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Abstract. A construction of equations and solutions for the sine—-Gordon model in the
homogeneous grading as an example of higher grading affine Toda models are considered.

1. Introduction and preliminaries

The problem of construction of exactly solvable models and their solutions is a very important
problem in the theory of integrable models in general and in application to real dynamical
systems in Physics. One of the ways to proceed is to us the the Lie-algebraic method to construct
non-linear exactly solvable models in classical regions. This method is very well known and
elaborated [10]. Applying the zero-curvature conditions on elements of connection containing
Lie algebra generators in appropriate grading subspaces, we obtain systems of equations of
motion associated to a specific Lie algebra.

The main motivation to use the theory of Lie algebras in exactly solvable models is its
effectiveness. We are able not only to re-construct the equations of motion but also to find
exact solutions starting from internal algebraic symmetries based on deep algebraic symmetries
of systems under consideration.

In [4] the higher grading generalization to the conformal affine Toda models was considered.
Elements of the higher (then number one) grading subspaces are taking into account while
connection elements are constructed. The main example was the principal grading case.

In this paper we conside an alternative, new case, which is corresponds to the homogeneous
grading of the Lie algebra. We derive the systems of equations generalizing the case of the
sine-Gordon equation and provide quantum group solutions.

1.1. Affine Kac-Moody Lie algebras
In this subsection we recall some facts about affine Kac-Moody algebras [7], [4]. Consider

an untwisted affine Kac-Moody algebra G endowed with an integral grading G = EBneZ On,
and denote éi =@D,-0 éin. By an affine Lie algebra we mean a loop algebra corresponding
to a finite dimensional simple Lie algebra G of rank r, extended by the center C' and the
derivation D. According to [7], integral gradings of G are labelled by a set of co-prime integers
s = (so, 81, .- 5r), and the grading operators are given by

Qs=Hy+NsD— —TrH2C. (1)

2Ng

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd 1



International Conference on Strongly Correlated Electron Systems (SCES 2016) IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 807 (2017) 112002 doi:10.1088/1742-6596/807/11/112002

Here Hs = Y _ s4l8 - H°, Ng = Y1_, sim;p, v=>"_ m¥ay, mg’ = 1. HO is an element
of Cartan subalgebra of G; a4, a = 1,2,...r, are its simple roots; @ is its maximal root; my
the integers in expansion ¢ = >, _, mfoza; and [? are the fundamental co-weights satisfying
the relation oy - ;] = d45. The principal grading operator Qppa is given by 1 where Ng = h
is Coxeter number. Therefore Go = {H?,a = 1,2,...7;C; Qppal}, Gm = {Eg(m),Eiaw—m)}’

Gom = {Ega(m),E_(Lm} where 0 < m < h, and o™ are positive roots of height m, and C is

o ~
the center. The element B is parameterized as B = e H" v C enQppal — o9 H" o7 C e%ppal where
H° was defined in [4] as H? = H? — LTr(H HY) C = H? — ?FC andy—u—fé ©,
with & = dor1 a2 , and [, being the fundamental weights of G. Let us denote by H", E}, D, C
the Chevalley basis generators of Slg. The commutation relations are
[H™, H" = 2mC dpmino, [H™, E}] =+£2E7"",
(BT, E"] = H™™ +mCépino, [D,T"]=mT™, T™=H™ ET,

where C is the center. The grading operator for the pr1nc1pa1 grading (s = (1,1)) is
Q@ = $H" + 2D. Then the eigensubspaces are Go = {H,C,Q}, Gons1 = {E7,E"Y nezZ,
g2n = {Hn},n S {Z 0}

1.2. Quantized universal enveloping algebra U/q(;l\g)
In the spirit of [2], [5], the quantised enveloping algebra Ug(slz) is an associative algebra
generated by X*, X, H with g¢-deformed commutation relations X*tX~ — XX+ =

(qH — q*H) (q - qil)fl, HX* — X*H = +2X*. Tt possesses a Hopf algebra structure with
the deformed adjoint action (adx+)qa = XEagh/2 — ¢FlgH/2q X+ (adg)qa = Ha — aH, for all
a € Uy(slz). Let us recall the second Drinfeld realization of the quantized universal enveloping
algebra Ué(;l\g), (i.e., Uq(;l\g) without grading operator) [2], [6], which is a natural quantum
analogue of the algebra s/l\g in the loop realizations. Uc’l(gi;) is an associative algebra generated

by {x,f, keZ,an,ne {Z-0}; ’yi% , K}, where 'yi% belong to the center of the algebra, satisfying

: . ok _

the commutation relations [K, ax| = 0, [ag, ;] = dk,—; [2,5] Wq q”_l , Kfo e qﬁxf, [an,azﬂ =
2n] ol + o1 AT 2y 2+ do 4+ 42 4+ +
LA [%»wn] = q—q-1 » Uy — Q7% Ty = T T4 — Ly Xy,

The generators ¢ and ¥_p, k € Z, are related to a; and a_i by means of the expressions
oo oo oo [e.e]
> Ymz~™ = Kexp ((q - q_l) > akz_k>, > om2" = K_leffp (‘(q - q_l) > a_kzk>, 1.e
k=0 k=1 k=0 k=1
k_ .~k

Ym =0, m < 0; ¢, =0, m > 0. Here [k] = qq_qq,l .

It is easy to define the grading operators corresponding to the principal and homogeneous
grading of U,(sl2) by analogy with the grading of U,(G) where G is a simple Lie algebra. The

principal grading can be realized with the help of the operator D,z = %qK -1 (diq(K K _1)> K+

2\ 42, where z € U, (8/1\2) and A is an affinization parameter. The power of A is denoted
by the subscript of U/ (slg) generators. Then the grading subspaces are qéo = {K,~},
qg2n+1 = {z}, 2, ,n € Z}, qggn {an,n € {Z — 0}}. The gradinAg operator for the
homogeneous grading is Dz = 2/\dkx, so that the grading subspaces are ;G = {K, 7, xg, zy },
¢On = {z}, 2, an,n € {Z —0}}. .

The level one irreducible integrable highest weight representation of Ué(slg) can be

constructed in the following way [6]. Let P = Z%, Q = Za be the weight/root lattice of
slo. Consider the group algebras F[P], F[Q] of P and ). The multiplicative basis of F[P]
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is formed by e2”, n € Z. The F[Q]-module is split into F[P] = F[P]y @ F[P]; where
F[P], = F[Q]e2™. The sly-module structure on the space W = Fla_1,a_s,...] ® F[P] is given
by the action of the ax, k € {Z — 0} and e®, d, = ap generators in accordance with the rules
ar(f @eP) = (apf@e”), k<O, ak(f®eﬁ) ([ak, fl@€%), k > 0, ea(f®eﬁ/)\: (f ® exth),
Ou(f@eP) = (a,p)(f®e’), K =1®q¢%, v =q®id Then W is a U, (slz)-module. Tts
submodules are isomorphic to irreducible highest weight modules V'(A,,) with the highest vectors
A)=[1®e2), n=01

2. Higher grading affine Toda system
In this and the next sections we recall [4] the affine Toda system consrtuction. Consider a
two dimensional manifold M with local coordinates z+. Up to a gauge transformation, (1,0)-
component lying in (see subsection 1.1) @;:0 G and (0,1)-component in EB;:O G_,, of a flat
connection A in the trivial holomorphic principal fibre bundle M x G — M (1> 0is fixed
integer) satisfy the zero curvature condition

0+ +A4,0-+A_]=0. (2)
The components A are the following (we keep notations of [4]) for k = +

Sk

Ay = — (a ) B (F)%+ B\ 44, _F. (3)

Here Bis a mapplng M — Gy (G is a group with the Lie algebra Go) and F* (1 <m < [—1)
are mappings to EBn 1 Gin

-1
P+ 3R
m=1

where EF4; are some fixed elements of éﬂ:l and Ff € Q\im, (1 <m <1—1). Substituting 3 into
2 one arrives at the equations of motion

-1
0,0_.BB™' = [E,,BEB'|+) [F,,BF B, (4)
n=1
—m—
O+F} = F[BEq, B FE, BT ¥ Z [FE.,,., BY' FE BT, (5)

Since Qs, C € go then B can be parameterized as B = be"l Qs ¢ where b is a mapping to Go,
the subgroup of Go generated by all elements of QO other than Qg and C. Substituting B into
the equations of motion (4-5) one has

-1

0L0-bb! + 0L0_vC =eME_ bEL+D eM[E,  bE, b7, (6)
n=1
l—m—1
O_F = e"mE b FT b+ > eMELL, b E, b, (7)
n=1
l—m—1
04F,, = —e""E_ L bFE b= Y €MF,,, bETV, (8)
n=1
9,0-n1Qs = 0. 9)
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2.1. The casel =1

Now consider the case [ = 1. Let us parameterize the element B in the homogeneous grading
of G, [4]. From the equations (6-9) for an infinite dimensional Lie algebra G in the principal
grading we obtain the affine Toda field theory systems of equations

0.0_¢+ zl (i exp(Bai - 6) — Y exp(~5 - 8)) = 0. (10)
Let define (€ ’ ‘5 >
J — &7
(9:16) = Taolgleon™

for representation vectors |&;) (see below) and a group-like element g. The formal general solution
to the above equation was introduced in [12]:

o~ Brid — 6_5>""¢0J((’Yar)_1,u_7_1(Z+)M7(Zf)('707)a ’)\i>(1)) — 6_5/\i'¢0J(B’ |>\i>(1)) (11)

The general solutions to the matter fields FZ-jE may be written in the following form. For m =1
in (6-9) one has [4] for g, = pu;'u_,

, . k(™ =) L .
(i|FMisi) = f;F = ei=0 ey ((ilguli; i) T~ (gus 1)) -

Here |i;4) denotes an element of the Verma module which is result of the action of the lowering
generator on the highest state vector. The fact that (11) is indeed a solution to (10) may
be checked by using the representation theory of G. A map g : M — G appearing in the
gradient form of the flat connection Ay = g~1'0.g, may be factorized (according to the Lie
algebra decomposition G = G_ @& Gy @ G4) by the modified Gauss decomposition g = pu—_viy—
or g = p4v—_yo+ with maps v+ : M — Go, pr,vr : M — G1. The grading condition
provides the holomorphic property of u4, i.e., they satisfy the initial value problem

O pi(24) = pa(24)Ex(24), (12)
M
Ex(zs) =) EE@F),  E5@F)= D ®F"(2+)Xia, (13)
m=1 aeAt,

with arbitrary functions ®X™(z1) determining the general solution to the system. Note that
the summations in (13) are performed over the set of positive roots A, of G =37 7 G, in
the subspace G,,.

3. Soliton solution for the sine—Gordon in homogeneous grading
Another way to construct soliton solutions [13] to the sine-Gordon equation is to consider the
formal general solution (10) in the homogeneous grading and to use vertex operators [7] which are

related to the homogeneous Heisenberg subalgebra of sly. Take the general solution (11) to the
affine Toda system (10). In the homogeneous grading the mappings 74 can be parameterized as
Vi = ed0agcde by Ty , where d is the grading operator, c is the center of ,;fg and xf are generators
of the subspaces gAk corresponding to the homogeneous grading. The mappings py satisfy (12)
where k4 (2%) = ax1 + qbixli. In order to obtain a soliton solution we put ¢ = 0, gbg = 0.
Then the general solution reduces to

e_6¢(z+72*) = J(ga,u, |A1>) (14)
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where go, = 1% (0)e*" The following group element p(0) in (14) u(0) =
N 1
e 2V H [exp ((—1)%+Q, @ (¢n)) 62@—%6&] , generates an N—soliton solution. Here the action

of the operators 30, and ez on the highest vectors |A,) = |1 ® e2"), n = 0,1 is

the same as in the case of Ué(slg) [7] when ¢ = 1. The operator ®({) is given by
o0 o0

®(¢) = exp <Z an”C”) exp (— kzl “jf("), and diagonalises the action of ayr, k € IN,

ie., [atr, ®(¢)] = ¢**®(¢). The product of two vertex operators can be normal ordered as
B((1)P(¢2) = X(x) : ®(G1)P(¢2) :, where X (2) = exp(— > 2 /n) = exp (log(1 — 2?)). When
=1

n
x =1, X (z) vanishes which results in ®({)-®(¢{) = 0. Therefore the exponential of ®(¢) operator
terminates after the first order.
In the limit ¢ — 1 soliton—soliton, antisoliton—antisoliton and solitonf
-antisoliton scattering reduce to the classical case, i.e., F%((1)F®((2) = xX(x 1 FY(()F(¢y),

where 22 = (/1 @ b denote sohton (antisoliton), and the factor 1/x comes from the

commutation of e2§1 and e2C2 operators. Therefore the vertex operator generating a

Q 1 o . . .
classical soliton solution is F/(¢) = Q ®(¢) ez Cfa . Taking into account the properties of the
operator F(¢) we rewrite the solution (14) for g¢ = (1 + (—1)%+1iQ®(()) e5 (3%

e = T (g, M) = (1iQet =) (1 iet =) ¢
The antisoliton solution can be associated with the vertex operator F(¢) = —Q ®(¢) €2 C%a“

4. Homogeneous higher grading generalization of the affine Toda model
The Lie-algebraic way to construct non-linear exactly solvable models in classical regions is
very well known and elaborated [10]. Applying the zero-curvature conditions on elements
of connection containing Lie algebra generators in appropriate grading subspaces, we obtain
systems of equations of motion associated to a specific Lie algebra. In [4] (of which we keep
notations) the higher grading generalization to the conformal affine Toda models was considered.
Elements of the higher (then number one) grading subspaces are taking into account while
connection elements are constructed. The main example of [4] is the principal grading case. In
this paper we consider an alternative, the homogeneous grading case. We derive the systems
of equations generalizing the case of the sine-Gordon equation and provide quantum group
solutions.

We start with the equations (6-9) of [4] (see subsection 2). Consider the case [ = 1. In the
principal grading we obtain from (6) the sine-Gordon equation. Recall that In the homogeneous

grading of G the grading subspaces are Gn = {H " 1} We take
Ey=F.+E', E,=E'+FE. (15)
Consider a particular case when we parameterize the group element b as
b= et (16)
Then, substituting (15) and (16) into (6-8) we get the following system of equations

Orp = el (e =€), Oiv=—el (¥ +e72), din=0,
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i.e., in the first equation is again the sine-Gordon equation. The solution to the field ¢ is then
the standard classical solution (11), [12] (see subsection 2).

Now consider the case [ = 2. The equations corresponding to the principal grading can be
found in [4]. Here again we take b = e?H ’ though it this is not the most general choice of
the group element parameterization since it does not contain dependence on the E elements

from é, i.e., we have send corresponding fields near those generators to zero. Let us also put
Ff =rtH' + fiEi + fTEY, Ff =k H' + f_;E;l + fZE~'. Then the system (6-8) gives
the following system of equations:

Drp=e(e720 —e?®) + e (fFfre 20— fZfle?),

O+v = 2e" (62¢ — 6*245) + e (—2%:*/( + f:fjfe%s — fff;e*%) , 0en =10 (17)
Oyk~ = —e (fje—w _ fiew) . O_kt =en (f_—e—2¢ _ f;ew) , (18)
Oy fL =2€eKT, 8,fi = 2"k, O f- = —2e"wT, O_fF =2ek™,
ftkT = (Rl e 2t =kt (19)
The formal general solution to (17-19) age given in [4]:
e % = %P T (gulAr)), (20)

for the ¢ field and for the Fi elements (i|F;"|i;i) = eki1(¢&_¢°i)8+ ((i\’yo_b (’yar)*l it i z)) .
In the homogeneous grading case, taking into account the parameterization of b element, we get

(UIFF131) = 20 =%)p, (1] B0t =00 H0g, |1;1) )

Here we have made use of the properties of the i-th fundamental representation (corresponding
to the homogeneous grading) of the Lie algebra sly. Thus, using (20) we get

WUE(1:1) = (%0 =), ((1]gu[151) - T (g [A1))

5. Dirac equations _
Let’s switch notations similarly to Dirac field components, i.e., Yp = fi, YL = f{, Vg = =+,

@ZL = fZ. Now use the extra conditions (19), substituting them into (17). Then we see that the
second summands in the first two formulae in (17) vanish, i.e., the final equations are

0.0_¢p=e"(e72? =€), 010_v=2¢e"(e* —e %) —2ekTk™, 0,0_1=0, (21)

i.e., equations (21) do not differ much from the corresponding equations with [ = 1.
Now suppose that n = 79 = const. Then substitute the last four equations of (18) on f =
fields into the first two on x* fields. Then we get

D4 0_ypp = 2e*™ (1;}26_2(1’ — 1/1362‘7’) . 040_1bp = —2e>0 ({/;RG_Q(}S — ¢R€2¢> , (22)

D 0_1pp, = 20 <JL€_2¢ - ¢L62¢) , 0101y, = —2eM0 <1ZL6_2(75 - ¢L62¢) : (23)
that can be rewritten as
040_wr =0, 0,.0_Tp = 2e*Mwp (e‘w — e2¢) , 040_wp =0, 0,0_11, = 2e*Mwr, (e_2¢ — e2¢) ,
(24)
where wg 1, = Yr L +YR L, TR, = YR,L — ¥R, The upshot is that using such a parametrization
b= e?1” we arrive at three systems of sine-Gordon like systems when 7 is a constant.
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5.1. 1 = 2. The general case
Let’s consider such b € Gy that involves all generators of the Gy in the homogenous gradation.
Take for instance b = e9+54¢?H’ o9- Eg, Then for [ = 2 the equations are

A4 (0-bb1) + 0,0_vC = €*" [E_g,bExb™ | + [Fy,bF b7, (25)

O_F; =" By, b 'Fb], 0.F, = —¢" [E_o,bF b7, 9,0-n=0, (26)

where Fit = k*H' + ffEY + fTEY, FT =k~ H'+ f{E;' + fZEZ'. Let us take k't = k_ = 0.
Then we have

Oy (-0 + ¢10-¢-) = e [e20(1 = ¢2) — 2 =20, ¢_)]
el [e2(fF — [ + [20%) = 2fL [Zo-¢4 — [ 12e*],
010_v =2e* [—e (1 — ¢%) — e* — 2¢,.¢_)]
el [e7(fF — fToR)(fy + [0%) —2f  fZo-dr — [T f2e¥],
Oy (0-¢y —2(0-¢)py — ¢1(0_¢_)e ??) = e 26, e 2% (1 — ¢2) — 2¢_|
el =2/ (e (fF = [{o2)or — o f1],
Oy (0_p_e %) = e [2¢1e 20 (1 — %) — ¢_] + e [2fF (e 2°(fF — fT6% ) — o fT],
8+8_77 = O,
(27)
Opfr =€ [-2(—ffo- +e2(fFe% + [Toy], 0 f = e [2(—ffo- +e2°(f % + [Ty ]
eP(fLe2 + )L+ %) — 2fLp-¢y — fLe® =0
(28)

O-ff = e [-2(=¢—e?*(f7 = 1 f7) = ¢+ f] 0 fF = [2(—¢—e2(f7 — O3 f0) — o+ f7 ],
—e 2 (fL — L)1+ %) fZ + p_¢py f = 0. (29)
29

When % # 0 and £~ # 0 the system of equations is more complicated.

6. Solitonic solutions from general solutions

In [12] it was shown how to extract solitonic solutions from the formal general solutions of the
affine Toda field equations. Let’s take ’ygc = 1in (11) to be a constant function. Then the
mappings p4 are puy = ple* & with p9% being some fixed mappings independent of z.. Next
take £4 in 13 as €4 = Fyy+ Zé;il cﬁEi ~ where F. are elements of a Heisenberg subalgebra of
G , namely [£4,E_] = QC. One can consider principal of homogeneous Heisenberg subalgebras
for that purpose. In this paper we only deel with the principal case while the homogeneous case
will be discussed elsewhere. Thus, we arrive at a special solution to (10)

e=PNb = B9 T((ge . IA) D)), (30)

for ge, = e"+8+ ) 0e?=%  In order to compute these solutions explicitly we have to remove
Ei-dependence from (30) moving £ to the right and £_ to the left . Then we should find such
a g = Hfil e¥i so that V; would be eigenvectors with respect to the adjoint action of £, i.e.,
[+, Vi) = wgf)Vi. Then it turns out [12] that resulting expressions provide us with solitonic
solutions to the equations under considerations while parameters w(ii) characterize solitons.

7. Quantum group soliton solution for sine—Gordon in homogeneous grading

As in [11] one can show that the affine Toda models are co-invariant with respect to the light-
cone quantization. Namely, the equation of motion are preserved in form though a standard
normal ordering has to be introduced as well as some infinite constant comming from quantum
versions of Lax pair to generate equations using Lie algebra elements in quantum case. At the
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same time infinite constants do not appear in final formal solutions to the light-cone quantized
versions of equations. In order to find quantum solutions, one has to replace [3], [8], [9] group
elements as well as state vectors formal general solutions by their quantum group counterparts.
In this subsection we write examples of quantum group solutions to the quantized affine Toda
model in the specific case of the higher grading sine-Gordon equation (the cases | = 1, 2,

3). Recall [13], that the homogeneous grading subspaces of Uq(;\b) are qG\O = {K,v,2{, 75 },
¢Gn ={z}, 2, an,n € {Z —0}}.

7.1. The casel =1
+

From the commutation relations for z;. and a,, (see subsection 1.2) it follows that in this

realization of the quantum group Uq(sAlg), the generators 7, a,, € G, x(jf € Go. The solution

e~ Brid — o=BXj-do J(em M+ Q- e 1= |Ay)),

where |Ag) = [1®1), |A1) = |1l ®e?) and the homogeneous grading quantum vertex operator is

L X 4 5Bk, a (9 +1)
¢ —ewp<Z e’ >emp<—k2 RS k>®e2(—q34) 2
=1
Using the fact that [5] [ax, ¢_] = q%%g bk >0, [ag, 0] = ¢ 2 ek ¢ k>0, we
commute exp(—ajz4+) with exp(Q¢—) to the rlght and exp(Q¢_) with exp(a_12_) to the left.

t
The commutation of exp(—ajz4) withexp(a_12_) gives exp(—z42-[2])). Thus it follows that
7 I
<Aj|e_alz+€Q¢*€“1z*|Aj> = (Ajlexp <Qe—q2z+C—q 2z.¢ 1¢_> exp (—z12-[2])|A;),

(recall that exp(—aiz4) and exp(a—12—) act on |A;) and (A;| as identities). Then we

7 5 B
expand exp [ Qe 92#+¢—9 22-C 1¢_ as a series and apply the action of powers of operators

o0

exp (Z o q72k ) and exp (— > [gz}q_s;Ck) to the left and to the right. Powers of
k=1

operators ¢_ act on the second part of tensor product as follows:

a(n+1)

(6 )" 1 @ed) = (—g°¢)F" =), (0 )" 18 1) = (—* )T 1o ).

7 _5 _ i i a
Thus we have for gg = e~ *+*Plexp <Qeqéz+4q 2z2-¢ 1(—q3C)2> (—¢3¢)2 ®exp ( 5)

e — e (go, ). (31)

In the limit ¢ — 1 we obtain ordinary soliton solutions.

7.2. The case l =2 _
As in [13], if we put gb;f’l =0, then 4 = a42+a+1, and one can integrate the equations for 4pu4

to obtain uq(2%) = q,ui((])e(aiﬁ“il)zi. Then the quantum soliton solution to the quantized
(17) is
e_ﬁ¢(z+»z_) = e—ﬂ¢0(z+,z_) : J(ga’ ’A1>q)7

where g, = e(@+10+2)2" 1 (0)ela-1+4-2)2" "and  1(0) should be chosen the same as in [13]. Then

we have

~ _ . 1
—5¢(Z+ P ) —5¢0(Z+ 27) . J(ga’ ’A1>q) — e—ﬁ¢0(z+,z ) . %CE,
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2 2
where go, = e~ 2exp (i(—1)%1Q Wa - ,®(()) €% (2% Wy = exp <Z %%Ck,ﬁ“ - %“[Z]C_kz_)
k=1

k=1
Similarly, L
q<1|F1+|1§ g = e(% _¢)6+ (¢(1gall; 1)gJ (gas [A1)q)) -
Thus,
q<1|F1+|1§ 1>q = 62(¢a_¢)a+ (q<1|€ a+1tar2)z gae(a_1+a_2)f|1§ 1>q
X J(gas [A1)q)) -
Finally,
DT . — _1
SAUFTI131)g = 2% D0, ((1+iWaQ12) - 17r8¢ 2 ).
7.8. Case =8
The states
il < 1 1
[Ag)™) = | H a_(mty ® 1), A1) = | kl_ll a_(m-ry ®e2), [Ao) V) = |Ag), [A1)M) = |Ay),

are annihilated by the action of G,,n > m. Therefore for Fg we have

3 3

> apzt > apa-

W (Agle =1 eQb-einn A7) (™)

3
i =5 3 — 3 agz
= M (Ay|exp (QB_QQ’Z*C_‘I e 1(;5—) exp <—z+z_ kzl [215][16]> = +|A1>(m).

3
. =2 arz4 .
Action by the operators e =1 on |A1>(m), m =1, 2, 3 we get for instance,

3
R

e !A1> @ =A@ — 2, (Cr + a—a)|A1)D + 22 C1 0o |A1) D

where C}, = %[k] Then we expand e?- again and act on the states. Therefore we get an

infinite series over |A1)®),|A1)®) |A1)™) which contain Cy, (k = 1,2,3), 2z, and tensor @-part
due to powers of 2 (—¢3() (et

8. Conclusions

In this paper we considered the alternative case of the homogeneous grading of the symmetry
algebra of the affine Toda systems and, in particular, the sine-Gordon equations. The Lie-
algebraic method helps us to understand the use pure algebraic nature of exact integrability
of the dynamical system under consideration. We show explicitly that even in the new case
of homogeneous grading it is possible to derive the equations of motion and provider explicit
solutions both in classical and quantum regions. The knowledge of the quantum group structures
underlying the homogeneous higher grading case leads to specific form of the quantum group
soliton solutions for the sine-Gordon equation. As possible way to develop, we could mention
the search for the explicit solutions associated to all higher grading subspaces of the affine Lie
algebra.
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