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Abstract. The new numerical version of the Wigner approach to quantum mechanics for
treatment thermodynamic properties of the strongly interacting systems of particles has been
developed for extreme conditions, when there are no small physical parameters and analytical
approximations used in different kind of perturbation theories can not be applied. The new path
integral representation of the quantum Wigner function in the phase space has been developed
for canonical ensemble. Explicit analytical expression of the Wigner function has been obtained
in linear and harmonic approximations. The new quantum Monte-Carlo method for calculations
of average values of arbitrary quantum operators has been proposed. Preliminary calculations
of the momentum distribution function of the Coulomb systems of particles have been carried
out. Comparison with classical Maxwell-Boltzmann distribution shows the significant influence
of quantum effects on the high energy asymptotics (“tails’) of the calculated momentum
distribution functions, which resulted in appearance of sharp oscillations.

1. Introduction

Quantum effects can affect the shape of the particle kinetic energy distribution function, as the
interaction of a particle with its surroundings restricts the volume of configuration space, which,
due to the uncertainty relation, results in an increase in the volume of the momentum space,
i.e., in a rise in the fraction of particles with higher momenta. Allowing for quantum effects
is important in kinetic consideration of such phenomena as the transition of combustion into
detonation, flame propagation, vibrational relaxation, and even thermonuclear fusion at high
pressure and low temperatures. Quantum effects are also important in treatment of transport
properties of the strongly interacting systems of many particles [1-4].

The direct way to consider the influence of the quantum effects on the kinetic distribution
functions is to use the Wigner formulation of quantum mechanics in phase space [5,6]. The
quantum Wigner function is similar to distribution function in classical statistics in phase space.
Thereby average values of arbitrary physical quantities can be calculated by formulas, similar to
classical statistics. Methods for treatment of the single-particle quantum dynamics in Wigner
approach in microcanonical ensemble were proposed in [7-11]. Recently a generalization of
these methods to the many-body Wigner equation for distinguishable particles has been done
n [12]. This approach is based on Monte Carlo approach for solving the discretized version of
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the integral Wigner—Liouville equation. Authors validate this approach by studying the time-
dependent evolution of a system containing only two charged particles (wave-packets) in an
external potential. Interesting results have been obtained also for the system of two entangled
wave-packets. However comparison with independent results has not been done.

In this work we are going to develop the new numerical version of the Wigner approach to
quantum mechanics in the phase space for treatment of thermodynamic properties of the strongly
interacting many particle systems under extreme conditions, when there are no small physical
parameters and analytical approximations used in different kind of perturbation theories can not
be applied [13-15]. The new path integral representation of the quantum Wigner function in
the phase space has been developed for canonical ensemble. Explicit analytical expression of the
Wigner function has been obtained in linear and harmonic approximations. We have developed
new quantum Monte-Carlo method for calculations of average values of arbitrary quantum
operators. Preliminary calculations of the momentum distribution function for Coulomb system
of particles has been carried out. Comparison with classical Maxwell-Boltzmann distribution
shows the significant influence of the quantum effects on the high energy asymptotics (“tails’)
of the calculated distribution functions resulted in appearance of sharp oscillations.

2. Wigner function for canonical ensemble

The Wigner function W (p,x;t) being the analogue of the classical distribution function in the
phase space has a wide range of applications in quantum mechanics. The Wigner function of the
many particle system in canonical ensemble is defined as a Fourier transform of the off-diagonal
matrix element of density matrix in coordinate representation:

W(p,x: 8) = Z(8)™" / dec M — /2¢O | 1 2). (1)

Here we are going to obtain new representation of Wigner functions in the path integral
form [16-18], which allows the numerical simulations of strongly coupled quantum systems of
particles in canonical ensemble. Since operators of kinetic and potential energy in Hamiltonian
do not commutate, the exact explicit analytical expression for Wigner function does not exist
in general. To overcome this difficulty let us represent Wigner function similarly to path
integral representation of the partition function [5,16,18]. As example of Coulomb system of
particles, we consider a 3D two-component strongly asymmetric electron—hole plasma consisting
of N = Nj = N electrons and heavy holes in equilibrium [19]. The hamiltonian of the system
H = K + U* contains kinetic energy K and Coulomb interaction energy Ue = Uﬁh + Uge + U &
contributions. The thermodynamic properties in the canonical ensemble with given temperature
T and fixed volume V are fully described by the diagonal elements of the density operator

p= e—BH /Z with the partition function (normalization constant)

1
Z(Ne, Np, V; B) = mZ/dﬂ?/’(%U; ), (2)
7 v
where 8 = 1/kgT, and p(z,0;3) denotes the diagonal matrix elements of the density
operator. In equation (2), x = {x.,zp} and 0 = {o¢,0,} are the spatial coordinates and
spin degrees of freedom of the electrons and holes, ie. =, = {Z14...21q...TN, o} and

0o =1{01a---014---ON, a}, With a = e, p.
In order to calculate thermodynamic functions, the logarithm of the partition function has
to be differentiated with respect to thermodynamic variables. For example, for pressure and
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Figure 1. Beads representation of electrons and holes. Here A2 = 27h?3/m., )\QA e =

2mh2AB /me, ). 1) _ xl(oe) + e 771(1@)’ and o = ¢’. The holes have a similar beads representation,

however A% , is (mp/m.)-times smaller, so their beads distribution is not resolved in the figure.

internal energy follows

olnZz a OlnZ
olnz

where a = L /Ly is a length scaling parameter.
Of course, the exact density matrix of interacting quantum systems is not known (particularly
for low temperatures and high densities), but it can be constructed using a path integral

approach [16,18] based on the operator identity e —BH — g=ell . o=ell EH, where e = §/M,
which allows us to rewrite the integral in equation (2)

3 / Az p(@ ), 5; 8) = / dz® . dz™ gDy @ M=) (5
Z Z Z(il)RPeJrHPh S(o, pepho':z) PephpM{qM:q(o)J/:O

Pe Py

The spin gives rise to the spin part of the densrcy matrix (S) with exchange effects
accounted for by the permutation operators P, and B, acting on the electron and hole
coordinates ™ and spin projections ¢’. The sum is over all permutations with parity
kp, and kp,. In equation (6) the index m = 0,...,M — 1 labels the off-diagonal high-
temperature density matrices p(™mt1) = p(x(m),x(m+1);e) = (z™|e=H|z(m+D) " In this
paper we are going to consider strongly coupled non—degenerate plasma, so the main
contribution in the sum over permutations comes from the identical permutations and each
particle is represented by a closed trajectory consisting of a set of M coordinates (“beads”).
So the whole configuration of the particles is represented by a 3(N. + Np)M-dimensional
vector T = {ﬂ:g?g, :Ugj‘g 2 :Uéog. .xé{‘ffl), .. x%?”;xﬂl . x%\f,ﬁl)} Figure 1 illustrates the
representation of one (light) electron and one (heavy) hole. The circle around the electron beads
symbolizes the region that mainly contributes to the partition function path integral. The size
of this region is of the order of the thermal electron wavelength A.(7"), while typical distances
between electron beads are of the order of the electron wavelength taken at an M-times higher
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temperature. The same representation is valid for each hole but it is not shown since, due to
the larger hole mass, the characteristic length scales are substantially smaller. However, in the
simulations discussed below the holes are treated according to the full beads representation.

2.1. High-temperature asymptotics for the density matriz. Kelbg potential
In this section we discuss approximations for the high-temperature density matrix which can
be used for efficient direct path integral Monte Carlo (PIMC) simulations. It involves effective
quantum pair potentials ®,;,, which are approximated by the Kelbg potential. Here, we closely
follow earlier work [20] where details and further references can be found.

2.1.1. Pair approzimation and Kelbg potential The N-particle high-temperature density matrix
is expressed in terms of two-particle density matrices (higher order terms become negligible at
sufficiently high temperature, i.e. for large number M of time slices) given by

. (mamb)3/2 Mg 2
pab(xp,aaleg,aaxt,bax:f,baﬁ) = W p —M(Cﬂp,a—%@) x
m
conp |- gtz = afa | enl-00. @

This results from factorization into kinetic and interaction parts, pa, = pi anb’ which is exact
in the classical case, i.e. at sufficiently high temperature. The error made at finite temperature
vanishes with the number of time slices as M ~2 [20]. The off-diagonal density matrix element (6)
involves an effective pair interaction which is expressed approximately via its diagonal elements,
‘I)SbD($p,a,x;,aﬁt,b@;,b;ﬁ) N [Pap(Tp,a — s B) + Pan(T),, — x;b;ﬁ)]/Q, for which we use the
familiar Kelbg potential [21,22]

€a€h

(I)ab(xab; 6) = [1 - 6_$§b + \/Exab (1 - erf(xab))} ) (7)

)\abxab

where Tap = |Tp.a — Tep]/Aab, Aab = VF2€/(2Mab), Mab = Mmagmyp/ (Mg +myp) is the reduced mass
of the (ab)-pair of particles and the error function is defined by erf(z) = % Iy dte ",

Note that the Kelbg potential is finite at zero distance which is a consequence of quantum
effects. The validity of this potential as well as its the off-diagonal approximation is restricted to
temperatures substantially higher than the exciton binding energy [23,24] which puts another
lower bound on the number of time slices n. For a discussion of other effective potentials, we
refer to [20,23-25].

Summarizing the above approximations, we can conclude that with the approximations (6,7)
each of the high-temperature factors on the r.h.s. of equation (6), carries an error of the order
1/M?. Within these approximations, we obtain the result

pm) = pi e Vg (am ) — ) 4 O[(1/M)?), (8)
where p(()m) is the kinetic density matrix, and U denotes the sum of all interaction energies,
each consisting of the respective sum of pair interactions given by Kelbg potentials, U(:U(m)) =

Uhh(i'glm)) + Uee(mém)) + Ueh(xgm),xém)).

2.2. Path integral representation of Wigner function A
As in the previous section we represent statistical operator e PH as product of large number
M operators e formally related to high temperature (¢ = $/M), so we can write Wigner
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function in form of multiple integral of the product of the high temperature density matrices
(see equation (1)):

W, 8) = 2(8)! / dgeiwl)/n / eV . deM-1) (9)
M-—1 R
X [H (x(m)\e_EH\x(m+1)>] )
m=0 2O =x—¢/2,e(M)=z+¢/2

For simplicity we have omitted spin variable. As before making use of the Kelbg potential the
explicit expression of the high temperature density matrices can be calculated with accuracy up

to O(e?) in the limit € — 0 [18]:
<x]e*d:1\y> ~ A exp [—mA %z — ylz —y) — eU(2)]. (10)

Here angle brackets means scalar product of two vectors, while here and further the symbol
A-2(alb) means that each term in scalar product (a|b) is normalized by the electron or hole

thermal wavelength respectively and A\, = 2”7525 is taken at high temperature M - T. Now
replacing variables of integration:
M —2
™ =g, — giM m7 (11)
we obtain
_ 1 i m(€|€
W(p.ai ) = 209 Cn) s [ de [[aon... dleexp{#ma STl

M

-2

m=0

—

[M%(xm—l—l — Tp|Tmg1 — Tm) + EU(ﬂvm _ g(l B 2%))} }

TO=TM =T

Here C(M) = M~M/2 depends only on number M. As it will be shown further, this constant is
canceled in calculations of average values of operators.

It is convenient to use dimensionless variables & and Z1,...,Zy—1: & = A, &y, = AZ,y,. Using
designation € = 1/M, we obtain the next expression for Wigner function:

Wip.sig) = conze) [ [ d:m...dfM1exp{%<m|s‘>—w<é|s‘>— (12)

M-1 _ _ = _
= [w (Zrm+1 = x”;'fm“ —Zm) | BU (A&, — )\g(l/Q — em))] }

m=0 To=Tpr=z/A\

When € — 0 this multiple integral turns to exact representation of the Wigner function W (p, x; 3)

in the form of path integral with continuous dimensionless ‘time’ 7, which corresponds to ém

in discrete case. Also set of independent variables Z,, turns into closed trajectory Z(7). This

trajectory starts and ends in point /X when 7 = 0 and 1. In this limit expression =2HL—"m" jg
dz

nothing else than derivative $%, which we denote as (7).
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As a result, we have a new exact representation of Wigner function for canonical ensemble
in form of path integral:

Wipas) = 27" [ déexp{i<p;|£>—w<£—lé_>}x (13)
1

X / Di(r) exp { - /dT [ﬂ(dﬂ(T)]ﬁc(T» + BUAE(T) + ME(T — 1/2))] }

2(0)=2(7)=x/ 0

where symbol |[Aa) means that in vector |a) each component is multiplied on related electron

or hole thermal wave length A = % Let us note that integration here relates to the

integration over the Wiener measure of all closed trajectories Z(7). Variable ¢ is integrand in
Fourier transform. In fact, a particle is presented by the closed trajectory with characteristic
size of order A in coordinate space. This is manifestation of the uncertainty principle.

2.83. Harmonic approximation for Wigner function
The expression for Wigner function (13) is inconvenient practically because the momentum p
is connected with other variables only through Fourier transform. Even in case of free particle
(V(z) = 0) this expression does not explicitly contain the analytic expression of Maxwell-
Boltzmann distribution. To obtain it explicitly, we have to integrate over variable £. In general
case this integral can not be calculated analytically. Exclusions are the linear or harmonic
potentials, when power of variable £ is not more than two.

To do this integration analytically and to obtain explicit expression for Wigner function let
us take the approximation for potential V (x) arising from the Taylor expansion up to the first
or second order in the &:

U()‘E(T) + NE(T - 1/2)) ~ U()\E(T)) + (A\E(T — 1/2)‘3%(;U)> I
T=AT
%Qg(T - 172) ;C(zx) INE(T —1/2)) (14)
T=AZ(T)

Here the second term means scalar product of the vector proportional to & and the
multidimensional gradient of pseudopotental energy, while third term means quadratic form
with the matrix of the second derivatives.

If we take into account all terms in expansion (14), the expression for Wigner function (13)
takes the form of gaussian integral over variable £ and the final expression for Wigner function
in harmonic approximation can be written in the following form:

Wpa:) = 2(8)" / Da(r) xlz, 2% x
2(0)=z(7)=0

< exp { 2 o e allp) — wEfe 2]+ (e 2l 2] e z]>} <
<2 cos {%Wlx‘l[m]u[wb}- (15)

Wigner function in this expression is determined by integral over all closed trajectories z(7),
which start and end in the origin x, as we have split trajectories on the “external” coordinate x
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and “internal” coordinates z(7) by the substitution Z(7) = /A + z(7). Here scalar, vector and
matrix functionals L, J and y are

L.zl = de {22(7)+§U(x+m(7))],
0
Tz, = fj’ (T_%>6%§» |

y=z+Az(7)

(16)

ot = [ fo %5
0

Note that the first term in exponent (15) looks explicitly like Maxwell distribution in classical
statistics. The difference is in the matrix x|z, z], which is reduced to unit matrix for free particle.
Matrix x|z, z] is also reduced to unit matrix in linear approximation accounting for only the
first two terms in expansion (14).

y=x+Az(T)

2.4. Interpretation and applicability of harmonic approzimation

The expression for Wigner function (15) is obtained under assumption, that potential V(x +
Az(7) + ME(T — 1/2)) is expanded in Taylor series up to the second order £ with good accuracy.
In the same time we neglected terms with higher power of £&. Thereby it is necessary to discuss
the legality of such assumption. Primarily, note that variable £ is in three positions in the
exponent (13). The first one is Fourier term i(p|¢) /A, which makes momentum correlated with
other dynamical variables. The second one is gaussian term 7(£|¢). The third one is integral

— 1 —
term, where ¢ is argument of potential [ dr8V (z+Az(7)+A{(7—1/2)). Gaussian term provides
0

rapid decay with increasing &, so the main contribution comes from the region less or of order
7~1/2 ~ 0.6. Moreover the argument of potential function contains £ multiplied on factor 7—1 /2,
which is modulo less than 0.5. So using the mean value theorem, we can roughly estimate the
high order terms of Taylor expansion in exponent (13) as

1

1 0"V (zo) 1\" 1 (14 (=1)") 0"V ()

) [ar (v - 3) = e o), a7
0

where xq is certain point of trajectory. Numerical value of this integral rapidly decreases: when
n=2,4,6 it equals 1/24, 1/1920 and 1/322560. Thus we expect negligible contribution of high
order Taylor terms in potential expansion. Numerical test calculations for a lot of potentials
confirm this hypothesis [26].

Note that the first summand in exponent (15) is similar to Maxwell distribution in classical
statistics. The difference is in coefficient x~![z, z].

2.5. Average values of quantum operators R
Average value of arbitrary quantum operator A can be written as Weyl’s symbol A(p,x),
averaged over phase space with the Wigner function W (p, z; 3) as weight:

() = [ T AW (.36, (18)
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where the Weyl’s symbol of operator A is:

ds . A
Alpy) = [ 52 4 5/21Alp — 572, (19)

Weyl’s symbols for usual operators like p, &, p?, &2, H , H? etc. can be easily calculated directly
from definition (19). For calculation of (A) we are going to use the harmonic approximation of
the Wigner function in path integral representation (15).

For making use of the Monte Carlo method (MC) [27,28] we have to represent path integrals
in discrete form of multiple integral. As a result we obtain final expressions for MC calculations
in the following form:

([l> _ (A(p,x) - h(p,x, 21, . .. ,zM_1)>w. (20)

<h(p7 TyZlye-- 7ZM—1)>w

Here brackets <g(p, Ty21,. .., ZM,1)>w denote averaging of any function g(p, x, 21, ..., zp7—1) with
positive weight w(p,x, z1,...,2pm—1):

(9(pyx, 215 -y 2M-1)) = /dpdx/dzl...dzM1g(p,:v,zl,...,zM1)w(p,:c,zl,...,zM1). (21)

while

’U}(p,.%',Zh 7ZM—1): 7

{ (A Pxif [ 21, 2]) }'

X exp{ — ﬁw — Ly, 2] +W(JM[x,z]\x}j[m,z]\JM[x,zD},

h(p,x, 21, ... zp—1) = sign(cos { (PAbyy [x’;”JM[x’ZD }) Vv xumlz, 2]

Note that denominator in (20) is equal to nominator with A(p,z) = 1, so C(M) from (12) is
canceled.

3. Results of numerical calculations

To obtain preliminary results and to test the developed approach we have carried out calculations
of the path integral representation of Wigner function in the framework of the mentioned above
linear approximation. Calculations have been done for two hundred particles each presented
by twenty beads. Results have been obtained by averaging-out over one million particle
configurations.

Calculations have been done for ideal and strongly coupled electron-hole plasmas with
effective hole mass equal to 100m, at temperature T' = 0.3H a and density related to the Wigner-
Seitz radius equal to two (rs = 2). Related coupling parameter is equal to 1.66.

We define the momentum distribution function for holes (a = h) and electrons (a = e) by
the following expression:

opal) = [ Ao 8(pra = ) W .3, (22)
\%4

with normalization factor N equal to: N = Z(3) = [ dpda W (p, z; ).
v
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Figure 2. The electron (a = €) and hole (¢ = h) momentum distribution Wigner functions.
The blue dashed line (1) show distribution function of ideal plasma. The black (2) and red (3)
solid lines present the electron g(|p.|) and hole g(|pp|) distribution functions.

Let us note that the Wigner function is real valued function. For ideal and non-ideal electron—
hole plasmas figure 2 shows electron and hole distribution functions g, (|pas|), (@ = e, h) versus
the momentum scaled by the related thermal wavelength. Comparison of the ideal Maxwell—
Boltzmann distribution function with results of our calculations for ideal plasma (see left and
right upper panels of figure 2) demonstrate very good accuracy of our approach in wide range
of particle momentum, in which decay of the distribution functions is about of six orders of
magnitude (see two upper panels in figure 2).
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The middle and bottom panels show the influence of the strong interparticle interaction on
momentum distribution functions resulted in appearance of sharp oscillations. In the large
momentum tails of electron distributions these sharp oscillations of one order of magnitude arise
due to the interference of quantum effects, which are accounted for by the “cosine factor’ in
equation (15). For small momentums the “cosine factor’ is close to unity and MC distribution
functions approach practically the Maxwell-Boltzmann distribution.

On the whole presented normalized to unity distribution functions g,(|ps|) resemble the
related Maxwell-Boltzmann function. However to conserve normalization factor the sharp peaks
of the MC distribution functions have to be compensated by the pits below Maxwell-Boltzmann
function.

The physical reasons of the around ten percent oscillations of the distribution functions in
vicinity of zero momentum have to be investigated in later publications.

4. Conclusion

In our work we have derived the new path integral representation of Wigner function of the
Coulomb system of particles for canonical ensemble. We have obtained explicit expression
of Wigner function in linear and harmonic approximation resembling the Maxwell-Boltzmann
distribution on momentum variables, but with quantum corrections depending on the second
derivatives of interparticle potential. This approximation contains also the oscillatory multiplier
describing quantum interference. We have developed new quantum Monte-Carlo method for
calculations of average values of arbitrary quantum operators. Preliminary calculations of the
momentum distribution function for non-ideal plasma has been done. Comparison with classical
Maxwell-Boltzmann distribution shows the significant influence of the quantum effects on the
high energy asymptotics (“tails’) of the calculated momentum distribution functions resulted in
appearance of sharp large scale oscillations.
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