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Abstract. Under investigation in this paper is the (2+1) -dimensional two-component
complex modified Korteweg-de Vries (tcmKdV) equations. Based on the Ablowitz-Kaup-Newell-
Segur system, the a new Lax representation is derived of the tcmKdV equations. By Darboux
transformation method soliton solutions for the tcmKdV equations are obtained, respectively.

1. Introduction
The most typical and well-studied integrable evolution equations which describe nonlinear wave
phenomena for a range of dispersive physical systems are the nonlinear Schrodinger (NLS)
equation , Korteweg-de Vries (KdV) equation , modified Korteweg-de Vries (mKdV) equation.
The complex modified Korteweg-de Vries (cmKdV) equation is one of generalized form of the
KdV equation. It admits soliton solutions. In soliton theory, (cmKdV) equation possesses all the
basic characters of integrable models. From a physical point of view, cmKdV equation has been
derived for, e.g. the dynamical evolution of nonlinear lattices, fluid dynamics, plasma physics,
nonlinear transmission lines and so on [1]. With regard to exact solutions, many classical solving
methods, such as Hirotas bilinear method [2], the IST [3, 4], Darboux transformation [5-15] has
been used to solve integrable evolution equations.

In this paper, we consider the new (2+41) -dimensional two-component complex modified
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Korteweg-de Vries (tcmKdV) equations as follows:

iqut + iQuyes + i(wW1q1)e +9(f192) — v1q1 — u1q2 = 0, (1)

iq2t + 1Goyee + 1(W2q2)z + i(f2q1)z — v2g2 — u2qs = 0, (2)

U1z +9(2¢) Qray — 2010y @1 + G522y — Goy@2) + f2G501 — f141G2 = 0, (3)
Vor + 1205920y — 205202 + Q1 A1y — Auy@1) + 14102 — 20501 = 0, (4)
uie + (63910 — Gyeq) — filla* + |@2f?) + (w2 — w1)gsq1] = 0, (5)
gz + i[(¢ qaye — aiyet2) — fo(la® + |g2l?) + (w1 — w2)giga] =0, (6)
— 2lal* +lga2l*)y = 0, (7)

- (!q1\2+2|q2!2)y =0, (8)

—(63q1)y =0, 9)

— (gig2)y =0, (10)

where 1, g2 are complex functions, vi, vs, u1, ug, wi,ws, f1, fo are real functions. In one-
component case cmKdV equations has been studied in [16].

The paper is prepared as follows. In Section 2, the Lax pair is presented. In Section 3, we
apply Darboux transformation method for the two-component complex modified Korteweg-de
Vries (tcmKdV) equations. Section 4, soliton solutions are obtained by Darboux transformation,
and in Section 5 conclusions are given.

2. Lax representation

In this section, we would like to present a new Lax pair of the (2+1)-dimensional tcmKdV
equations. According to the Ablowitz-Kaup-Newell- Segur (AKNS) formalism, Lax pair for
equations (1)-(10) is written as

U, = AV, (11)
U, = 4\*V, + BY, (12)

with the following matrices:

A = iIAS 4+ Ao,
B = AB; + By,

where
1 0 0 0 @ @ a1 2iquy  2iqoy
=10 -1 0], Ao=|—-¢ 0O 0], B = 2iqi‘y aso —-2ifa ],
0 0 -1 —q¢ 0 0 2’L'q;y —2ify ass
b1 —Qlyz — W1q1 — f192  —Qoyz — W2q2 — foq1
By = | @iy T w147 — f205 bao it
Gy + w2g5 — f147 iuy b3

Moreover, ¥ = (Ui(\ z,9,t), Vo(\,2,5,t), U3(\, z,y,t))T (T mean a matrix transpose)
denotes the eigenfunction of Lax pair equations (11)-(12) associated with A. The compatible
condition of equations (1)-(10) is

Ay — B, + AB — BA—4)?4, = 0. (13)
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In fact, by direct calculation of the compatible condition (13) we can obtain next equations

) ) 1 . )
iq1t + 1Q1yze — §(a2211Q1)z + i(f192)e + ib2211q1 — u1q2 =0 (14)

) ) 1 ) )
iqot + iq2yas — 5@3311%)1 +i(f2q1)e + ib331192 — u1q1 =0 (15)
a1z = 2i(|q1|* + |g2|?)y (16)
a2z = —21(‘Q1‘2)y (17)
azse = —2i(|g2|?)y (18)
bllw = (QTqul - qquy{E + QEyaij - QSQZyx) (19)
baze = (¢1 Qryz — Ay 1) + i(f1d1 02 — fod501) (20)
b3z = (2Q2yx — @2yeq2) — i(f14102 — f265q1) (21)

where

ba211 = bag — b1 = 1vy, (22)
b3z11 = b3z — b1 = v, (23)
age11 = G2 — a1 = —2iwy, (24)
a3zl = azz — a1 = —2iws. (25)

After doing some simplifications of equations (14)-(25) we can yield the (241)-dimensional
tcmKdV equations (1)-(10).

3. Darboux transformation
Based on the Darboux transformation for AKNS system, we consider the following
transformation of equations (11)-(12)

UV =TV = ()\I — M)\I/, (26)
where
1 0 0 mi1 Mmi12 M3
I= 01 0 s M = mo1 Mo22 1923 . (27)
0 0 1 m31 M3z Ma33

New function ¥’ is supposed to satisfy
U= A (28)
U, = 4X*0, + BV (29)

where A’ and B’ depend on q£1}7q£1]’ u[lu,u[;], vgl},vg},wgl],wg], 1[1], 2[1} and . In order to hold

equations (28)-(29) the T' must satisfy

T, = AT-TA, (30)
T, = B'T—TB+4)\T,. (31)

One can choose T' = AI — M. Then the relation between q1, qo, u1, U2, v1, V9, w1, wa, f1, fo and

qw,qgl],u[lu,u[zl],vgl],vgl},w[ll],wg], 1[1}’ 2[1} can be reduced from equations (30)-(31), which is
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the Darboux transformation of the (2+1)-dimensional tcmKdV equations. Similar to the case
of AKNS, comparing the coefficient of \'(i = 0, 1,2) of the two sides of equations (30), we have

A M, = ALM — M Ay,
A A = Ao+, M),
A I =Xl

From the above equations we obtain

@ = @~ 2ima,
1 .

qé] = g2 — 2imas,
1 .

QT[ b= g 2ima,
1 .

q;[ - g5 — 2ima;.

Hence we get ma; = —mjy, m31 = —mjs.

Then comparing the coefficients of A’ of the two sides of the equation (31) gives us

A M; = B)M — MBy,
A By =DBy— MB; + B/ M,
A\ : B} =B +4M,.

It leads to

B6 = Bo—MBl+(Bl+4My)M,
B, = B +4M,.

Using the equations (42)-(43) we can found

) .
ol = o; + 2(2q1ymaz + 2quymiy + 2y mis + daymas) — 4i(maamany + mazmasy —
—mllmlly —+ mT3m13y) — 2(f2m32 - f1m23))7
. .

U[2 ] _ vy + 2(2q§ym13 + 2goymis + qrymis + qumlg) — 4i(ma3mazy + magmsay —
—mllmlly + mT2m12y) - 2(f1m23 - f2m32)>7

) .
u[l] = w1 + 2(qa,m12 + qymis) — 4i(mazmazy + mazamaz — miamis,) —
—2f1(maa — m33) + 2(w1 — wa)mag,

) ‘
ug] = ug + 2(q1,m13 + qaymip) — 4i(msgmasy + masmaey — mizmiy,) —

+2 fo(mag — maz) — 2(wy — wa)mas,

[1]

wy’ = wi + 2i(maa — mi1)y,
1 .
wE F= g+ 2i(ms3 — mi1)y,
f1[1] = f1 + 2im3ay,

Y = f5 + 2imos,.

(32)
(33)

The key step is to find the concrete form of M expressed by the column solution of equations

(11)-(12). Let
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M =HAH ™, (52)
where
A 0 0
A=[o x o],

0 0 A3
\Ifl()\l,li,y,t) \Ill()‘%x)y?t) \Ijl(A37m7y7t) \Ijl,l \III,Q \111,3
H = \112()‘17:67?/7t) \IIQ()‘27x7y7t) \IIQ()‘371'7y7t) = \112,1 \I/2,2 \112,3
\I/3<)\1,$,y,t) qjg()\g,.f,?j,t) \Il3()‘37x7y7t) \113,1 \113,2 \113,3

and det(H) # 0. We take

U(A1,z,y,t) Wi, 2,y,t) Ui(A1, 2,9, 1)

A3 =X =\, H=|UYy(\,z,y,t) —Ui(\1,2,y,1) 0 (53)
\IIB()‘laxvyvt) 0 _\IIT(Ahwayvt)
and then
) W iy
H! WUy — |0 |2 — |52 Uy W% . (54)

T2 1 U2+ W5 2) 0 ! ,
‘ 1| +| 2’ "" 3‘) 1 \1;3\1;1 \113\112 —|\111|2—|\112\2

So taking equation (53) and (54) back into equation (52) we get matrix M in the following
form

1 (e + X (2] + [Ws)%) W13 (A — AT) 105 (A1 — AY)
M = Z oW (A1 — A]) )\1\‘I/2|2+)\1F(\‘1/1\2+|\113|2) WoWs(A1 — AT) , (55)
W03 (A — A7) W3 (A — A7) M [Wsl? 4+ X5 (|01 ]* + [ W2]?)

where
A =0 + W) 4 | W32

4. Soliton solution

Having the explicit form of the Darboux transformation, we are ready to construct exact
solutions of the (2+41)-dimensional tcmKdV equations. As an example, let us present the one-
soliton solution. To get the one-soliton solutions we assume trivial seed solutions of equations
(1)-(10) as

@1 =0;q2 = 0;v1 = 002 = 0;u; = O;ug = 0wy =0, w2 =0; f1 = 0; f2 =0, (56)

From equations (11)-(12), the corresponding eigenfunctions of this seed become

. . 2 .

\I]]_ = e z)\m+zb1y+4)\ b1t+1617 (57)
. . - IN\27. .

Uy = ez)\x+zbgy+z4)\ b3t+262, (58)
. . . \2 .

,1]3 — 62Aw+zb3y+z4>\ b3t+153’ (59)
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where 01, 02,03 are real constants. If A = a4+ i3, b; = v; +in; (j = 1,2,3) then we can rewrite
equations (57)-(59) as

Uy = ety (60)
Uy, = 602+iX2, (61)
Uy = 693+i><37 (62)
where

01 = Bz —mniy+4(8°n1 — o’ny)t — 8aBut,

X1 = —axr+uny-+ 4(a2u1 — Bzul)t — 8afnit,

Oy = Bz —ngy+ 4(F%ny — a’no)t — 8afust,

X2 = —ax+ vy + 4(Pvy — B2r)t — 8afBnat,

03 = Bz —nzy+4(6°n3 — a’n3)t — 8afust,

x3 = —ax+ vy + 4(c’vs — [2u3)t — 8afnst.

By taking equations (60)-(62) into equations (35),(36),(44)-(51) and doing some simplifications,
we obtain the one-soliton solutions of the (2+1)-dimensional tcmKdV equations in the following
form

1 .
qg ] = _2@m127
(1] ;
q@ = —2ims,
1 .
Ug | —4@(m22m22y + m32meosy — Mi1Mi1y + m?3m13y)v
(1] ;
vy = —4z(m33m33y + Ma3maay — M11M11y + mi2m12y)v
(1] ;
up = —4Z(m22m32y + maams3 — ml2m>{3y)v
(1] ;
Uy = —4z(m33m23y + maszmog — m13m>{2y)7
1 .
w[l] = 2i(maog — mll)ya
(1] ;
wy' = 2i(mgz —mu)y,
(1] ;
(1] ;
5 = 2imasy,
where
+ iﬁ(6201 _ 6292 — 6293)
mip = «
6261 + 6292 + 6293 )
+ iﬁ(e202 _ 6291 _ 6293)
ma2 = «
6261 + 6292 + 6293 )
N i5(6203 _ 6291 _ 6292)
m33 = «
e201 4 202 4 265 7
21'6691 +02+i(x1—x2)
mi2 =
6291 + 6292 + 6293 ’
2i Befr+0s+ila—xs)
miz =
e201 + 202 4 205
2,i/8892+93+i(X2_X3)
ma3 =
e201 + 202 4 203 7
2i6692+93+i(X3*X2)
m32 =

6291 +6292 +e293 :
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5. Conclusion

In this letter, we present a new Lax pair of the (2+1)-dimensional two-component complex
modified Korteweg-de Vries equations. One fold Darboux transformation is constructed. The
one-soliton solutions are obtained be means of the Darboux transformation. In a recursive
manner, one can obtain the multi-soliton solution from the two seeds in previous. We will study
other different kind solutions of the (2+1)-dimensional tcmKdV equations in future.

Acknowledgment
The work of G.B., G.Sh., K.Y., and M.R. is supported by the Ministry of Education and Science
of Republic of Kazakhstan (the base part of the state task No.0888/GF4)

References

] Ablowitz M J and Clarkson P A 1991 Cambridge University Press, Cambridge, NY.
] Hirota R 1972 J. Phys. Soc. Jpn. 33 14561458.

] Wadati M 1973 J. Phys. Soc. Jpn. 34 1289 1296.

] Tanaka S 1972 Proc. Jap. Acad. 48 466469.

] Matveev V B Salle M A 1991 Berlin, Springer

]

]

]

]

W N

Li C Z, He J S and Porsezian K 2013 Physical Review E 87 012913
Li C Z, He J S and Porsezian K 2013 Chin. Phys. B 22 4 044208
Xue Y S, Tian B, etal. 2011 Nonlinear Dynamics 67 2799-2806
Porsezian K, Mahalingam A and Shanmugha S 2000 Chaos, Solitons and Fractals 11 1261-1264
0] Yesmakanova K R Shaikhova G N Bekova G T and Myrzakulova Zh R 2016 Advances in Intelligent Systems
and Computing 441, 183-198.

©

[11] Yesmakanova K R Shaikhova G N Bekova G T 2016 AIP Conference Proceedings 1759, 020147.

[12] He J Wang L Li L Porseizian K and Erdely R 2014 Phys. Rev. E 89, 062917.

[13] Li Ch. He J. 2014 J. Sci. China Phys. Mech. Astron. 57, 898.

[14] Yang J. Li Ch. Li T. Cheng Zh. 2013 Chinese Physics Letters, 30, 104201.

[15] Li Ch He J Porsezian K 2013 Physical Review E 87 012913.

[16] Yesmakanova K R Shaikhova G N Bekova G T and Myrzakulova R 2016 Journal of Physics: Conference

Series 738 012018.



