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Abstract. Spatial structure of the Penning discharge at pressures p = 0.1  0.01 Torr is 

investigated within the framework of the modified drift-diffusion model. This modification 

includes three models of elementary physical processes, which take into account peculiarities 

of gas discharge processes at low pressures and large reduced electric fields. Presented results 

of numerical simulations are in reasonable agreement with available experimental data.  

1.  Introduction 

Electric discharges, suggested by Penning, are investigated during more than 80 years [13]. The basic 

configuration of this discharge is defined as the discharge in cylindrical chamber which is equipped by 

two plane cathodes and hollow anode. An axial magnetic field is a significant peculiarity of the 

discharge. The typical voltage drop between electrodes in such a discharge is of V~1000 V and the 

magnetic field induction is of ~0.1 T. 

In various applications the most popular are the Penning discharge chambers at the pressures of 

p~10
-2

 – 10
-5

 Torr filled with the gases H2, D2, Ar or  Xe. At such a low pressures the magnetic field 

plays a significant role in maintaining a gas discharge. 

In spite of wide field of application of these discharges a scientific literature contains very small 

amount of papers containing the description of spatial structure of such discharges. Bounded number 

of fragmentary experimental data does not allow perform a validation of computational codes that 

were developed. Note that modern methods of mathematical modeling allow predict a spatial structure 

of gas discharges of various kind, and, unfortunately, corresponding experimental data practically 

absent. 

Among developments of numerical simulation methods which are intended for modeling spatial 

structure of gas discharges, we can stay on the methods of particles in cells (PIC). Application of the 

method for plasma in magnetic field, including the simulation of the Penning discharge, has been 

demonstrated in [4-6].  

However, the well known advantages of the PIC methods for simulation of rarefied plasma become 

helpless at increasing the pressure in discharge chambers up to order of 1 Torr. In this case the models 

of the magneto hydrodynamics (MHD) appear to be efficient. In turn, the MHD models lost its 

advantage at low pressures. It is obvious that there is a need in developing the both classes of models. 

The drift-diffusion models (DDM) are the variant of the MHD models. In previous papers by the 

author the DDM were used for investigating the normal direct current discharge in molecular 

hydrogen and nitrogen in transversal magnetic field at pressure p ~ 1 Torr [7,8].  
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Two-dimensional model of the Penning discharge was investigated in [9-11]. Relatively high 

pressure of ~ 1 Torr was studied in [9,10]. This enables one to use the classical drift-diffusion model 

that  is based on the Townsend formula. The first attempt to use the DDM for analysis of the Penning 

discharge at pressure p~10
-3

 Torr was made in [11], and this caused a necessity to modify the classical 

model. This modification concerns to two aspects.  

Firstly, inside gas discharge chambers at low pressures (for example, at pressure p ~ 1 mTorr) the 

reduced field achieves high values of order E/p=10
6
 V/cm×Torr. This means that, when calculating the 

mobilities it is necessary to take into account a change of physical mechanisms of interaction between 

charged and neutral particles under transition from low to high reduced fields [15,16]. 

Simple model for calculation of drift velocities of ions and electrons under transition from low to 

high reduced fields was proposed in [11]. The results of calculation of drift velocities using this model 

are shown in figure 1. It is seen that at E/p ≥ 100 V/cm×Torr there is observable slowing down the 

drift velocity at increasing E/p. However, it is obvious that when E/p>10
6
 V/cm×Torr this model does 

not work. 

 

 

 

Figure 1. Drift velocities of 

electrons and ions versus reduce 

field. 

 

The second modification relates to the method for calculation of ionizing processes at increasing 

E/p. It is well known that the Townsend formula gives acceptable results at E/p < 1000 V/cm×Torr 

(more precise, for molecular hydrogen for 150 < E/p < 600 V/cm×Torr). The model of ionization 

coefficient proposed in [11], is illustrated in Fig.2. It is assumed that at energy of electrons less than 

potential ionization of hydrogen, the Townsend formula is correct. At higher energies the ionization 

coefficient  is calculated as follows: 

 
iN  ,  

where 
i  is the cross-section of ionizing collisions predicted by the Tompson formula: 
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Here, 
2HI  is the potential of ionization of H2, 

2

04 a = 3.52×10
-16

 cm
2
; 2

0a  is the Bohr radius, and   

is the energy of electrons (as a rule, 
2HI  and   are measured in eV). 

For cross-linking of numerical values of the first ionization coefficient final formula is wondered 

as: 
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  * exppA B E p     , 

where A
* 
=2.75 1/cm×Torr; B = 130 V/cm×Torr. 

According to figure 2 the ionization coefficients firstly increase and then decrease as E/p decreases. 

So, in the Penning discharge used as the ions accelerator, there are two competitive mechanisms at 

applied voltage drop increasing, namely, a decreasing of ionization efficiency, and an increasing of 

charged particle energies. 

In the present work the modified DDM is applied for analysis the Penning discharge at the pressure 

p = 0.01÷0.1 Torr. At these pressures the classical DDM cannot be applied for modeling the gas 

discharge chamber with size of ~ 1cm. Under these conditions typical reduced fields do not exceed the 

values of E/p  10
4
 V/cm×Torr.  

Note, that reduced field in gas discharge chamber depends not only on applied voltage drop, but 

also on the configuration of volume charge. 

   

 

Figure 2. Ionization coefficient 

for modified DDM at pressure 

p=1.0÷0.001 Torr. 

2.   Governing equations 

A cylindrical two-dimensional 2D glow discharge in molecular hydrogen between flat electrodes with 

a presence of axial magnetic field is considered (see figure.3). 

A modified drift-diffusion model [10] (MDDM) is used for description of gas discharge processes. 

This theory is based on the continuity equations for electron and positive ion concentrations 
en  and 

in  

together with the equations for the electro-static field grad E . The governing equations of the 

drift-diffusion theory with axial magnetic field have the following form: 
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Figure 3. Schematic representation of a 

glow discharge in external magnetic 

field. 
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where 

 
ˆ ˆgrade e e e e e en n n   Γ u D μ E , ˆ ˆgradi i i i i i in n n   Γ u D μ E ,  

 

,

,

2

0

ˆ
0

1

e x

e re

e

D

D

b

 
 

  
  

D , 

,

,

2

0

ˆ
0

1

i x

i ri

i

D

D

b

 
 

  
  

D , 

,

,

2

0

ˆ
0

1

e x

e re

eb





 
 

  
  

μ ,  

,

,

2

0

ˆ
0

1

i x

i ri

eb





 
 

  
  

μ ,  (4) 

 ( )i ee j Γ Γ , 

(E) and   are the ionization and recombination coefficients, 
e and 

i are the electron and ion 

flux densities, 
e  and 

i are the electron and ion mobility, 
eD  and 

iD are the electron and ion 

diffusion coefficients,   is the potential of electric field, 
eu  and 

iu  are the averaged velocities of 

electrons and ions, 
e

e e

e

m



  and 

i

i in

e
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  are the electrons and ions mobilities, e

e e
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D

e
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and i
i i
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are the electrons and ions diffusion coefficients, ,en ei   and 

in are the frequencies 

of electron-neutral, electron-ion, and ion-neutral collisions,  
e en ei    , Te and Ti  are the 

temperatures of electrons and ions. 

Taking into account that the magnetic field has only x-component 
xB  (see figure 3), one can 

write: 
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where e
e xb B

c


  and i

i xb B
c


 are the Hall parameters of electrons and ions. 
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The source term in the right hand side can be written as following  

 2 2 2

, , ,e e x e r e    Γ .                (5) 

Note that the azimuthal component of electronic flux ,e  can be significant due to the condition 

1eb  . 

The introduced coefficients, which are taking into account a physically meaningful magnetic field, 

can be presented in the following form: 
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are the Larmor frequencies of electrons and ions,  me and mi are the masses 

of electrons and ions. 
 

The boundary conditions for charged particles and electrical potential are formulated as following:
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where  is the coefficient of the secondly  ion-electron emission, * is the effective coefficient of the 

secondly  ion-electronic emission, which is taken of the order *~(10
-1

 – 10
-2

). 

 

For cylindrical surface of anode the following boundary conditions were used: 
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For cylindrical surface between anode and cathode: 

 
1

, : 0e i

A C

n n
X x r R

r r r

  
    

  
,  

 
2

, : 0e i

A C

n n
X x r R

r r r

  
    

  
.             (7) 

A quasi-neutral plasma cloud of a spherical shape in the center of the chamber is used as the initial 

condition. 

The transport and thermo-physics properties do not depend on temperature (for H2), therefore: 

      

5 2 3 23.7 10 cm 6.55 10 cm
( ) , , ( ) , ,

V s V s
e ip p

p p
 

 
 

   

              ( ) , ( ) ,e e e i i iD p T D p T     
where p is the pressure in Torr.  

The recombination coefficient  and electron temperature are taken as constants 72 10   cm
3
/s 

and 11610KeT  . 

The ionization coefficient for H2 is determined as follows (the 1
st
 Townsend formula): 

5

APhM2016                                                                                                                                           IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 815 (2017) 012004         doi:10.1088/1742-6596/815/1/012004



 

 

 

 

 

 

  
 

*( ) exp ,
B

E p A
p

 



 
  
  

E
cm

1
, 

where 
* 1 V

2.75 , 130
cm Torr cm Torr

A B 
 

.  

Equations (1)(3) are supplemented with the equation for the external electric circuit  (see figure 

1), which is written for a stationary current as 

           
0V IR   ,  

where V is the voltage on the electrodes, I is the total discharge current,  is the e.m.f. in power 

supply, and 
0R  is the external resistance. 

The modified drift-diffusion model includes two modifications of the classical DDM, namely, the 

modification of drift mobilities and the modification of velocity of ionization.  

In Ref.[10] it was suggested to use the following relations for ion and electron mobilities  

    
4 6
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and for corresponding diffusion coefficients 

        , , , ,, .i eff i eff i e eff e eff eD T D T     

This gives a possibility to use classical definitions for drift velocities 

        , , , ,, .dr i i eff dr e e eff  E EV V  

The ionization coefficient for H2 is determined as follows: 
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, for high reduced fields,               (10) 

where the ionization cross section 
i could be calculated using the Tomson formula 
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Instead of the reduced fields we can use the dependence on the electron and ion energies, where 

kinetic energies are estimated as following:  

     14 2

[ ] [ / ]2.84 10eV e cm sV   ,   12 2

[ ] [ / ]1.05 10eV i cm sV   . 

Now in the MDD model we can formulate constitutive relations for electrons:     
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and for ions: 

       , , ,
i

i x i eff i eff i x

n
D n E

x



   


,  

       
, ,

, 2 2

, ,1 1

i eff e effi
i r i r

i eff i eff

D n
n E

rb b


   

 
,    

       , , ,i i eff i rb    ,  
,

,

i eff x

i eff

B
b

c


 . 

3.  Results of numerical simulation 

The calculations were performed for the following initial data: the pressure in molecular hydrogen Н2 

was of p=0.1 ÷ 0.01 Torr; e.m.f. of power supply E  =200 V, 
0R  = 3000 Ohm, 0.33  , *~10

-2
,  

0.1xB  Т, 
2C ACR R = 0.55 cm, 

1ACR = 0.2 cm,  
1AX = 0.425 cm, 

2AX = 0.675 cm, and 
СX =1.1 cm 

(this value was used as a spatial scale of the problem under consideration ).  

Figure 4 shows the electron and ion concentrations in discharge chamber at pressures p=0.1 and 

0.01 Torr. The main feature of these distributions is high concentrations of charged particles in the 

central domain of the discharge chamber at high pressure and low concentrations when the pressure is 

low. 

Distributions of electron and ion concentrations at pressures p=0.1 Torr (left picture) and p=0.01 

Torr (right picture) are shown in figure 4. At low pressure the domain of volume charge is shifted to 

internal cylindrical surface of the anode. 

 

 
a  

b 

Figure 4. Concentration of (a) electrons Ne and (b) ions Ni (in 10
10

 cm
-3

). 

 

Decreasing of the pressure leads to significant change of the reduced field in the gas discharge 

chamber.  From figure 5 one can see that near anode the reduced field E/p sharply increases, whereas 

in the volume the reduced field is distributed quite smoothly. The distribution of the ionization 

coefficient (see figure 6) corresponds to this distribution of the reduced field.  

Differences between coefficients of ionization αx  and αr , corresponding to the axial and radial fluxes 

of electrons points out to a  “switching” from one dependence to another (see relations (9), (10)). 
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a 
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Figure 5. (a) Reduced field (EDP=E/p in V/(cm*Torr)) and (b) electric potential (Fi = φ/) at 

p = 0.1 Torr and  p = 0.01 Torr.  

 

 
a 

 
b 

Figure. 6. Coefficients of ionization (in 1/cm) at (a) p = 0.1 Torr and (b) at p = 0.01 Torr; 

ALFE_R=r is the coefficient of ionization calculated with Er, ALFE_X=x is the coefficient of 

ionization calculated with Ex.  

 

It is seen that at p = 0.1 Torr these differences are insignificant, whereas at p = 0.01 Torr the efficiency 

of ionization of neutral particles induced by electron collisions are different. 

The source term 
i  in Eqs.(1) and (2) is shown for two pressures in figure 7. This term is decreased 

by two order of the value when the pressure is decreased one order of the value. The volume of 

increased ionization is located near anode. So, such model of ionization in the Penning discharge gives 

low efficiency of ionization in the discharge volume. Nevertheless, presented results of numerical 

simulations are in reasonable qualitative agreement with available experimental data [1-3]. 

 Axial distributions of ion and electron velocities in the Penning discharge at pressures p = 0.1 Torr 

and p = 0.01 Torr are shown in figure 8. The corresponding axial distributions of the reduced electric 

field and the energy of electrons, which were calculated using the axial velocity of electrons, are 

shown in figure 9. 
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a 

 
 b 

Figure. 7. Source of ionization ELSOURCE=
i  (in 10

20
/(cm

3
*s)) at (a) p=0.1 Torr and (b) p=0.01 

Torr. Left parts of the figures show source of ionization due to azimuthal movement of electrons. 

 

a b 

Figure. 8. Axial distributions of (a) ion and (b) electron average velocities in x-direction at 

the pressure p=0.1 Torr and 0.01 Torr. 

 

a b 

Figure 9. Axial distribution of reduced field (in V/(cm*Torr) and electron energy in eV at 

the pressure p=0.1 Torr and 0.01 Torr. 

Conclusion 

Spatial structure of the Penning discharge at pressures p = 0.1  0.01 Torr has been investigated within 

the framework of the modified drift-diffusion model. This modification includes three models of 

elementary physical processes, which take into account peculiarities of gas discharge processes at low 

pressures and large reduced electric fields. These are: 
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1) The non-linear model of behavior of  ion  and electron drifts depending on the reduced electric 

field in wide range of variation ; 

2) The model of ionization of neutral particles in collisions with electrons in wide range of variation 

of the reduced electric field; 

3) The anisotropic model of ionization by the axial, radial, and azimuthal fluxes of electrons. 

The analysis of the presented predictions of spatial structure of the Penning discharge using the 

modified drift-diffusion model allows to suggest that the significant disadvantage of the model 

consists in an absent of the explicit source term connected with the low-energy electrons that were 

born in gas discharge volume after the first acts of ionizations by the high-energy electrons, being 

accelerated near cathode and anti-cathode. Presented MDD model should be improved in this aspect. 
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