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Abstract. In the framework of the Hudson - Parthasarathy quantum stochastic calculus, we
employ some recent selection results to prove that the function space of the matrix elements of
solutions to quantum stochastic differential inclusion (QSDI) is arcwise connected both locally
and globally.

1. Introduction

This paper considers Quantum Stochastic Differential Inclusion(QSDI) in the framework of

the Hudson and Parthasarathy formulation [11] of Quantum Stochastic Calculus. It has

found applications in the study of quantum stochastic control theory [13] and often occurs

as regularization of quantum stochastic differential equations with discontinuous coefficients.

In [3,4,8,9] some topological properties of solution sets of QSDI have been achieved. These were

subject to some conditions on the coefficients of their inclusions.

There are some of the interesting motivations [1,2,13,14,15] for studying connectedness, path

connectedness and arcwise connectedness of solution sets in the classical differential inclusions

with their applications.This provides the possibility of moving from one solution to another.

However as established in [1, 14, 15] for the case of differential inclusions on finite dimensional

Euclidian spaces, this work concerns the establishment of arcwise connectedness of solution sets

of quantum stochastic differential inclusion in the integral form:

X(t) ∈ a+

∫ t

0
(E(s,X(s))d ∧π (s) + F (s,X(s))dAf (s)

+ G(s,X(s))dA+
g (s) +H(s,X(s))ds

)
, almost all t ∈ [0, T ]. (1.1)

In equation (1.1), the coefficients {E,F,G,H} lie in a certain class of stochastic processes

for which quantum stochastic integrals against the guage, creation and annihilation processes

1

37th International Conference on Quantum Probability and Related Topics (QP37)                         IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 819 (2017) 012005         doi:10.1088/1742-6596/819/1/012005

International Conference on Recent Trends in Physics 2016 (ICRTP2016) IOP Publishing
Journal of Physics: Conference Series 755 (2016) 011001 doi:10.1088/1742-6596/755/1/011001

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd



∧
π, A

+
f , Ag and the Lebesgue measure are defined. Equation(1.1) involves unbounded linear

operators on a Hilbert space and it is a noncommutative generalization of the classical stochastic

integral equations of the form

X(t, w) = xo +

∫
H(t,X)dt+

∫
F (t,X)dQ(t), X(t0) = x0, t ∈ [t0, T ] (1.2)

where the driving process Q(t) is a martingale and H,F are sufficiently smooth ordinary

functions.

We shall employ the various spaces of quantum stochastic processes introduced in [3, 4, 8].The

remaining part of the work shall be arranged as follows; In section 2, some notations and

fundamental structures shall be stated which shall be employed in the sequel. In section 3 some

results and assumptions shall be stated and in section 4 the main result of this paper shall be

established.

2. Notations and Fundamental Structures

In what follows, if N is a topological space, we denote by clos(N), the collection of all non-

empty closed subsets of N . To each pair (D,H) which consists of a pre - Hilbert space D with

completion H , we associate L+
w(D,H) the set of all linear maps x from a pre-Hilbert space D to

its completion H. With the property that the domain of the operator adjoint x∗ of x contains

D.

The members of L+
w(D,H) are densely-defined linear operators on H which do not necessarily

leave D invariant and L+
w(D,H) is a linear space when equipped with the usual notions of

addition and scalar multiplication.

To H also corresponds a Hilbert space Γ(H), called the Boson Fock space determined by H.

A natural dense subset of Γ(H) consists of the linear space generated by the set of exponential

vectors in Γ(H) of the form

e(f) =
∞⊕
n=0

(n!)−
1
2

n⊗
f, f ∈ H

where ⊗0f = 1 and ⊗nf is the n-fold tensor product of f with itself for n ≥ 1.

In what follows, ID is some pre-Hilbert space whose completion is R and γ is a fixed Hilbert

space. We shall write L2
γ(IR+) (resp. L2

γ([0, t]))’ resp. L2
γ([t,∞)), t ∈ IR+ ≡ [0,∞) for the

Hilbert space of square integrable, γ-valued maps on IR+ = [0,∞) (resp. on [0, t); resp. on

[t,∞); t ∈ IR+)

The noncommutative stochastic processes discussed in the sequel are densely-defined linear

operators on R⊗ Γ(L2
γ(IR+)); the inner product of this Hilbert space will be denoted by ⟨·, ·⟩.

For each t > 0, the direct sum decomposition

L2
γ(IR+) = L2

γ([0, t))⊕ L2
γ([t,∞))
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induces a factorization

Γ(L2
γ(IR+)) = Γ(L2

γ([0, t)))⊗ Γ(L2
γ([t,∞)))

of Fock space.

Let IE, IEt and IEt, t > 0 be the linear spaces generated by the exponential vectors in Γ(L2
γ(IR+)),

Γ(L2
γ([0, t))) and Γ(L2

γ([t,∞))), t > 0 respectively.

Then we define

A ≡ L+
w(ID⊗IE, R⊗ Γ(L2

γ(IR+)))

At ≡ L+
w(ID⊗IEt, R⊗ Γ(L2

γ([0, t))))⊗ 1t

At ≡ 1t ⊗ L+
w(IE

t,Γ(L2
γ([t,∞)))), t > 0

where ⊗ denotes algebraic tensor product and 1t (resp. 1t) denotes the identify map on

R ⊗ Γ(L2
γ([0, t))) (resp. Γ(L2

γ([t,∞))) t > 0. We note that the spaces At and At, t > 0,

may be naturally identified with subspaces of A.

For η, ξ ∈ ID⊗IE, define ∥ · ∥ηξ by

∥x∥ηξ = |⟨η, xξ⟩|, x ∈ A

Then, {∥ · ∥ηξ, η, ξ ∈ ID⊗IE} is a family of locally convex seminorms on A; we write τw for the

locally convex topology on A determined by this family.

In the foregoing Ā, Āt and Āt denote the completions of the locally convex spaces (A, τw),

(At, τw), At, τw), t > 0 respectively we then note that {Ãt, t ∈ IR+} is a filtration of Ã.

Hausdorff topology: If A is a topological space, then Clos(A) [resp. Comp(A)] denotes the

collection of all nonvoid closed (resp. Compact) Subsets of A. We shall employ the Hausdorff

topology on Clos(Ā) which is defined as follows.

For x ∈ Ã, M,N ∈ Clos(Ã), and η, ξ ∈ ID ⊗ IE, set

dηξ(x,N ) = inf
y∈N

∥x− y∥ηξ

δηξ(M,N ) = sup
x∈M

dηξ(x,N )

and

ρηξ(M,N ) = max(δηξ(M,N ), δηξ(N ,M))

Then {ρηξ(·) : η, ξ ∈ ID⊗IE} is a family of pseudometrics which determines a Hausdorff topology

on Clos(Ā) denoted in the sequel by τH . If M ∈ Clos(Ā), then ∥M∥ηξ is defined by

∥M∥ηξ ≡ ρηξ(M, {0})

for arbitrary η, ξ ∈ ID⊗IE.
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For A,B ∈ clos(IC) and x ∈ IC , a complex number, define

d(x,B) ≡ inf
y∈B

|x− y|

,

δ(A,B) ≡ sup
x∈A

d(x,B)

and

ρ(A,B) ≡ max(δ(A,B), δ(B,A)).

Then ρ is a metric on clos(IC) and induces a metric topology on the space.

Let I ⊆ IR+. A stochastic process indexed by I is an Ã-valued map on I. A stochastic

process X is called adapted if X(t) ∈ Ãt for each t ∈ I. We write Ad(Ã) for the set of all

adapted stochastic processes indexed by I.

Definition: A member X of Ad(Ã) is called

(i) Weakly absolutely continuous if the map t 7−→ ⟨η,X(t)ξ⟩, t ∈ I, is absolutely continuous

for arbitrary η, ξ ∈ ID⊗IE.

(ii) Locally absolutely p-integrable if ∥X(·)∥pηξ is Lebesgue-measurable and integrable on [0, t) ⊆
I for each t ∈ I and arbitrary η,ξ ∈ ID⊗IE.

Notation.

We write Ad(Ã)wac [resp. Lp
loc(Ã)] for the set of all weakly absolutely continuous (resp.

locally absolutely p-integrable) members of Ad(Ã).

Stochastic Integrators

Let L∞
γ,loc(IR+) [resp. L∞

B(Y ),loc(IR+)] be the linear space of all measurable, locally bounded

functions from IR+ to γ [resp. to B(γ), the Banach space of Bounded endomorphisms of

γ]. If f ∈ L∞
γ,loc(IR+) and π ∈ L∞

B(γ),loc(IR+), then πf is the member of L∞
γ,loc(IR+) given

by (πf)(t) = π(t)f(t), t ∈ IR+.

For f ∈ L2
γ(IR+) and π ∈ L∞

B(γ),loc(IR+), define the operators a(f), a+(f) and λ(π) in

L+
w(ID,Γ(L2

γ(IR+))) as follows;

a(f)e(g) = ⟨f, g⟩L2
γ(IR+)e(g)

a+(f)e(g) =
d

dσ
e(g + σf)

∣∣∣∣
σ=0

λ(π)e(g) =
d

dσ
e(eσπf)

∣∣∣∣
σ=0

for g ∈ L2
γ(IR+).

These are the annihilation, creation and gauge operators of quantum field theory.
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For arbitrary f ∈ L∞
γ,loc(IR+) and π ∈ L∞

B(γ),loc(IR+), they give rise to the operator-valued maps

Af , A
+
f , and Aπ defined by

Af (t) ≡ a(fχ[0,t))

A+
f (t) ≡ a+(fχ[0,t))

∧π(t) ≡ λ(πχ[0,t))

t ∈ IR+, where χI denotes the indicator function of the Borel set I ⊆ IR+.

The maps Af , A
+
f and ∧π are stochastic processes, called the annihilation, creation and gauge

processes, respectively, when their values are identified with their ampliations onR⊗Γ(L2
γ(IR+)).

These are the stochastic integrators in the Hudson and Parthasarathy [11]formulation of Boson

quantum stochastic integration, which we shall adopt in the sequel.

Accordingly, if p, q, u, v ∈ L2
loc(Ã), f, g ∈ L∞

γ,loc(IR+) and π ∈ L∞
B(γ),loc(IR+) then we interpret

the integral. ∫ t

t0
p(s)d ∧π (s) + q(s)dAf (s) + u(s)dA+

g (s) + v(s)ds; t0, t ∈ IR+

as it is in the Hudson and Parthasarathy [11] formulation.

Stochastic Differential Inclusions

Definition:

(i) By a multivalued stochastic process indexed by I ⊆ IR+, we mean a multifunction on I

with values in Clos(Ã).

(ii) If Φ is a multivalued stochastic process indexed by I ⊆ IR+, then a selection of Φ is a

stochastic process X : I → Ã with the property that X(t) ∈ Φ(t) for almost all t ∈ I.

(iii) A multivalued stochastic process Φ will be called

(a) adapted if Φ(t) ⊆ Ã, for each t ∈ IR+;

(b) measurable if t 7−→ dηξ(x,Φ(t)) is measurable for arbitrary x ∈ Ã, η, ξ ∈ ID⊗IE

(c) locally absolutely p-integrable if t 7→ ∥ϕ(t)∥ηξ, t ∈ IR+, lies in Lp
loc(I) for arbitrary

η, ξ ∈ ID⊗IE.

We note that

(1) the set of all locally absolutely p-integrable multivalued stochastic processes will be denoted

by Lp
loc(Ã)mvs

(2) For p ∈ (0,∞) and I ⊆ IR+, L
p
loc(I × Ã)mvs is the set of maps

Φ : I × Ã −→ Clos(Ã)
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such that

t 7−→ Φ(t,X(t)),

t ∈ I, lies in Lp
loc(Ã)mvs for every X ∈ Lp

loc(Ã),

(3) If Φ ∈ Lp
loc(I × Ã)mvs, then

Lp(Φ) ≡ {φ ∈ Lp
loc(Ã) : φ is a selection of Φ}.

(4) For f, g ∈ L∞
γ,loc(IR+), π ∈ L∞

B(Y ),loc(IR+) , 1 is the identity map on R ⊗ Γ(L2
γ(IR+)), and

M is any of the stochastic processes Af , A
+
g , Aπ and s 7−→ s1, s ∈ IR+.

Thus, we introduce stochastic integral (resp. differential) expressions as follows.

If Φ ∈ L2
loc(I × Ã)mvs and (t,X) ∈ I × L2

loc(Ã), then we make the definition∫ t

t0
Φ(s,X(s))dM(s) ≡

{∫ t

t0
φ(s)dM(s) : φ ∈ L2(Φ)

}
This leads to the following notion.

Definition: Let E,F.G,H ∈ L2
loc(I × Ã)mvs and (t0, x0) be a fixed point of I × Ã, then a

relation of the form

X(t) ∈ x0 +

∫ t

t0
(E(s,X(s))d ∧π +F (s,X(s))dAf (s)

+G(s,X(s))dA+
g (s) +H(s,X(s))ds); t ∈ I

be called a stochastic integral inclusion with coefficient E,F,G and H initial data (t0, x0). We

shall sometimes write the foregoing inclusion as follows;

dX(t) ∈ E(t,X(t))d ∧π (t) + F (t,X(t))dAf (t)

+G(t,X(t))dA+
g (t) +H(t,X(t))dt (2.1)

for almost all t ∈ I, X(t0) = x0.

This we refer to as stochastic differential inclusions with coefficients E,F,G and H and initial

data (t0, X0).

Definition: By a solution of (2.1) we mean a weakly absolutely continuous stochastic pro-

cess φ ∈ L2
loc(Ã) such that

dφ(t) ∈ E(t, φ(t))d ∧π (t) + F (t, φ(t))dAf (t)

+G(t, φ(t))dA+
g (t) +H(t, φ(t))dt

almost all t ∈ I, φ(t0) = x0.

Remarks
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(i) The existence of solution to a stochastic differential inclusion with Lipschitzian coefficients

has been proved in [8].

(ii) If M is a subset of Ã, we write coM for the closed convex hull of M and if

Φ : I × Ã −→ Clos(Ã), we define

co Φ : I × Ã −→ Clos(Ã) by

(co Φ)(t, x) = co Φ(t, x), t, x) ∈ I × Ã

(iii) Related to (2.1) is the following stochastic differential inclusion:

dX(t) ∈ co E(t,X(t))dAπ(t) + co F (t,X(t))dAf (t)

+co G(t,X(t))dA+
g (t) + co H(t,X(t))dt

almost all t ∈ I

X(t0) = X0 (2.2)

(iv) In [8], Ekhaguere established equivalent form of (1.1) and (2.1) as follows; E,F,G,H ∈
L2
loc(I ×Ã)mus and (t0, x0) is some fixed point of I ×Ã. Taking theorems 4.1 and Theorem

4.4 of Hudson and Parthasarathy which describes the matrix elements of the quantum

stochastic integral.

For η, ξ ∈ ID ⊗ IE, with η = c⊗ e(α) and ξ = d⊗ c(β), define

µαβ , Vβ, σα : I → IC, I ⊂ IR+, by

µαβ(t) = ⟨α(t), π(t)β(t)⟩γ

Vβ(t) = ⟨f(t), β(t)⟩γ

σα(t) = ⟨α(t), g(t)⟩γ

t ∈ I.

To these functions, are associated the maps µIE, vF, σG, P and coP from I×Ã into the set

of multivalued sesquilinear forms on ID⊗IE defined by

(µE)(t, x)(η, ξ) = {⟨η, µαβ(t)p(t, x)ξ⟩ : p(t, x) ∈ E(t, x)}

(vF )(t, x)(η, ξ) = {⟨η, vβ(t)q(t, x)ξ⟩ : q(t, x) ∈ F (t, x)}

(σG)(t, x)(η, ξ) = {⟨η, σα(t)u(t, x)ξ⟩ : u(t, x) ∈ G(t, x)}

P (t, x)(η, ξ) = (µE)(t, x)(η, ξ) + (vF )(t, x)(η, ξ)

+(σG)(t, x)(η, ξ) +H(t, x)(η, ξ)

(coP )(t, x)(η, ξ) = closed convex/hull of P (t, x)(η, ξ)

η, ξ ∈ ID⊗IE, (t, x) ∈ I × Ã

7

37th International Conference on Quantum Probability and Related Topics (QP37)                         IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 819 (2017) 012005         doi:10.1088/1742-6596/819/1/012005



where

H(t, x)(η, ξ) = {v(t, x)(η, ξ) : v(·, X(·))

is a selection of H(·, X(·)) ∀ X ∈ L2
loc(Ã)

η, ξ ∈ ID⊗IE, (t, x) ∈ I × Ã.

As in [3, 4, 5, 6] we shall consider the equivalent form of (1.1) given by

d

dt
⟨η,X(t)ξ⟩ ∈ P (t,X(t))(η, ξ)

X(0) = a, t ∈ [0, T ]. (2.3)

Inclusion (2.3) is a nonclassical ordinary differential inclusion and the map (η, ξ) → P (t, x)(η, ξ)

is a multivalued sesquilinear form on (ID⊗IE)2 for (t, x) ∈ [0, T ]× Ã. We refer the reader to [

8, 9, 10] for the explicit forms of the map and the existence results for solutions of QSDI (1.1)

of Lipschitz, hypermaximal monotone and of evolution types.

3. Preliminary Results and Assumptions

As in [3, 4, 8], we let clos(N ) denote the family of all nonempty closed subsets of a topological

space N . For N ∈ {Ã, IC}, we adopt the Hausdorff topology on clos(N ) as explained in the

references above. We denote by d(x,A), the distance from a point x ∈ IC to a set A ⊆ IC. For

A,B ∈ clos(IC), ρ(A,B) denote the Hausdorff distance between the sets.

As in the references above,we shall employ the space wac(Ã) which is the completion of the lo-

cally convex topological space (Ad(Ã)wac, τ) of adapted weakly absolutely continuous stochastic

processes Φ : [0, T ] → Ã whose topology τ is generated by the family of seminorms given by :

|Φ|ηξ := ∥Φ(0)∥ηξ +
∫ T

0
| d
dt
⟨η,Φ(t)ξ⟩|dt, for η, ξ ∈ ID⊗IE. (3.1)

Associated with the space wac(Ã), we shall employ the space wac(Ã)(η, ξ) consisting of ab-

solutely continuous complex valued functions ⟨η,Φ(·)ξ⟩, where Φ ∈ wac(Ã) for arbitrary pair

of points η, ξ ∈ ID⊗IE. By a solution of QSDI (1.1) or its equivalent form (2.3), we mean a

stochastic process Φ : [0, T ] → Ã lying in the space Ad(Ã)wac
∩
L2
loc(Ã) satisfying QSDI (1.1)

or its equivalent form (1.2).

We assume the following conditions in what follows:

S(1) The coefficients E,F,G,H appearing in QSDI (1.1) are continuous.

S(2) The multivalued map (t, x) → P (t, x)(η, ξ) has nonempty and closed values as subsets of

the field IC of complex numbers.
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S(3) For each x ∈ Ã, the map t → P (t, x)(η, ξ) is measurable.

S(4) There exists a map KP
ηξ : [0, T ] → IR+ lying in L1

loc([0, T ]) such that

ρ(P (t, x)(η, ξ), P (t, y)(η, ξ)) ≤ KP
ηξ(t)∥x− y∥ηξ (3.2)

for t ∈ [0, T ], and for each pair x, y ∈ Ã.

S(5) There exists a stochastic process Y : [0, T ] → Ã lying in Ad(Ã)wac such that for each

pair η, ξ ∈ ID⊗IE,

d

(
d

dt
⟨η, Y (t)ξ⟩ , P (t, Y (t))(η, ξ)

)
≤ ρηξ(t), (3.3)

for almost all t ∈ [0, T ] and for some locally integrable map ρηξ : [0, T ] → R+.

Associated with the space Ã, we define the space of complex numbers Ã(η, ξ) := {⟨η, aξ⟩ :

a ∈ Ã}. We shall denote by S(T )(a), the subset of wac(Ã) consisting of the set of solutions

of QSDI (1.1) corresponding to the initial value a ∈ Ã and write S(T )(a)(η, ξ) = {⟨η,Φ(·)ξ⟩ :

Φ ∈ S(T )(a)}. Moreover, S(T )(P )(η, ξ) :=
∪

a∈Ã S(T )(a)(η, ξ). In what follows, a → S(T )(a) is

the multivalued solution map of QSDI (1.1) corresponding to the initial value x = a. Under the

conditions S(1) − S(5) above, it is well known that the set S(T )(a) is not empty for arbitrary

a ∈ Ã (see [8, 9, 10]).

Next, we employ Corollary 3.2 in [3] to establish an auxiliary result needed for the proof of

the arcwise connectedness of the entire space S(T )(P )(η, ξ). To this end, for any family of lin-

ear maps {aα, α ∈ [0, 1]} in Ã, we define aηξ,α = ⟨η, aαξ⟩, α ∈ [0, 1] for arbitrary elements

η, ξ ∈ ID⊗IE.

Proposition 3.1: Let a0, a1 ∈ Ã such that a0 ̸= a1. Let X0 ∈ S(T )(a0), X1 ∈ S(T )(a1). Then

there exists a continuous map h : [0, 1] → wac(Ã)(η, ξ) such that h(0) = Xηξ,0, h(1) = Xηξ,1

and for α ∈ [0, 1], h(α) ∈ S(T )(aα)(η, ξ) where aα = (1− α)a0 + αa1 and aηξ,α = (1− α)aηξ,0 +

αaηξ,1.

Proof: By Corollary (3.2) in [3], there exists a continuous map Φ : Ã(η, ξ) → wac(Ã)(η, ξ) such

that for each a ∈ Ã, Φ(aηξ) ∈ S(T )(a)(η, ξ), and Φ(aηξ,0) = Xηξ,0, Φ(aηξ,1) = Xηξ,1. Then, the

map h : [0, 1] → wac(Ã)(η, ξ) defined by h(α) = Φ(aηξ,α) is the required map.

Definition : A space X is said to be arcwise connected if any two distinct points can be

joined by an arc, that is a path f which is a homeomorphism between the unit interval and its

image f([0, 1])

9
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4. Main Result

In order to establish the arcwise connectedness of the space S(T )(P )(η, ξ), some idea from [14,

15] were employed in what follows.

Theorem 4.1: Assume that the conditions S(1) − S(5) above are satisfied.

Then, for every a ∈ Ã and arbitrary pair η, ξ ∈ ID⊗IE, the set S(T )(a)(η, ξ) is arcwise connected

in C([0, T ]; IC).

Proof: Fix a0 in Ã and let X,Y ∈ S(T )(a0). Then the functions Xηξ(·), Yηξ(·) ∈ S(T )(a0)(η, ξ).

By Corollary (3.2) in [3], there exists a continuous map

Φ : Ã(η, ξ) → wac(Ã)(η, ξ)

such that Φ(aηξ,0) = Xηξ(·) and

Φ(aηξ) ∈ S(T )(a)(η, ξ),∀aηξ ∈ Ã(η, ξ). (4.1)

Since Yηξ(·) is continuous on [0, T ], the map λ → Φ(Yηξ(λT )) is continuous from [0, 1] to

wac(Ã)(η, ξ), being the composition of continuous maps

h : [0, 1] → [0, T ];Yηξ : [0, T ] → Ã(η, ξ); Φ : Ã(η, ξ) → wac(Ã)(η, ξ)

where h(λ) = λT . Moreover,

Φ(Yηξ(λT )) ∈ S(T )(Y (λT ))(η, ξ), (4.2)

for each λ ∈ [0, T ]. Thus there exists a stochastic process

ϕ(Y (λT )) ∈ S(T )(Y (λT )) such that

Φ(Yηξ(λT )(t) = ⟨η, ϕ(Y (λT ))(t)ξ⟩, t ∈ [0, T ]. (4.3)

Equation (4.3) implies that

d

dt
⟨η, ϕ(Y (λT ))(t)ξ⟩ ∈ P (t, ϕ(Y (λT ))(t))(η, ξ)

ϕ(Y (λT ))(0) = Y (λT ), t ∈ [0, T ]. (4.4)

Next, we define the following pair of maps. For each λ ∈ [0, 1],

Xλ(t) =


Y (t), if 0 ≤ t ≤ λT

ϕ(Y (λT ))(t− λT ), if λT ≤ t ≤ T.
(4.5)

Setting Xηξ,λ(·) = ⟨η,Xλ(·)ξ⟩, we obtain the inner product form of equation (4.1) given by:

Xηξ,λ(t) =


Yηξ(t), if 0 ≤ t ≤ λT

Φ(Yηξ(λT ))(t− λT ), if λT ≤ t ≤ T.
(4.6)
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Notice that X0(·) = X(·), and X1(·) = Y (·), and

d

dt
⟨η,Xλ(t)ξ⟩ ∈ P (t,Xλ(t))(η, ξ)

Xλ(0) = a0, almost all t ∈ [0, T ]. (4.7)

By definition, for each λ ∈ [0, 1],

Xλ ∈ Ad(Ã)wac

∩
L2
loc(Ã). (4.8)

Hence, Xλ ∈ S(T )(a0). Therefore, Xηξ,λ ∈ S(T )(a0)(η, ξ). To complete the proof, it remains to

be proved that the map λ → Xηξ,λ is continuous from [0, T ] to the space wac(Ã)(η, ξ) in the

topology of the space C([0, T ]; IC). To this end, we employ a similar idea from [15]. Let ϵ > 0 be

given and let λ0 ∈ [0, 1] be fixed. We show that there exists δ > 0 such that for any λ ∈ [0, 1]

with |λ− λ0| < δ, we have

sup
[0,T ]

|Xηξ,λ(t)−Xηξ,λ0(t)| < ϵ. (4.9)

For t ∈ [0, T ], we distinguish three cases as follows:

(i) 0 ≤ t ≤ λ0T ≤ λT, (ii) λ0T ≤ t ≤ λT, (iii) λ0T ≤ λT ≤ t ≤ T. (4.10)

In the case of (i) we have

|Xηξ,λ(t)−Xηξ,λ0(t)| = |Yηξ(t)− Yηξ(t)| = 0. (4.11)

For case (ii) where λ0T ≤ t ≤ λT , then

|Xηξ,λ0(t)−Xηξ,λ(t)| = |Φ(Yηξ(λ0T ))(t− λ0T )− Yηξ(t)| (4.12)

Since the map t → Φ(Yηξ(λ0T ))(t) and t → Yηξ(t) are uniformly continuous on the interval

I = [0, T ], there exists δ1 > 0 such that for any t
′
and t

′′
in [0, T ] with |t′ − t

′′ | < δ1, we have

|Φ(Yηξ(λ0T ))(t
′
)− Φ(Yηξ(λ0T ))(t

′′
)| < ϵ

2
(4.13)

and

|Yηξ(t
′
)− Yηξ(t

′′
)| < ϵ

2
. (4.14)

Let |λ0 − λ| < δ1
T . Then |t− λ0T | ≤ |λ− λ0|T ≤ δ1 and since

|Φ(Yηξ(λ0T )(0) = Yηξ(λ0T ), we have

|Xηξ,λ0(t)−Xηξ,λ(t)|

≤ |Φ(Yηξ(λ0T )(t− λ0T )− Φ(Yηξ(λ0T ))(0)|+ |Φ(Yηξ(λ0T ))(0)− Yηξ(t)|

≤ ϵ

2
+

ϵ

2
= ϵ. (4.15)
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For case (iii), then

|Xηξ,λ0(t)−Xηξ,λ(t)| = |Φ(Yηξ(λ0T ))(t− λ0T )− Φ(Yηξ(λT ))(t− λT )|

≤ |Φ(Yηξ(λ0T ))(t− λ0T )− Φ(Yηξ(λ0T ))(t− λT )|

+ |Φ(Yηξ(λ0T ))(t− λT )− Φ(Yηξ(λT ))(t− λT )|. (4.16)

Since the map λ → Φ(Yηξ(λT )) is continuous from [0, 1] to

wac(Ã)(η, ξ) ⊆ C([0, T ]; IC), there exists δ2 > 0 such that

|λ− λ0| < δ2 (4.17)

implies that

sup
t∈[0,T ]

|Φ(Yηξ(λT ))(t)− Φ(Yηξ(λ0T ))(t)| <
ϵ

2
, (4.18)

so that for |λ− λ0| < δ2, we have

|Φ(Yηξ(λT ))(t− λT )− Φ(Yηξ(λ0T ))(t− λT )| < ϵ

2
. (4.19)

Furthermore, since the map t → Φ(Yηξ(λ0T ))(t) is uniformly continuous on [0, T ], there exists

δ3 > 0 such that for any pair of points t
′
, t

′′
in [0, T ], |t′ − t

′′ | < δ3 implies that

|Φ(Yηξ(λ0T ))(t
′
)− Φ(Yηξ(λ0T ))(t

′′
)| < ϵ

2
. (4.20)

Then if |λ− λ0| < δ3
T , we have

|t− λT − t+ λ0T | ≤ |λ− λ0|T ≤ δ3, (4.21)

and

|Φ(Yηξ(λ0T ))(t− λT )− Φ(Yηξ(λ0T ))(t− λ0T )| <
ϵ

2
. (4.22)

By Equations (4.16), (4.19) and (4.22), if |λ− λ0| < min{δ2, δ3T }, then

|Xηξ,λ(t)−Xηξ,0(t)| < ϵ. (4.23)

Let

δ = min{δ1
T
, δ2,

δ3
T
}, (4.24)

then we have proved that if λ0 ≤ λ and |λ− λ0| < δ, then for any t ∈ [0, T ],

|Xηξ,λ0(t)−Xηξ,λ(t)| < ϵ. (4.25)

This implies that

sup
t∈[0,T ]

|Xηξ,λ(t)−Xηξ,λ0(t)| < ϵ. (4.26)
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For λ ≤ λ0, the proof is similar.

Theorem 4.2: Corresponding to an arbitrary pair of points η, ξ ∈ ID⊗IE, the function space

S(T )(P )(η, ξ) is arcwise connected in C([0, T ]; IC).

Proof: Let X, Y ∈ S(T )(P ) :=
∪

a∈Ã S(T )(a) such that for any pair of distinct elements

a, a0 ∈ Ã, X ∈ S(T )(a0) and Y ∈ S(T )(a). Then by Proposition 3.1, there exists a continuous

map h : [0, 1] → wac(Ã)(η, ξ) such that h(0) = Xηξ, h(1) = Yηξ and for each α ∈ [0, 1],

h(α) ∈ S(T )(aα)(η, ξ), where aα = (1 − α)a0 + αa. If a = a0, then X, Y ∈ S(T )(a0) and the

existence of a continuous map h : [0, 1] → wac(Ã)(η, ξ) such that h(0) = Xηξ and h(1) = Yηξ,

h(α) ∈ S(T )(a0)(η, ξ) follows from Theorem 4.1 above.
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