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Abstract. We consider nonlinear absorption of Alfven waves due to dissipative effects in
plasma and relaxation of temperatures of electrons and ions. This study is based on an exact
solution of the equations of two-fluid electromagnetic hydrodynamics (EMHD) of plasma. It is
shown that in order to study the decay of Alfven waves, it suffices to examine the behavior of
their amplitudes whose evolution is described by a system of ordinary differential equations
(ODEs) obtained in this paper. On finite time intervals, the system of equations on the
amplitudes is studied numerically, while asymptotic integration (the Hartman-Grobman
theorem) is used to examine its large-time behavior.

1. Introduction

We examine time decay of Alfven EMHD waves due to dissipative factors (magnetic and
hydrodynamic viscosities of electrons and ions, as well as relaxation of their temperatures) under the
assumption that the Alfven wave has been initially excited in plasma occupying the entire space. This
study is based on the the equations of electromagnetic hydrodynamics (EMHD) of plasma [1,2] that
take into account the electron-ion structure of plasma and are written out in Section 2. In Section 3, it
is shown that the nonlinear absorption of an Alfven wave due to dissipation is described by a system
of ordinary differential equations (ODEs) for the amplitudes of the Alfven wave parameters.
Solutions of the ODEs for the amplitudes on finite time intervals are studied numerically in Section 5,
while large time solutions are obtained in Section 4 by asymptotic integration with the help of the
Hartman-Grobman theorem [3]. This investigation allows us to find some important relationships
characterising the conversion of magnetic and kinetic energies of an Alfven wave into thermal energy
of electrons and ions. These relationships are of principal value for explaining abnormal heating of
plasma.

2. EMHD Equations of Plasma
In view of the electron-ion structure of plasma, in particular, taking full account of electron inertia, we
can write the equations of hydrodynamics in the form
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Here, Kk is the Botzmann constant; A, =m,/e,, Ay =A, +A_, My=mM, +Mm_, p=p, +p_,
U=(p,v,+p. V. )/p, where p,, v,, m,, e, are, respectively, the densities, hydrodynamic

velocities, masses, and absolute values of charges of electrons and ions, which are assumed to be ideal
polytropic gasses with the common adiabatic exponent y. Thus, we have a closed system of

equations for the unknown functions p, U, T,, H, E. The momentum flux density tensor
I=TIM + 1P + 11 | the viscous stress tensor P =TI + 1Y , and the Hall stress tensor W have the
form

n® = puu +psl;, P = ;'—213 R N

T 4 Yo,
U = 2415DY + (v — 2415 /3)rDV T, T1° = 24°D° + (v — 24" /3)rDC1,
W= -2,)M® +09) + (A_p, = 2,p )5 + 4,4 (jU +Uj) -1 —11°
1Y =24,DY +(v, — 24, /3D 15, T1¢ =24,D° + (v, — 24, /3)rD°I,

where DY =defU, D° =def(j/ p) are strain tensors. The viscous stress tensors of electrons and ions
are assumed to have the form T1, =24,D, + (v, —2u, /3)trD_1,, where D, =defv,; u,, v, are
the first and the second hydrodynamic viscosities of electrons and ions, respectively; zs =u, + 4,
=g, —A g, p'=Au, +A2u ,and vy, v,, v are expressed similarly. Finally, b and y,
are the coefficients of thermal relaxation and heat conductivity of electrons and ions, respectively.
Below, it is assumed that o = RT*?, 4, =T®?R,, b=R,p?T /2, v, =0, where the constants R,
R,, R, have the form [4,5]
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Here, e_ =e is the electron charge, Z =e, /e_ is the ion charge multiplicity, L =15 is the Coulomb
logarithm, m; =m,, m, =m_. We omit the expressions of y,, since the results obtained below do
not depend on y, .

The law of conservation of total energy holds on the solution of system (1)'
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where A=22(U.J)/p+ A2 (.= 2,)i%[@p*) +y(Ap, = 2,p.)/(p(r 1)) and

e=(h,e, +A_e_)/ Ly is plasma internal energy density.

3. Decay of Alfven Waves in EMHD
Consider plane flows (6/0y =6/0z=0) of uniform plasma ( p =const) described by system (1). For

such flows, we have H, =const, U, =0. In the absence of dissipation (v, =g, =0, b=0,
x. =0, o=+x), system (1) in the plane case admits solutions on the line xe R with the initial
conditions

t=0: U, =uee™ H, =he™, E, =e.e™ T, =T ©)
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where x>0 is a constant (wave number) and complex notation U, =U, +iU,, H, =H +iH,,

etc., is used for the transverse components of the corresponding vector fields. This solution has the
form

U, =u(t)e™, H, =h(t)e™, E, =et)e™, T, =T (4)
where u(t), h(t), e(t) are found by substituting the expressions (4) into system (1):
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The solution (4), (5), called an Alfven wave, is a superposition of transverse waves moving in the
direction of the magnetic field or in the opposite direction with different phase velocities depending
on the wave length 27/« . In the MHD-limit, r<<1, the solution (4), (5) turns into the classical
Alfven wave.

For a plane flow, consider the solution of system (1) on the line with the initial conditions (3) and
dissipation taken into account. This solution describes the decay of the Alfven wave (4), (5) due to
dissipative effects and has the form

U, =u()e™, H, =h(t)e™, E, =e(t)e"™, T, =T.(t) (6)
where the amplitudes u(t), h(t), T.(t) satisfy the system of ODEs obtained by substituting the
functions (6) into system (1):

du/dt =a,,u + a;,h, dh/dt =a,,u + a,,h

2
CxA; m; ck?
LSS SER I Vi 1 (L U )
dt - - d7p my 1670
where Z,=2, Z =1, a, =k’ pt, a,, = kC(iH,c™ + k%, p ) (4rp) ",
ay = /1+)°—w§alz Q+r3)™, ay, = KC[— cx(4ro) ™ + iKAVAa);l —cxlu” (471'p2)_1](1+ r3)=,

a, =Ase(y —1)/(kp). Here, e(t) = (a,u +a,,h)(xc) . From (6), (7), it follows that: (i) the decay of
plane waves is purely temporal, in the sense that only the amplitudes u(t), h(t), e(t), T,(t)are

varying in time, while the spatial sine distribution of the plasma parameters remains unchanged; (ii)
the decay of Alfven waves does not depend on the thermal conductivity of electrons and ions. From
(2), it follows that the conservation law

2 2
t h(t
AUOL |, ylhOF O T
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holds on the solution (6), where C, is determined by the initial condition (3).

C, =const (8)

4. Asymptotic Integration of Amplitude Equations for t — -+
Let us write system (7) in dimensionless form, choosing the following characteristic scales of the

density, the magnetic field strength, velocity, etc.. p,=p, Hy=H,, U,=v,, Lozca);l,

ty = LUg", Ty = Vaise(2k)™. Thus, we obtain the system
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where o, =a*(A 12, )2 —a (A, 12 )", B=—("+a”), B=-a (A 12)-a (2,11),
a* =T?R;', and R,, 5 are universal constants; r, £ are similarity numbers,
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Thus, if ¢=2x/x is the length of an Alfven wave, then the problem of wave decay has two

1/2

determining parameters: ,05’2/H;1 and /p~'“. Moreover, the energy integral (8) can be rewritten in

the dimensionless form
T, T

ZG-) (-

Separating the real and the imaginary parts in system (9), we pass to the real unknown functions u,,
u,, h, hy,, with u; +iu, =u, h +ih, =h, and exclude T, from the unknown quantities with the
help of the energy integral (11). Thus we obtain a modification of system (9) that consists of five
ODEs for five real unknown functions (T,u,,u,,h,,h,). It is not difficult to verify the following

statements:

1) The modified system (9) has a unique singular point (71°,0,0,0,0), where
T°=Z(y -1)Co(1+2)™, with Cy =|ug|” + @+ r)hy|* +TX(Z (1) +T°(¥ —1) being the value
of the energy integral calculated on the basis of the initial values.

2) The eigenvalues of the Jacobi matrix J coincide with 4, = —2(y —1)n¢ (1+Z)(T °)*2and the roots
of two quadratic equations

2A+12) = 0By + BiS A+ 1P) £IA]+ TR By — 12 T £i(AB —200)] 417 =0, (12)
3) If 4, =4, are the roots of (12) with the upper sign, then 1, # 4, are the roots of (12) with the

lower sign.
4) Each equation in (12) has neither multiple, nor conjugate, nor real roots.
5) All roots of equations (12) have negative real parts.

6) All eigenvalues {4,,4,,4,,4,,4,} of the matrix J are single and there is a basis of the space C°

that consists of eigenvectors of J.

It follows that the only singular point of the modified system (9) is an attractive stable
multidimensional focus and, by the Hartman-Grobman theorem, the topology of the integral curves in
a neighborhood of the singular point of this system coincides with that of its linearization at this
singular point. Thus, for t —+oo, the decay of the Alfven wave is correctly described by the

linearization of the modified system (9) at the singular point (T°,0,0,0,0). The solutions of the
linearized system

|u| +(1+r )|h| =C, (11)

(rvulYUZ’hllhz)*:‘](r’ul’uz’hl’hz)* (13)
(here the dot and the asterisk indicate differentiation in t and transposition, respectively) can be easily
obtained in explicit form. Let A, # A, be the roots of the characteristic equation (12) with the upper
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sign and letx; +iy; =0 be the eigenvector of J corresponding to 4;, j=12.If 1, =a; +ib;,

i=12, X, =(1,0,0,0,0), then {X,, %, ;, X%, Y, } is a basis of R® in which the Jacobi matrix J has the

form
J = diag 1,[ % blj,( % sz
-b, a )\-b, &

Therefore, if (z,,2,,2,,25,2,) are the coordinates of a vector in R® in the basis {X,, %, Y1, X,, Y, },
then system (13), in that basis, splits into three independent subsystems,
7, =a,2,+bz 1, =a,2;+b,z
202120, ‘1 1°1 12, 3 273 24
1, =-bz, +az, |i,=-b,z;+a,z,
whose solutions can be easily written out, which gives us the solution of system (13). This solution
represents a two-frequency spiral (with frequencies b;, b,) in five-dimensional space. The spiral

winds around the origin with the decrements of distance from the origin being equal to |aj|, j=12,

|| In particular, we have

2
(uy,u,,h;, hy)"* =ZDjeajt(COS(¢j —b;t)x; +sin(ep; —b;t)y;)

j=1
where the constants Dy, D,, D,, ¢,, ¢, are found by expanding the initial vector (uf,ug,hf,hg)
with respect to the basis {x;,y,,X,,Y,}. The explicit expressions for Xir Y j=12, are the
following:

T- —-
(r’pi-¢a;)*+¢ b,-z (r’p—¢a;)* +¢ %]
b.?+r’a,(r’p, - a. r a;)-rlab
yjz O,Y' ]é/z 1( Zﬂl 2421), I"( Zﬁl é’ ) 1 2’ 1’0
(r'pi—¢a;)” +4°b; (r ﬂl_é’aj) +¢° bj
The constants a;, b; can be easily calculated by the formulas for the roots of quadratic equations and
square roots of complex numbers. The resulting expressions are rather lengthy, but can be simplified
in some special or limit cases. Thus, for r>>1 (short waves), h,#0, g, #0, we have the
asymptotic formulas
Z( -1\ 2 1 1 AR* — AR, — 4R,
a, ~(L) |h0|5r7 2 , b, ~Z{At ——— (14)
1+2 A, R, 2 As (AR - 27RY)
where R* =(4_ /A,)R*+ (4, /A )R, Ry =R*+R*, R =(4_/A)"*R* + (A, /A)Y?R, with
the upper and the lower signs in (14) being in agreement. For r >>1 (long waves), we have

2 0 0
a, ~_%[§2+Rz/‘\§]a b, , ~4r, Z(}/ 1)@ o| | 0| + LB + I }
267, Z+1 Z(y-1) y-1

The coordinate T° of the singular point is equal to the equilibrium temperature established in plasma
after the complete absorption of the Alfven wave and the relaxation of electron and ion temperatures:

2
co To+ZTg 7 Agelr=1) |luol” | 1{&}

1+7 1+7 k 2 8mp o,

X, :(O,g (r°p, —ca;) - re ab; b;g” +riay(r ﬂl—gaj), ,1J

(15)

It follows from (15) that the equilibrium temperature does not depend on the plasma magnetization
H,, but depends on the wave length 27/x . Theoretically, (15) indicates that fairly short Alfven

waves, even of small amplitudes u,, h,, may heat up plasma to arbitrarily high temperatures.
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5. Results of Numerical Analysis
The absorption of an Alfven wave amounts to the conversion of its Kinetic energy

Exin = p|u(t)|2 /2 and its total (with the kinetic energy of the relative motion of electrons taken into
account) magnetic energy ¢, =1+ r2)|h(t)|2/(87z) into the thermal energy of electrons and ions

e =Ta, &, =T,(Za,)™. This process is superimposed on the relaxation of the electron and ion

temperatures determined by the coefficient b. Numerical solutions of the Cauchy problem for system
(14) show that the absorption of an Alfven wave splits into two stages: (i) first, there is a rapid
conversion of its magnetic energy and a considerable part of its Kinetic energy into the thermal
energy of (mostly) electrons; (ii) then, slow (for the most part) relaxation of temperatures occurs,
which is approximated by the solution of system (9) with u=0, h=0; here, the remainder of the
kinetic energy is converted into heat. The curves in Figure 1 represent typical values of thermal
energies of electrons and ions, as well as the magnetic and the kinetic energies, versus time in the case

of r=0.1, ¢=300, T’ =0.1, T =1, hy =5, U, =15, u, =0. If the hydrodynamic viscosity of
ions is taken into account, then the absorption process becomes much faster. For instance, the time of
magnetic energy absorption becomes equal to ~ (o @; ) ™%, where o: are cyclotron frequencies of
electrons and ions. If we additionally take into account electron viscosity, then the absorption process

becomes even faster, occurring in a fraction of (] @, )™'?, and the absorption time for the magnetic

energy becomes ~107(w; w; ) V'2.
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Figure 1. Time dependence of the thermal energy of electrons (“---””) and ions (“—") in the Alfven
wave (), the magnetic energy of the Alfven wave (b), the kinetic energy of the Alfven wave (c)
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