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Abstract. Stress concentrations at the tip of a sharp crack have extensively been investigated
in the past century. According to the calculations of Inglis, the stress ahead of a mode 1 crack
shows the characteristics of a singularity. This solution is exact in the framework of linear
elastic fracture mechanics (LEFM). From the viewpoint of multiscale modelling, however, it is
evident that the stress at the tip of a stable crack cannot be infinite, because the strengths of
atomic bonds are finite. In order to prevent the problem of this singularity, a new version of
strain gradient elasticity is employed here. This theory is implemented in the commercial FEM
code ABAQUS through user subroutine UEL. Convergence of the model is proved through
consecutive mesh refinement. In consequence, the stresses ahead of a mode 1 crack become
finite. Furthermore, the model predicts a size effect in the sense “smaller is stronger”.

1. Introduction

It is now more than 100 years ago that Inglis [1] presented his celebrated calculation of the stress field
of an elliptical hole which takes on the shape of a sharp crack when the minor axis decreases relative
to the major axis. At the tip of a sharp crack, the stress concentration factor led to a stress singularity.
The solution of Inglis is exact within linear elastic fracture mechanics (LEFM). Or, to put it in other
words, the solution is restricted to the case where Hooke’s law is generally valid.

However, even in the elastic deformation regime deviations from Hooke’s law are nowadays
accepted. In the 1960s, theories of couple stresses and strain gradient elasticity were introduced [2-6].
In fact, the appearance of strain gradients is related to a bending of the microstructure. But since the
microstructure tries to preserve its integrity, the material reacts with stiffness against bending. In
consequence, couple-stresses are generated which appear in addition to the stresses following from
Hooke’s law. Thereby, the couple-stresses are connected to their corresponding components of the
strain gradient tensor. The versions of strain gradient elasticity mentioned all have in common that the
magnitude of stress concentrations is in general reduced. For the case of a circular hole in a field of
simple tension Mindlin [5] obtained stress concentration factors depending on Poisson ratio and size
of the hole. In the macroscopic limit for large holes, the result of strain gradient theory coincides with
the classical result of Inglis. But for small holes, the stress concentration is reduced.

When the strain gradient theory of Toupin and Mindlin is applied to a sharp crack in a stress field,
however, the stress singularity at the crack tip is still present. In spite of the general tendency to reduce
stress concentrations, the strain gradient effects seem to be incapable of reducing the stress
concentration at the tip of a sharp crack to a finite value [8]. Nevertheless, the aim of removing stress
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singularities seems to be an important issue of elasticity theory, and several researchers are still
convinced that singularities of strain should somehow be removed at least for cases of static
equilibrium [9, 10].

In the present study, we therefore employ a new version of strain gradient elasticity which
consequently leads to a removal of the stress singularity at the tip of a mode 1 crack. The main
difference of the present approach compared to the older versions of strain gradient elasticity is that
we consequently use a symmetric stress tensor throughout the model calculations, while Toupin and
Mindlin postulated an asymmetric stress tensor.

2. Constitutive equation of isotropic strain gradient elasticity

The fundamental equation of our theory is an equation for the internal energy, whereby the
deformation regime is restricted to small deformations. The model is reversible elastic. Thus, the
internal energy writes as [11, 12]

1
W = gfv (01j€i; + Mijeniji) AV (1)

where summation is carried out over repeated indices. o;; is the Cauchy stress and g;; is the linear
strain. n;j are the strain gradients 8%ui/dx 8%, where u; are the displacements and x; are the coordinates.
Wi are higher order stresses related to the strain gradients. In stable equilibrium, the energy of the
system takes a minimum. Per definition, our theory is linear. The relation between higher order
stresses wij and strain gradients njy reads as

Hijie = Bnij 2
where B is called the bending modulus. It should be noticed here that the energy density

1
W39 = anijkz (3)

related to the strain gradients is invariant with respect to rotations. Hence, the requirements for an
isotropic material model are fulfilled. An even more general version of this theory was suggested by
the present authors in reference [13], where B was consequently treated as sixth rank tensor leading to
five independent bending moduli. The present version is a special case of the general theory. This
means, we will here demonstrate that the consideration of one bending modulus is already sufficient to
suppress the stress singularities at the tip of a mode 1 crack.

3. Finite Element implementation in ABAQUS through User subroutine UEL
The Finite Element implementation of this theory has already been explained elsewhere [12].
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Figure 1. Nine node elements (left) consisting of four node sub-elements (right)
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Therefore, only the fundamental principles of this approach are explained here. We have defined
square nine node elements consisting of isoparametric four node sub-elements as depicted in figure 1.
The values for the nodal forces are derived from a principle of virtual work which requires that the
work done by external forces equals the energy stored in the volume element.

In strain gradient elasticity neighbouring elements must fulfill boundary conditions in order to
achieve C; continuity. Otherwise strain gradients would occur mainly at the element boundaries,
where their energy would be neglected. In order to avoid this problem, we have introduced an
overlapping mesh technique, which is considered as the most precise approach to handle this issue.

4. Definition of an intrinsic material length scale

Owing to the fact that Young’s modulus E and bending modulus B have different dimension, a size
effect of strain gradient elasticity is expected. This behavior may be described by the definition of an
intrinsic material length I, [ 6]. Samples or structures with size larger than Il will behave similar as
bulk material, and Hooke’s law will provide a reasonable good approximation of the material
properties. On the other hand, structures with size of I, or below are dominated by a size effect in the
sense smaller is stronger. In order to define the material length I, we compare the contributions to the
elastic energy arising either from strains or from strain gradients. Let us therefore assume a quadratic
volume element with constant strain gradient ~;;, = “m. The strain in the middle of this volume
element is assumed to be 0. The elastic energy of this square with side length | may be calculated
using equations (1) and(2). Thus, one gets for the elastic energy of the strains

wetrain = (10 [ (G Oextax + 3 Ot ) ddy (4)
where
Exx = Y Mi12 (4a)
and the engineering shea
Yxy = X N1a1- (4b)

The stresses occurring in equations (4a, b) are obtained from the condition &,y = 0 in combination with
the plane stress approximation. Taking into account 1;12 = 11 =1, one obtains

strain _ En*l* 2 1

w T 48 (1—v2 + 1+v) 5)
where v is the Poisson ratio. For the same volume element the elastic energy related to the strain
gradients is

1 1 1
wsd = 5371112212 + 5377121212 = 537}212 (6)

The total energy of this volume element is W™ + W Now we are in the position to define the
intrinsic material length 1, by the condition that the energies W*™" and W* shall be equal for the
square with side length l.. This condition yields

48B
lh = m (7

1-v2 ' 14v

5. Results

Now, the theory is applied to a crack in a transverse field of uniform uniaxial tension. According to the
definition of a mode 1 crack, one should consider an infinite sample. But since the simulation of an
infinite sample leads to numerical difficulties, we will here present a series of simulations where
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length and width of the sample are twice the crack length. Afterwards, it is demonstrated how an
increase of sample size relative to the crack length influences the results for the stress at the crack tip.

We here assume a Young’s modulus E of 68 GPa and a Poisson ratio v of 0.33. These are values for
aluminum, which seems to be a good example for a solid with nearly isotropic elasticity.
Unfortunately, an experimental value for the bending modulus B of aluminum is not known. But when
the material length |, is used as unit of the length scale, the value of the bending modulus may be
obtained from equation (7). Therefrom, we get B = 4.245 [GPa l°].

In figure 2, one can see a plot of the von Mises stress for a sample exposed to a tensile stress of 1
MPa with a crack length equal to l,. For this simulation a rather coarse mesh consisting of 40500
nodes was used. The maximum of the von Mises stress appeared at the crack tip where a value of
1.2728 MPa was found.

In order to check the mesh convergence of the solution another two simulations were performed
with refined meshes using 251001 and 1002001 nodes for a quarter of the sample, respectively. Due to
the mesh refinement, the von Mises stress at the crack tip was increased to 1.2867 MPa in the second
and to 1.2885 MPa in the third simulation. This is only a small increase in stress compared to a
reduction of the element length to /5 and */10 of the first mesh, respectively. The convergence norm
reflecting the largest imbalance of nodal forces divided by the average of nodal forces was better than
10°® for each of the 3 simulations.
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Figure 2. Plot of the von Mises stress [MPa] for a tensile load of 1 MPa and a crack length equal to the
intrinsic material length I,

A plot of the stress distribution using the finest mesh is depicted in figure 3. For comparison, a
simulation of the model without strain gradient effects is shown in figure 4. Here, the maximum of
von Mises stress is 23.42 MPa. This plot shows the typical characteristics of a stress singularity, where
the maximum value for the stress observed in the plot is governed by the element size.

Let us now investigate how the crack length influences the results for the stress distribution within
strain gradient elasticity. Simulations were performed for crack lengths between 710 and 100 I,
whereby the proportions of crack length to sample length and width remained the same, respectively.
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The results of this comparison are shown in table 1. They indicate a size effect in the sense smaller is
stronger. In the case of short micro-cracks stress concentrations are drastically reduced, and in the
limit to infinitesimal cracks they disappear completely.

Figure 3. Plot of the von Mises stress [MPa] obtained for % of the sample with refined mesh of
1002001 nodes. Tensile stress: 1 MPa. Crack length = lo. The region around the crack tip is shown
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Figure 4. Plot of the von Mises stress [MPa] obtained from a simulation without strain gradient
effects. Tensile stress, crack length and mesh size are the same as in figure 3.
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Table 1. Results for the von Mises stress [MPa] at the crack tip for crack lengths from jo/10 to 100 j,
whereby the proportions for crack length relative to length and width of the sample remained the same.
Tensile stress: 1 MPa. Number of nodes in the mesh: always 1002001.

Crack length von Mises stress at crack tip [MPa]
If1/10 1.003312
lo 1.288471
10 I, 4.925857
10010 14.55232

In the next series of simulations, it was investigated how the stress values change when sample length
and width are increased relative to the crack length. The results are summarized in table 2.

Table 2. Results for the von Mises stress [MPa] at the crack tip for a crack length of |, and various
sample dimensions. For this comparison the element size used for the meshes was kept constant. This
led to meshes with 564001, 1002001 and 1565001 nodes for sample widths of 3l,, 41, and 5,
respectively.

Sample length and width von Mises stress at crack tip [MPa]
31y 1.271981
41, 1.265688
51 1.262201

In general, an increase of the sample size relative to the crack length slightly reduces the stress value
at the crack tip, since the additional material increases the stiffness of the structure.

6. Summary and conclusions

A new approach of strain gradient elasticity was employed to study the stress distribution around a
mode 1 crack. Thereby, the stress singularity at the crack tip has been removed, and a pronounced size
effect has been found. The stress values at the tips of short cracks are lower compared to stresses
observed at longer cracks.

Acknowledgments
The financial support by the Austrian Federal Ministry of Science, Research and Economy and the
National Foundation for Research, Technology and Development is gratefully acknowledged.

References

[1] Inglis C E, 1913, Transactions of the Institute of Naval Architects 55, 219-241.

[2] Toupin R, 1962, Arch. Rat. Mech. Anal. 11, 385-414.

[3] ToupinR, 1964, Arch. Rat. Mech. Anal. 17, 85-112.

[4] Mindlin R D and Tiersten H, 1962, Arch. Rat. Mech. Anal. 11, 415-448.

[5] Mindlin R D, 1963, Experimental Mechanics 3, 1-7.

[6] MindlinR D, 1964, Arch. Rat. Mech. Anal. 16, 51-78.

[71 Mindlin and Eshel, 1968, Int. J. Solids Structures 4, 109-124.

[8] Sternberg E and Muki R, 1967, Int. J. Solids Structures 3, 69-95.

[9] Aifantis E, 1992, Int. J. Eng. Sci. 30, 1279-1299.

[10] Askes Hand Aifantis E, 2011, Int. J. Solids Structures 48, 1962-1990.

[11] Lederer M, Khatibi G, Thuiner D and Danninger H, 2014, Key. Eng. Mat. 592-593,pp 246-249
[12] Lederer M, Magnien J, Khatibi G and Weiss B, 2015,J. of Phys.: Conf.Series 602, 012020
[13] Lederer M and Khatibi G, 2015, WSEAS Trans. Appl.Theor.Mech., 10, 213-219.



