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Abstract. In the framework of the Hudson - Parthasarathy quantum stochastic calculus, we
employ some recent selection results to prove that the function space of the matrix elements of

solutions to quantum stochastic differential inclusion (QSDI) is arcwise connected both locally
and globally.

1. Introduction

This paper considers Quantum Stochastic Differential Inclusion(QSDI) in the framework of
the Hudson and Parthasarathy formulation [11] of Quantum Stochastic Calculus. It has
found applications in the study of quantum stochastic control theory [13] and often occurs
as regularization of quantum stochastic differential equations with discontinuous coefficients.
In [3,4,8,9] some topological properties of solution sets of QSDI have been achieved. These were
subject to some conditions on the coefficients of their inclusions.

There are some of the interesting motivations [1,2,13,14,15] for studying connectedness, path
connectedness and arcwise connectedness of solution sets in the classical differential inclusions
with their applications.This provides the possibility of moving from one solution to another.
However as established in [1, 14, 15] for the case of differential inclusions on finite dimensional
Euclidian spaces, this work concerns the establishment of arcwise connectedness of solution sets

of quantum stochastic differential inclusion in the integral form:
¢
X(t) € a+ / (E(s,X(s))d Ax (s) + F(s,X(s))dAy(s)
0
+ G(s, X (s))dA] (s) + H(S,X(s))ds) , almost all ¢€[0,7]. (1.1)

In equation (1.1), the coefficients {E, F,G,H} lie in a certain class of stochastic processes

for which quantum stochastic integrals against the guage, creation and annihilation processes
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/\W,A?,Ag and the Lebesgue measure are defined. Equation(1.1) involves unbounded linear
operators on a Hilbert space and it is a noncommutative generalization of the classical stochastic

integral equations of the form
X(t,w) = :co+/H(t,X)dt+/F(t,X)dQ(t), X(to) = xo, t € [to,T] (1.2)

where the driving process Q(t) is a martingale and H, F' are sufficiently smooth ordinary
functions.

We shall employ the various spaces of quantum stochastic processes introduced in [3, 4, 8].The
remaining part of the work shall be arranged as follows; In section 2, some notations and
fundamental structures shall be stated which shall be employed in the sequel. In section 3 some
results and assumptions shall be stated and in section 4 the main result of this paper shall be
established.

2. Notations and Fundamental Structures

In what follows, if N is a topological space, we denote by clos(N), the collection of all non-
empty closed subsets of N. To each pair (D, H) which consists of a pre - Hilbert space D with
completion H , we associate L (D, H) the set of all linear maps x from a pre-Hilbert space D to
its completion H. With the property that the domain of the operator adjoint «* of = contains
D.

The members of £} (D, H) are densely-defined linear operators on H which do not necessarily
leave D invariant and L} (D, H) is a linear space when equipped with the usual notions of
addition and scalar multiplication.

To H also corresponds a Hilbert space I'(H), called the Boson Fock space determined by H.
A natural dense subset of I'(H) consists of the linear space generated by the set of exponential

vectors in I'(H) of the form

oo

()= D) PR feH

n=0
where ®°f = 1 and ®"f is the n-fold tensor product of f with itself for n > 1.

In what follows, ID is some pre-Hilbert space whose completion is R and < is a fixed Hilbert
space. We shall write L2(IR;) (resp. L2([0,t])) resp. L2([t,00)),t € IRy = [0,00) for the
Hilbert space of square integrable, y-valued maps on IRy = [0,00) (resp. on [0,t); resp. on
[t,00);t € IRy)

The noncommutative stochastic processes discussed in the sequel are densely-defined linear
operators on R ® F(L%(JRJF)); the inner product of this Hilbert space will be denoted by (-, ).

For each ¢t > 0, the direct sum decomposition

L3(Ry) = L3([0,1)) @ L3([t, 0))
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induces a factorization
D(L3(IR+)) = T(L5([0,1))) @ (L3 ([t, 00)))

of Fock space.

Let IE, IE; and IE?, t > 0 be the linear spaces generated by the exponential vectors in F(L%(]RJF)),
F(L%([O,t))) and I‘(L,Qy([t, 00))), t > 0 respectively.

Then we define

A = LY(DgE, R@I(L(Ry)))
Ay LE(DIE, R®T(L2([0,t)))) @ 1°
Ay 1, ® L (", T(L2([t,0)))), t>0

where ® denotes algebraic tensor product and 1; (resp. 1!) denotes the identify map on
R @ T(L2([0,t))) (resp. T(L2([t,00))) t > 0. We note that the spaces A; and A’, t > 0,
may be naturally identified with subspaces of A.

For n,§ € IDRIE, define || - ||,¢ by

[Z]le = [(n, )], z €A

Then, {|| - |l,¢, 7,& € D®IE} is a family of locally convex seminorms on A; we write 7, for the
locally convex topology on A determined by this family.

In the foregoing A, A; and A’ denote the completions of the locally convex spaces (A, Ty),
(A, Tw), Al Tw), t > 0 respectively we then note that {A;, t € IR, } is a filtration of A.
Hausdorff topology: If A is a topological space, then Clos(A) [resp. Comp(A)] denotes the
collection of all nonvoid closed (resp. Compact) Subsets of A. We shall employ the Hausdorff

topology on Clos(.A) which is defined as follows.
For z € A, M,N € Clos(A), and n,¢ € ID ® IE, set

dpe(x,N') = ylgAf[ |2 — yllne
One(M,N) = sup dye(z, N)
TEM

and

png(M,N) = max(énﬁ(M’N)76W§(N’ M))

Then {pye(-) : , & € IDRIE} is a family of pseudometrics which determines a Hausdorff topology

on Clos(A) denoted in the sequel by 75. If M € Clos(A), then ||M]||,¢ is defined by

[Mllne = pne(M, {0})

for arbitrary 7, £ € DQIE.
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For A, B € clos(@') and x € @' , a complex number, define

0(A, B) = supd(x, B)
€A

and
p(A, B) = max(0(A, B),d(B, A)).

Then p is a metric on clos(@') and induces a metric topology on the space.

Let I C IR,. A stochastic process indexed by [ is an A-valued map on I. A stochastic
process X is called adapted if X (t) € A; for each t € I. We write Ad(A) for the set of all
adapted stochastic processes indexed by I.

Definition: A member X of Ad(A) is called

(i) Weakly absolutely continuous if the map t — (n, X (t)§),t € I, is absolutely continuous
for arbitrary n,¢ € DQIE.

(ii) Locally absolutely p-integrable if || X (+) ||Z£ is Lebesgue-measurable and integrable on [0,t) C
I for each t € I and arbitrary n ¢ € IDQIF.

Notation.

We write Ad(A)waee [resp. L7 (A)] for the set of all weakly absolutely continuous (resp.

loc

locally absolutely p-integrable) members of Ad(.A).

Stochastic Integrators

Let L%,.(IRy) [resp. L& 10 .(IR;)] be the linear space of all measurable, locally bounded

functions from IRi to « [resp. to B(vy), the Banach space of Bounded endomorphisms of

7). I f € LY,.(Ry) and 7 € L) 10c(R4), then mf is the member of L2,.(IR+) given

by (mf)(t) = m(t)f(t),t € Ry.
For f € L%(ZRJF) and m € Lz,
L5(ID,T(L2(IRy))) as follows;

(IR,), define the operators a(f), a™(f) and A(7) in

Jloc

a(flelg) = (f,9)r2m,)e9)

“(Nelg) = celg+of)
d
is

o=0

e(e”"f)

o=0

for g € L2(IRy).

These are the annihilation, creation and gauge operators of quantum field theory.
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For arbitrary f € L:/?ZOC(RJF) and 7T € LOBO(’}/),IOC(B+)’ they give rise to the operator-valued maps

Ay, A;f, and A, defined by

Ap(t) = alfxpm)
a+(fX[0,t))
)‘(ﬂ-X[O,t))

-

—~
~+ ~+
==
[l

t € IR4, where x, denotes the indicator function of the Borel set I C IR,.

The maps Ay, AJf and A, are stochastic processes, called the annihilation, creation and gauge
processes, respectively, when their values are identified with their ampliations on R®F(L,QY(JR+)).
These are the stochastic integrators in the Hudson and Parthasarathy [11]formulation of Boson
quantum stochastic integration, which we shall adopt in the sequel.

Accordingly, if p, q,u,v € L? (A), f,g € L3,c(IRy) and 7 € L%f’(v)’loc(BJr) then we interpret
the integral.

/tp(s)d A (s) +q(s)dAs(s) + u(s)dA;'(s) +v(s)ds; to,t € R4

to

as it is in the Hudson and Parthasarathy [11] formulation.

Stochastic Differential Inclusions

Definition:

(i) By a multivalued stochastic process indexed by I C IR, we mean a multifunction on [

with values in Clos(A).

(ii) If ® is a multivalued stochastic process indexed by I C IR, then a selection of ® is a

stochastic process X : I — A with the property that X (t) € ®(t) for almost all ¢ € I.
(iii) A multivalued stochastic process ® will be called

(a) adapted if ®(t) C A, for each t € R*;

(b) measurable if ¢ — d,¢(x, ®(t)) is measurable for arbitrary = € A, n,¢ € DRIE

(c) locally absolutely p-integrable if ¢ +— |@(t)||e, t € IRy, lies in LY

1oc(I) for arbitrary
n,¢ € DRIE.

We note that

(1) the set of all locally absolutely p-integrable multivalued stochastic processes will be denoted
by L (A)mus

loc

(2) For p € (0,00) and I C IRy, LY (I X A)pyps is the set of maps

loc

®:1xA— Clos(A)



37th International Conference on Quantum Probability and Related Topics (QP37) IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 819 (2017) 012005 doi:10.1088/1742-6596/819/1/012005

such that
t— O(t, X(1)),

t e, liesin LP (A)pps for every X € LY (A),

loc loc
(3) If ® € LY (I x A)mys, then
Ly(®) ={p € L} (A): s a selection of ®}.

(4) For f,g € L3%,.(R+), m € Ly ,(R+) , 1 is the identity map on R ® I'(L3([R+)), and

M is any of the stochastic processes Ay, A;r, A and s — sl, s € IR,.

Thus, we introduce stochastic integral (resp. differential) expressions as follows.
If ® e L2 (I x A)pws and (£, X) € I x L2 _(A), then we make the definition

loc loc

/t O(s, X (s))dM(s) = {/tgo(s)dM(s) tp € Lg(@)}

to to

This leads to the following notion.

Definition: Let F,F.G,H € L? (I x A)mvs and (tp,zo) be a fixed point of I x A, then a

loc

relation of the form

X(t) € xo+ t(E(s,X(s))d Nr +F(s,X(s))dAf(s)

+G(s, X (s))dAS (s) + H(s, X (s))ds);t € I

be called a stochastic integral inclusion with coefficient F, F), G and H initial data (tg,z¢). We

shall sometimes write the foregoing inclusion as follows;
dX(t) € E(t,X(t))d Nx (t) + F(t, X (t))dAs(t)

+G(t, X (t))dA; (t) + H(t, X (t))dt (2.1)

for almost all t € I, X (to) = xo.
This we refer to as stochastic differential inclusions with coefficients E, F, G and H and initial
data (g, Xo).

Definition: By a solution of (2.1) we mean a weakly absolutely continuous stochastic pro-

cess p € L7 (A) such that

dp(t) € E(t,ot)dNx (t) + F(t,o(t)dAs(t)
+G(t,o(t)dAS (t) + H(t, o(t))dt

almost all t € I, p(tg) = xo.

Remarks
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(i)

(i)

(iif)

The existence of solution to a stochastic differential inclusion with Lipschitzian coefficients
has been proved in [8].

If M is a subset of A, we write coM for the closed convex hull of M and if

®:1x A— Clos(A), we define

co®: I x A— Clos(A) by

(co ®)(t,x) = co ®(t,x), t,x) el x A
Related to (2.1) is the following stochastic differential inclusion:
dX(t) € co E(t, X (t))dAx(t) + co F(t, X (t))dAs(t)

+co G(t, X (t))dA; (t) + co H(t, X (t))dt

almost all t € 1
X(to) = Xo (2.2)

In [8], Ekhaguere established equivalent form of (1.1) and (2.1) as follows; E, F,G,H €
L2

loc

(I x fl)mus and (to, o) is some fixed point of I x A. Taking theorems 4.1 and Theorem
4.4 of Hudson and Parthasarathy which describes the matrix elements of the quantum
stochastic integral.

For n,£ € D ® IE, with n = c® e(a) and £ = d ® ¢(3), define

tas, V3, 0a : I =@, 1 C IRy, by

pap(t) = (a(t),m(t)B(t))y

tel.

To these functions, are associated the maps plE, vF, oG, P and coP from I x A into the set

of multivalued sesquilinear forms on ID®IE defined by

(LE)(tx)(n.8) = {(n pap(t)p(t,x)S) : p(t,x) € E(t,x)}

WE)(tz)(n,&) = {(nvs()at.z)§) : q(t,z) € F(t,2)}

(0G)(t,z)(n.§) = {(noalt)ult,2)§) :ult,z) € G(t,2)}
P(t,z)(n,§) = (pE)t x)n,8) + (vF)(t,2)(n.¢)

+(0G)(t, x)(n,&) + H(t,2)(n,§)
(coP)(t,x)(n,§) = closed convex/hull of P(t,z)(n,&)

0.6 € DOE, (tz) el x A
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where
H(t,x)(n,&) = {vt, ) (n,€) : v(-, X(-))

is a selection of H(-, X(-)) V X € L} _(A)

n,& € DRIE, (t,z) eI x A.

As in [3, 4, 5, 6] we shall consider the equivalent form of (1.1) given by

d

S X@)E) € P, X(1))(1n.6)

X(0) = a, tel0,T]. (2.3)

Inclusion (2.3) is a nonclassical ordinary differential inclusion and the map (n,&) — P(t,z)(n, )
is a multivalued sesquilinear form on (ID®IF)? for (t,z) € [0,T] x A. We refer the reader to |
8, 9, 10] for the explicit forms of the map and the existence results for solutions of QSDI (1.1)

of Lipschitz, hypermaximal monotone and of evolution types.

3. Preliminary Results and Assumptions

As in [3, 4, 8], we let clos(N) denote the family of all nonempty closed subsets of a topological
space N. For N € {A, @'}, we adopt the Hausdorff topology on clos(N) as explained in the
references above. We denote by d(x, A), the distance from a point z € €' to a set A C . For
A, B € clos(@), p(A, B) denote the Hausdorff distance between the sets.

As in the references above,we shall employ the space wac(./{) which is the completion of the lo-

cally convex topological space (Ad(A)yac, 7) of adapted weakly absolutely continuous stochastic

processes @ : [0, 7] — A whose topology 7 is generated by the family of seminorms given by :

T d
Blye i= [ 2O e + [ |5 (0 BOEdt, for v, € € DS, (3.1)

Associated with the space wac(A), we shall employ the space wac(A)(n,£) consisting of ab-
solutely continuous complex valued functions (1, ®(-)¢), where ® € wac(A) for arbitrary pair
of points 1, € IDRIE. By a solution of QSDI (1.1) or its equivalent form (2.3), we mean a
stochastic process ® : [0,7] — A lying in the space Ad(A)waeN L7 (A) satisfying QSDI (1.1)

loc

or its equivalent form (1.2).

We assume the following conditions in what follows:

Sy The coefficients F, F, G, H appearing in QSDI (1.1) are continuous.

S(2) The multivalued map (t,x) — P(t,z)(n,§) has nonempty and closed values as subsets of
the field @ of complex numbers.
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S(3) For each z € A, the map t — P(t,x)(n,£) is measurable.

S(4) There exists a map Kf]z : [0,T] — R4 lying in L}, .([0,T]) such that

p(P(t,2)(1,€), P(t,y)(1.€)) < Kpe(t)llz —yllye (3-2)

for t € [0,T], and for each pair z, y € A.

S(5) There exists a stochastic process Y : [0,7] — A lying in Ad(A)yae such that for each
pair n,& € DRIE,

4( 50 Y 08 PEYE)0.9) < peld) (33)
for almost all ¢ € [0,7] and for some locally integrable map pye : [0,7] — Ry.

Associated with the space A, we define the space of complex numbers A(n, &) := {(n,a€) :
a € A}. We shall denote by S™)(a), the subset of wac(A) consisting of the set of solutions
of QSDI (1.1) corresponding to the initial value a € A and write S (a)(n, &) = {(n, ®(-)€) :
® € ST (a)}. Moreover, ST)(P)(n,¢) := Uged ST (a)(n,€). In what follows, a — ST)(a) is
the multivalued solution map of QSDI (1.1) corresponding to the initial value = a. Under the
conditions S(1) — S5y above, it is well known that the set S (T)(a) is not empty for arbitrary
ac A (see [8, 9, 10]).

Next, we employ Corollary 3.2 in [3] to establish an auxiliary result needed for the proof of
the arcwise connectedness of the entire space ST)(P)(n,£). To this end, for any family of lin-
ear maps {a,, o € [0,1]} in A, we define a,eo = (1,a0€), @ € [0,1] for arbitrary elements
N, € DRIF.

Proposition 3.1: Let ag, a1 € A such that ag #a1. Let Xg € ST (ap), X; € S(T) (a1). Then
there exists a continuous map h : [0,1] — wac(A)(n,€) such that h(0) = X0, h(1) = Xye1
and for a € [0,1], h(a) € ST (ay)(n, &) where aq = (1 — a)ag + aar and ayeq = (1 — Q)ayeo +
Qe 1

Proof: By Corollary (3.2) in [3], there exists a continuous map ® : A(n, £) — wac(A)(n, &) such
that for each a € A, ®(a,¢) € ST (a)(n,£), and (aye0) = Xpeo, P(ane1) = Xye1. Then, the

map h : [0,1] = wac(A)(n,&) defined by h(a) = ®(aye,q) is the required map.

Definition : A space X is said to be arcwise connected if any two distinct points can be

joined by an arc, that is a path f which is a homeomorphism between the unit interval and its
image f([0,1])
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4. Main Result

In order to establish the arcwise connectedness of the space S)(P)(n, ), some idea from [14,
15] were employed in what follows.

Theorem 4.1: Assume that the conditions §1) — &) above are satisfied.

Then, for every a € A and arbitrary pair 1, ¢ € IDQIE, the set ST (a)(n, €) is arcwise connected
in C([0,T]; @).

Proof: Fix ag in A and let X,Y € S)(ag). Then the functions X,¢(-), Y;e(-) € ST (ag)(n, €).

By Corollary (3.2) in [3], there exists a continuous map
 : A(n, €) = wac(A)(n,€)

such that ®(ayue ) = Xpe(+) and

®(ane) € ST (a)(n, &), Yaye € A(n, €). (4.1)

Since Yy¢(+) is continuous on [0,T], the map A — ®(Y;¢(AT)) is continuous from [0, 1] to

wac(A)(n, ), being the composition of continuous maps
R [0,1] = [0,T; Yae : [0,T] = A(n, €); @ : A(n, &) — wac(A)(n,€)
where h(\) = AT. Moreover,
(Ve (A\T)) € ST (Y (AT))(n,€), (4.2)

for each A € [0,7]. Thus there exists a stochastic process
d(Y(AT)) € ST)(Y(AT)) such that

O(Yoe(AT)(t) = (0, o(Y (AT))(#)€), t € [0,T]. (4.3)

Equation (4.3) implies that

%<n,¢(Y(AT))(t)§> € P(t,o(Y(AT))(t)(n,€)
HY(AT))(0) = Y(AT), t€[0,T). (4.4)

Next, we define the following pair of maps. For each A € [0, 1],

Y(t), if 0<t<AT

Xa(t) = { (4.5)
S(Y (NT))(t — AT), if AT <t <T.

Setting Xpe A(-) = (n, Xx(-)§), we obtain the inner product form of equation (4.1) given by:
Ye(t), if 0<t < AT

Xnpea(t) = { (4.6)
Q(Ye(NT))(t — AT), if N\ <t¢<T.

10
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Notice that Xo(-) = X(-), and X;(-) =Y (-), and

L X086 € Pl XA0)0.6)
Xx(0) = ap, almost all ¢t e [0,T]. (4.7)

By definition, for each A € [0, 1],
X € Ad(A)wac () Libe(A (4.8)

Hence, X, € S™)(ag). Therefore, X,¢ » € ST (ag)(n,€). To complete the proof, it remains to
be proved that the map A\ — X,¢ \ is continuous from [0, 7] to the space wac(.A)(n, &) in the
topology of the space C([0,T];@'). To this end, we employ a similar idea from [15]. Let € > 0 be
given and let \g € [0, 1] be fixed. We show that there exists § > 0 such that for any A € [0, 1]
with |A — Ag| < d, we have

[SOUJI_‘)] |Xn§’)\(t) — an,)\o (t)’ < €. (49)

For ¢ € [0,T], we distinguish three cases as follows:
(i) 0 <t < AT < AT, (ii) AT < t < AT, (ifi) \gT < AT < t < T. (4.10)

In the case of (i) we have

| Xnea(t) = Xieao (D) = [Ye(t) — Yae(t)| = 0. (4.11)

For case (ii) where A\gT' <t < AT, then

[ Xneno (1) = Xpe A(8)] = [@(Yne(MoT)) (t = AoT) — Ve (1) (4.12)

Since the map t — ®(Y¢(AoT))(t) and t — Y,¢(t) are uniformly continuous on the interval
I =[0,T), there exists 6; > 0 such that for any ¢ and ¢" in [0,T] with |t —¢"| < §1, we have

[2(Yye(MoD)(t) = &(Yye(MT))()] < % (4.13)

and

Ve (t') = Vet )I<§ (4.14)
Let [Ao — A| < &. Then [t — AgT'| < |A — Ao|T < &; and since
|[@(Yne (AT)(0) = Yye(AoT'), we have

‘Xné Ao (t) — an,/\(t)|
[D(Vpe(MT)(t = AoT) — ©(Yye(AT))(0)] + |2 (Yye(AT))(0) — Yre (2)]

€ €
Cri-o (4.15)

IN

IN

11
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For case (iii), then

| Xnexo (1) — Xnea(t)] [D(Ye(MT))(t — AoT) — @(Yye(AT)) (t — AT)|
1 (Yye(MoT))(t — MT) — &(Yye(MT))(t — AT)|

[B(Yre(ANT))(t — AT) — (Ve (AT)) (¢t — AT)|. (4.16)

IA

—+

Since the map A — ®(Y;,¢(AT)) is continuous from [0, 1] to

wac(A)(n,&) C C([0,T]; @), there exists d2 > 0 such that

‘)\—)\0‘ < 09 (4.17)
implies that
€
sup |O(Yye (AT))(t) — (Ve (Ao T))(1)] < 3, (4.18)
te[0,7 2
so that for |\ — A\g| < d2, we have
€
(VAT (1~ AT) — B(Vie(AT))(t ~ AT)| < 5. (4.19)

Furthermore, since the map t — ®(Y;,¢(Xo7"))(t) is uniformly continuous on [0, 77, there exists

83 > 0 such that for any pair of points ¢, ¢  in [0, 7], |t/ — t"| < 63 implies that
[B(Ye D)) () = B(Ye MD)) ()] < 5 (4.20)
Then if |A — X\ < 673, we have
[t = AT —t 4+ MoT'| < |A— Xo|T < 63, (4.21)

and
[B(Yre(oT))(t = AT) = B(Yye(MoT))(t = MT)| < 5. (4.22)

By Equations (4.16), (4.19) and (4.22), if |]A\ — X\o| < min{dq, %3}, then

[ XneA(t) — Xneo(t)] <e (4.23)
Let
.01 03
0 =min{7, &, = 4.24
Hlln{ T s U2, T }7 ( )
then we have proved that if A\g < A and |\ — Ag| < §, then for any ¢ € [0, 7],
| Xneno(t) = Xnea(t)] < e (4.25)
This implies that
sup | Xpea(f) — Xpeao ()] < e (4.26)

t€[0,T]
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For A < \g, the proof is similar.

Theorem 4.2: Corresponding to an arbitrary pair of points 1, ¢ € IDQIE, the function space
ST (P)(n,§) is arcwise connected in C([0,T]; @).
Proof: Let X, ¥ ¢ ST)(P) := Uge i ST)(a) such that for any pair of distinct elements
a, ag € A, X € ST (ap) and Y € ST)(a). Then by Proposition 3.1, there exists a continuous

map h : [0,1] = wac(A)(n,&) such that h(0) = X,¢, h(1) = Y,¢ and for each a € [0, 1],
h(a) € ST (ay)(n,€), where aq = (1 — a)ag + aa. If a = ag, then X, Y € ST)(ag) and the

existence of a continuous map h : [0,1] = wac(A)(n,§) such that h(0) = X,¢ and h(1) = Y,
h(a) € ST (ag)(n, ) follows from Theorem 4.1 above.
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