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Abstract.The paper presents the method of building, under certain assumptions, of an accurate
dynamic model of the elastic link in the form of the transfer of meromorphic functions and
their expansions in series of tones fluctuations. This allows one to compare the exact and
approximate characteristics of the elastic link and, therefore, it is reasonable to impose
appropriate simplification.

1. Introduction

Elastic properties of high-speed unmanned vehicles (UV) may occur in their dynamic motion. Circuit
stabilization transients, occurring under the influence of aerodynamic forces, are conducted with
elastic deformation of the UV’s hull, which affect the signals of measurement facilities. For instance,
bending angles of the hull bring an additional component in gyroscope’s signals and accelerations of
elastic vibrations occur in the signals of accelerometers. Thus, the inherent feedback appears in
stabilization loop, in short, elastic linkages, which should be taken into account while analyzing the
outline property. Mathematical description of these linkages as well as further analysis with regard to
their stabilization loop is a very complicated problem [1-4]. Usually, one is satisfied with approximate
phenomenon models in the form of one or more oscillatory links which correspond to bases of elastic
vibrations [5-7]. The problem of accuracy of the approximate models is usually solved by
experimental procedures.

We consider an issue of designing, under certain assumptions, of an adequate dynamic model of an
elastic linkage in the form of meromorphic transfer functions and their expansion in terms of the
fluctuation mode. This allows comparing accurate and approximate responses of the elastic lineage
and, consequently, adding certain conditions on a reasonable basis.

2. Background

The model of elastic vibrations with equal distribution of mass along the length of UV and constant
(medium) along the length of elasto-mechanical characteristics of the hull is adopted as basic
assumption, which allows us to obtain this result. Due to this assumption, the model of elastic
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vibrations of UV in the coordinate system which is connected with the strainless hull can be obtained
[8,9] in the form of a partial differential equation for deflection Z(X,1)

4Z(x,1) i 0%Z(x1) _ ROLD, "
ax* ot?
Boundary conditions 2"(0,t) =0, Z"(/,t)=0, Z"(0,t) =0, Z"(4,t)=0,and also initial conditions
Z(x,0) =u(x), Z(x,0)=v(x), which thereafter are accepted as zero (i.e. free oscillations of the
elastic hull are not considered as they do not affect build-up inherent feedback).
The following representations were taken in equation (1): k* = 0/ EJ - elasto-mechanical constant;

O - linear mass density of the vehicle, where p = m/[ (M - mass, ¢ - length of the vehicle); E -
Young's modulus; J - second area moment; R(X,t) - distribution function of the aecrodynamic force,
which is taken as equal to

Rx.1) = RE(08(t) + R (04(t) ,
where (1), d(t) - angles of slide and deviation of the rudder, respectively.

RE(x) = PP (x/EJ,R%(x) = P®(x)/EJ,

PA(x) = DA - L 27 - KX M2 po(yy = py-L 720 - XX o,
m J, m J,

Here, D?(X), D°(X)- densities of distributions of aerodynamic forces which are defined by the
angles of slide and deviation of the rudder respectively, in which connection

jDﬁ(x)dx: z? :%Czﬁpbsvz,
0

!
( 1
[D?(xydx=2° = 5C;’pbs.\/2 :
0
where CZ'B , CZJ - aerodynamic force coefficients, py,- mass density of the airflow,

4 1 R
[x=x)DP) =M =m{p,SV*.

l
Jx=x)D%00 =M{ = e p,Sv2,
0

where mg? , mg - coefficients of the aerodynamic moment. For functions pA (x),PJ(x) , there are

conditions

)4 / )4 /
jP'B(x)dx=0,_[PJ(X)dxzo,ij'B(x)dxzo,_[XPJ(x)dx=0.
0 0 0 0

3. Transfer functions and frequency characteristics of the high-speed Unmanned Vehicle asan
elagtic linkage

The use of the Laplace transformation adapted to the model [10], which is shown above, allows us to
receive the following representation for the deflections in figures with respect to t:

Z(x9 =UP(x,9)8(s) +U°(x,5)d(s) )
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where
X
0P 0cs) = [RP0x- Eky@t)de + g(‘: VR (- ae @)
0
5 | Tno (990
U9(x.8) =— [ROX- kg (@d)dé + [ <2 "RO(1 - £)dE “)
a’y o DO

are represented by the transfer functions of the UV as the elastic linkage. In these relationships:
D(s) =16 [k*(a?) = ky (@))ky (@N)], G(€, ) = ky (@&, 9) + ko (AOD(E, ),
a(¢,s) = 4alks @Ok, (as) —ka(ah)k (a$)],b(<, s) = dalks (at)ki(as) —ky (ah)k, (ad)],
4 =k4s? /4 Kk* = p/EJ,

k; (x) = ch(x)cos(x) , Ky (X) = %(ch(x) sin(X) + sh(x) cos(X)) , K3 (X) = %sh(x) sin(X),

Ky (X) =— (ch(x) sin(X) — sh(X) cos(X)) .

The relationship (2) allows us to introduce the transfer functions concerning measured variables.
For example, if there is acceleration gauge in-line stabilization along with free oscillations, the
auxiliary signal of the acceleration gauge is emerged:

04(9)=sUP (x98(5) + U (x.9)3(s)

In a similar way, in the presence of the displacement gyroscope, the auxiliary signal of this sensory
organ appears, as it will trace the bending angle of UV’s hull. With small swaying, this angle can be
denoted as

0
H(X.8) =—Z(X8)
ox X=X
where X - abscissa of the attaching point of the gyroscope.
Differentiating with respect to x expression for deflection, we can find

1(%,9) =VP(x,9B(5) +V°(x,9(s) (5)

whereV'B(XS)—a—U'B(XS) VO (x, s)-a U%(x.s).

Differentiating equations (3) and (4), we can find

VA (xs)= ——j RP (x— ks (af)d5+j Ix E)S)Rﬁ(f - §)dé ©)
1% (9x(£.9)
VO 9= [RO(x-Oks(@)dé + [P IR0 - £y, ™
a”y o D
where
Ix(£,9) = %g(f, s) = —4aky (ax)a(<,s) + ak (axb(<, s) . (®)

Derived transfer functions of the UV as the elastic linkage, presented by equations (3), (4) and (6),
(7) are meromorphic function which pole sets comprise imaginary zeros of the characteristic function
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of elastic vibration D(s) . Point s=0 falls outside the limits of a set. Characteristic function D(Ss) can
be represented in terms of

©®
D(s) = 2k3/*s*d(s), ()= Y ——c*$?" ¢ =2ke,
(%) (9).9(9) %(4n+4)! V2

where entire function J(s) has only imaginary zeros. Transfer functions U B (x,5),U J(x, S) with
regard to this, can be reported in terms of

L
1 JwEoRC (- &)de

X
UB(x9 = [RO(x- )k, (ad)dé +—— [
a3£ * 2kt

o(s)

L
x | [pEsR - Hae
U2(x9) =3[R (x= Oky(@)dE + — [
a’y 2k™¢

>

o(s)

where (/(s) - function of even degrees S. From the previous equations, it follows that the pole set of
the transfer functions make up a zero function, i.e. imaginary zeros of function D(s) . The same

representations are valid for functionsV (x,9),V J(X, S).
In the expression for transfer functions s = ja, we will have response characteristics of the elastic

device. For example, for response characteristics U B X, jwy=U B (X, w) from equation (3), one can
receive

X l
_ | 1 ] (&, )
2k wwyy 43wy pkiAw)

where r (&, &) = (sin(Ax) + sh(AX)Y (A, &) = (cos(AX) + ch(AX) X (A, &), A =k w.
Functions Y (A,§), X(A,¢) are defined by formulas
Y(A, &) = (sh(Aé) +sin(Aé))(sh(AL) +sin(AL)) + (ch(AE) + cos(AE))(cos(AL) — ch(AL)),
X(A,$) = (Ch(AS) +cos(AS))(sin(Al) = sh(AL)) + (ST(AS) +sin(AS))(CN(AL) —cos(AL)).

Moreover,

UP (x )= RP (x = &)(sh(kv/ewé) = sin(kn/w))d& — RE(1-&)d¢, 9)

@(z) =ch(z)cos(z)—1.
We will have exactly the same equation with the substitution of R (x) for RJ(X) in functions
U%(x jw) =U%(x w).

Similarly, for response characteristic vA (X, jw) =V B (X, w) , there is formula

00 L
VP00 = = RO - et - costhaa =[P RG - de, (10
@

wy Pk w)
where
F(&,a) = (ch(Ax) + cos(AX)Y (&, A) — (sh(AX) —sin(AX)) X (&, A) .
Response characteristic VJ(X, j) =V5(x, w) follows from equation (10) with function

replacement of RP (X) with function RJ(X) . Equations (3), (4) and (6), (7) for the transfer function
and (9), (10) for the frequency characteristics can be used as datum points for building up multiple
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views of the transfer function and response characteristics under any given model of the distribution
function of forces R? (X)), Rd(x) .

By virtue of the fact that these equations are quite difficult, the search of their acceptable
simplification is of interest. Such simplifications can be obtained with the help of the instrument which
decomposes meromorphic functions to partial fractions. It is commonly known that for accurate
meromorphic function f (z) with poles a,, k =1,2,... and principal parts

G(z,ay) = Z Ark
m=1(Z— )"
of its expansions to Laurent series near these poles, the following expression is valid:
v
f(2)= lim ) G(zay)
Voo

k=1
with the equal pursuance of the limit in any final domain, which does not have points ay .
Nevertheless, for the accurate meromorphic function, the existence of such number of sequence r, is
assumed, for which

M(,) - 0, V - o, M(r)=‘n‘1ax|f(z)|.
Z=r

If poles ay are simple, then m, =1 and

Alk

Ak = lim (2-a)G(Z &) -

Z - ay

G(zay) = _—

Assuming that for chosen models of the distribution function of forces R (x), RJ(X) , the transfer
functions are the meromorphic functions of specified type, one can find their decimal expansion.

Grouping poles S==*jw,in pairs, for transfer function us (x,8) we will have, for example, the
following representation:

VP9 =F A Ay g
nZl ~s Taos ) hy S ==,

where

A = lim UP(x,9) = jg(‘( Sn) RB (/- £)de .

s- s, DW(s,)

Using the value for p® (jow) in the form of

; 5
DD (jew) =-2j D(cf)“’) L 't Ky (ki @),

Jo

we will discover that

.0
An = Jana
jg«f%)R G
S ranfankett
Hence, since S, = ja,, then
- .0
A :_Jan’

and
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& o
Uﬁ(x,s)z—ZZ 2—'12 (11)
n=1 S+

where

Y4
o [a(&.anRE(r-6)dE .

_ 1
=—
ksfv hKatn

We can shape the received expansion into
5B
UPx9=3 o0

n=1 Sz"'“’r%’

V4
4Xn (0| X n () RP (x)dx

B (v — 0
e KX (0)

X (060 = (e ) +cos(y - )(sin(Hn) = S(4) + ({4t =) + sin(t )N ty) = cos(41))
and

— 2 /12,2
@h = 3 [K20P O <ty < fly <0<l < ey <o,
where (,, n=1,2,... - zeroes of function ¢(z).

Similar considerations are fair for the housing of the bending angle.

4. Conclusion
The transfer functions of occasional dynamic links were built, affected by elastic deformations in
stabilization loop through gyroscopic devices and accelerometers using Laplace transformation into a
differential equation in partial derivatives for UV’s deflections of the hull.

Determined analytical representations of transfer functions for meromorphic functions are valid
under substantial assumptions towards elastic and mechanical properties of UV’s hull.
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