of the tree is obtained in the usual manner
by an inductive limit

B, =|JBa,-
An
In what follows, by S(Bj) we will denote the set of all states defined on the algebra By .
Consider a triplet C € B C A of unital C*-algebras. Recall [2] that a quasi-conditional

expectation with respect to the given triplet is a completely positive (CP) unital linear map
€ : A — Bsuch that £(ca) = c€(a), for all a € A, c € C.

Definition 2.1 ([13]). A state ¢ on By, is called a forward quantum Markov chain (QMC),
associated to {Ay}, if for each A, there exist a quasi-conditional expectation Ene with respect
to the triplet

Bpe,, C Bag C Bpe | (4)

and a state pprc € S(Bpc) such that for any n € N one has

@A%|BAW+1\An - SbA%-H © gAfH-l |BAn+1\An (5)
and
g0:hm @A%O((:A%Og/\c 10'”08AT (6)
n—00 n—

in the weak-* topology.

Note that (5) is an analogue of the DRL equation from classical statistical mechanics
[15, 18, 26], and QMC is thus the counterpart of the infinite-volume Gibbs measure.

3. Construction of Quantum Markov Chains on Cayley tree
In this section we are going to provide a construction of a forward quantum Markov chain which
contain competing interactions (see [9, 11]). In this section we recall some notations.

Let us rewrite the elements of W,, in the following order, i.e.

— 1 2 Wh
T2 (oo ).
In what follows, by °[] we denote an ordered product, i.e.
n
° Hak = a1a2 -+ - Ap,
k=1

where elements {a;} C Bz are multiplied in the indicated order. This means that we are not
allowed to change this order.
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Note that each vertex € L has interacting vertices {z, (z,1),..., (z,k)}. Assume that each
edges < z,(z,i) > (i = 1,...,k) operators K., ;> € By @ B, ;) is assigned, respectively.
Moreover, for each competing vertices > (z,i),(z,i + 1) < and < =z,(z,7),(z,i +1) >
(i =1,...,k) the following operators are assigned:

Ly (2i),(z,i+1)< € B(ai) @ B(zit1)y Mz (2,),(2,i+1)) € Bz @ Bz iy @ Bgiv1)-

We would like to define a state on By, with boundary conditions wy € B;B) and {h* € B} :
x € L}
For each n € N denote

k k k
Aty = (T Eoiwn) C T Eirwiry<) CTT M i war)- (7)
i=1 i=1 i1
K[m,m+1} = H Ax,(w,l),...,(x,k:)a I <m<mn, (8)
—
€W
b= JT 0% b =i/ (9)
eeW,
S| 0

One can see that W, is positive.
In what follows, by Trp : By, — Ba we mean normalized partial trace (i.e. Trpa (1) = 1,

here Ty = ) 1), for any A Cg, L. For the sake of shortness we put Try, := Tra,.
yeA
(n)

Let us define a positive functional ¢, o.h 01 By, by

P (@) = Tr (W, (a @ Ty, ), (12)

for every a € By,. Note that here, Tr is a normalized trace on By, (i.e. Tr(1y) = 1).
To get an infinite-volume state ¢ on By, such that @[5, = gou?o ne We need to impose some

constrains to the boundary conditions {wo,h} so that the functionals {gp } satisfy the
compatibility condition, i.e.

n+1
P’ (B4, = o (13)
Theorem 3.1. [11] Assume that for every x € L and triple {z, (z,i), (z,i+1)} (i=1,...,k—1)

the operators K g (z.iy>r L (i), (ei+1)<: M(z,(2,i),(z,i+1)) are given as above. Let the boundary
conditions wo € Bg) + and h = {h; € By 1 }zer satisfy the following conditions:

Tr(woh ) =1, (14)
k

Try (Aa:,(az,l),.‘.,(x,k)o Hh(z’i)A;(I Dyl k)) =h*, for every xz € L, (15)
=1

where as before Ay 31y, (xk) 5 given by (7). Then the functionals {gp h} satisfy the
compatibility condition (13). Moreover, there is a unique forward quantum Markov chain Yy, n

(n)

on By, such that gy p =w — lim ¢, .

n—0o0



37th International Conference on Quantum Probability and Related Topics (QP37) IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 819 (2017) 012006 doi:10.1088/1742-6596/819/1/012006

Corollary 3.2. If (14),(15) are satisfied then one has cp(n) (a) = Tr(Wyy(a)) for any a € By,, -

wo,h

Our goal in this paper is to establish the existence of translation-invariant QMC for the
considered model (see next section).

4. QMC associated with Ising-XY model with competing interactions

In this section, we define the model and formulate the main results of the paper. In what follows
we consider a semi-infinite Cayley tree I'2. = (L, E) of order two. Our starting C*-algebra is the
same By, but with B, = M(C) for all x € L. By oy, o/, 0% we denote the Pauli spin operators
for at site u € L. Here

][(u)_ 0 1 ol — 0 1 ol — 0 —1 ol — 1 0
S \N1 0/ \1 0)>7Y \¢ 0)’% \0 -1/

For every vertices (u, (u, 1), (u,2)) we put

K<u,(u,i)> = eXp{JoﬁH<u’(u’i)>}, 1=1,2, Jy>0, >0, (16)
L>(u,1),(u,2)< = eXp{J/BH>(u,1),(u,2)<}7 J >0, (17)
where
Hey s = 5 (10 © 100 4 00 g o00), (18)
1
H>(u,1),(u,2)< = i(Ug(Cu’l) X O'g/,u’Z) + O'Z(/u’l) & UZ(/U’Z)). (19)

Furthermore, we assume that M, () w,i+1) = 1 (i =1,2,...,k) for all u € L.
The defined model is called the Ising-XY model with competing interactions per vertices

(u, (u, 1), (u,2)).

Remark 4.1. Note that if we take J = 0, then one gets the Ising model on Cayley tree which
has been studied in [10] and if we take Jy = 0 we get the XY-model on the interactions.

One can calculate that for m € N

1
HZ’LU7,U> = H<u,v> = 5(][(U)][(U) _.I_ O'(u)a'(v)), (20)
m ]' u u u u
Hi(u,l),(u,2)< = Hi(u,l),(u,2)< = 5(][( 1) g w2 Ug D g Ug ,2)) (21)
2m—1
HIU) w2y« = H> (1), w,2)< (22)

Therefore, one finds | |
K<u,(u,z‘)> = Ko][(U) R (w) + K3U£u) ® O_SM)
Ls (u,1),(u2)< = 1) @ 12 4 sinh(JB)H (u1),(u,2)< + (cosh(JB) — 1)Hi(u,1)7(u72)<

where

JoB + 1 J —1
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Hence, from (7) for each x € L we obtain

Az =11 e 10D g1 4 pive ol @ g2 (23)
+71 ® 01(,“’1) ® al(,u’Z) + 431 @ Ugu’l) ® O_gu,z) (24)
+6108 @ 10D @ 6l 1 6108 @ o @ 142) (25)

where

71 = 1lexp(2JoB) + 1 + 2exp(JoB) cosh(JB)], 72 = Lexp(JoB)sinh(JB).
73 = 1lexp(2JoB) + 1 — 2exp(Jof) cosh(JB)], 61 = j(exp(2Jof) — 1).

Recall that a function {h"} is called translation-invariant if one has h* = A7) for all
u,g € Fi. Clearly, this is equivalent to h* = h" for all u,v € L.

In what follows, we restrict ourselves to the description of translation-invariant solutions of
(14),(15). Therefore, we assume that: h* = h for all u € L, where

hi1  hio
h = .
( ha1  hao )

Then we have

h = TryAu ) w2 1™ @ho k] (s (0,1, (4,2))
= [C1Tx(h)? + CoTr(o.h)?]I™ + CsTr(h)Tr(o,h)o (™. (26)

z

where
C1 = j(exp(4JoB) + 1) + 5 exp(2Jo3) cosh(2J B);

Cs = L(exp(4JoB) + 1) — 3 exp(2JoB) cosh(2JB);

=

C3 = 3(exp(4JoB) — 1).

Now taking into account

_ hi1 + haa
2 )

hi1 — ha2

Tr(h) 5

Tr(o,h) =
the equation (26) is reduced to the following one

Tr(h) = C1Tr(h)? + CoTr(oh)?,
Tr(oh) = C3Tr(h)Tr(oh), (27)

The obtained equation implies that a solution h is diagonal, and wg could be also chosen diagonal,
through the equation. In what follows, we always assume that ho; = 0, h12 = 0. In the next
sections we are going to examine (27).

5. Existence of QMC associated with the model.
In this section we are going to solve (27), which yields the existence of QMC associated with
the model.
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5.1. Case h11 = hoo and associate QMC
Assume that hy; = hg o , then (27) is reduced to
1

hi1 = has = Cr

ha:<8‘ 2) (28)

Proposition 5.1. The pair (wo, {h" = ho|u € L}) with wy = é][, h* = hq,Yu € L, s solution
of (14),(15). Moreover the associated QMC can be written on the local algebra By, joc by:

Then putting a = C% we get

n—1

Pala) = a® ~1Tr (a H K[i,i+1]K[*i,i+1])v Va € By,,. (29)
i=0

5.2. Case h11 # hao and associate QMC
Assume that hi1 # hoo, put 6 = exp(25).
the equation (27) is reduced to

hiithyy _ 1
2 Cs>
(30)
(hll—h22)2 — C3—=C4
2 C2.C2 7
Lemma 5.2. Let 2 JornJd J
Ca—C f=’o — 9“0 (0 0=7/) -3
NG P i (6 +6) (31)

Cy 0200 —05(07 +0-7)+1

Then for every J € R\ {—Jo, Jo}, there exists Oy (depend on J) such that A(0) > 0, whenever
6 > 6.

In the sequel let be fixed J € R\ {—Jo, Jo}.
Proposition 5.3. Assume that A(0) > 0. Then the equation (27) has two solutions given by:

h = &1+ &30, (32)
h' = &1~ &o, (33)
where
A A
fo= b= 2 = VAU _2VAl0) (34)

0 62h_1’ Cy 021

From (14) we find that wy = %0][ € BTs. Therefore, the pairs (wo, {h(“) =h, u€ L}) and
(wo, {(hW =1, ue L}) define two solutions of (14),(15). Hence, they define two QMC ¢; and
2, respectively. Namely, for every a € By, one has

p1(a) = Tr(wo Ko K1) hnKf 1 Ko 1j0) (35)

pa(a) = Tr(woKpo ) Kpo1n b Kjoy o Ko 110)- (36)

Hence, we have the following
Theorem 5.4. The following statements hold:

(i) if A(0) <0, then there is a unique translation invariant QMC pq;
(i) if A(0) > 0, then there are at least three translation invariant QMC ¢, @1 and pa.
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