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Abstract. Kaehler manifolds which are used in physics have a lot of application fields. In this
study we only state concircular and concurrent vector field that are defined on these manifolds.
A vector field on a pseudo-Riemannian manifold N is called concircular, if it satisfies Vxv = pX
for any vector X tangent to N, where V is the Levi-Civita connection of N. Furthermore, a
concircular vector field v is called a concurrent vector field if the function p is non-constant.
So, we provide some results on submanifolds of pseudo-Kaehler manifolds with respect to a
concircular vector field or a concurrent vector field. Morever, we investigate this problem for
another manifolds and proof some theorems.

1. Introduction
The notion of concircular vector field on a Riemannian manifold was introduced by A. Fialkow
[7] by

\Y% XU = MX (1)

where X is tangent to N, V denotes the Levi-Civita connection of N and p is a non-trivial
function on N. A concircular vector field satisfying (1) is called non-trivial if the function p
is non-constant. Furthermore, a concircular vector field v is called a concurrent vector field if
the function u is equal to one [2]. For simplicity, we call as a concurrent vector field v if the
function p in (1) is a non-zero constant.

Concircular vector fields have an important role in the theory of projective and conformal
transformations.  Additionally, such vector fields have interesting applications in general
relativity. Particularly, a Lorentzian manifold is a generalized Robertson-Walker spacetime
if and only if it admits a timelike concircular vector field. For some further results related to
concircular vector fields, you can see [7, 3, §].

A pseudo-Riemannian metric g on a complex manifold (M, J) is called pseudo-Hermitian if
the metric g and the complex structure J on M are given by

g(JX,JY)=g(X,Y),X,Y €T,M,pe M (2)

A pseudo-Hermitian manifold is called a pseudo-Kaehler manifold if its complex structure J is
parallel with respect to its Levi-Civita connection V. So it is clear that VJ = 0.
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Let N be an n-dimensional manifold with a 3-dimensional vector bundle ) consisting of three
tensors Ji, Jo and Js of type (1,1) over N. Suppose, in any coordinate neighborhood U of N,
there is a local basis {J1, Ja, J3}of @ such that

=T =Ji=-I
and

Jodz = —J3Jo = Ji,J3J1 = —J1J3 = Jo, JiJo = —JoJ1 = J3

Such a basis{.Ji, Ja, J3}is called a canonical local basis of the bundle @ in U. We say that the
bundle @ has an almost quaternion structure in N and (N, Q) is called an almost quaternion
manifold whose dimension is n = 4m, (m > 1). In such a case, the given structure @ is called
an integrable quaternionic structure. Suppose ¢ is an indefinite metric on (N, Q) such that
g (@X,0Y) =g(X,Y),VX,)Y € TpN,p € N and ¢ = Jy, Jo, J3, with{J;, Jo, J3}being a basis
of @ at p. Then, (N, g,Q) is called an indefinite almost quaternion manifold.If the Levi-Civita

connection V of (]\Zf 5 G, Q) satisfies

VxJ1 = T(X)JQ—Q(X)Jg (3)
VXJQ = —T(X)Jl—p(X)Jg
VxJs = q¢(X)J1—p(X) )

for any vector field X on M, then M is called an indefinite quaternion Kaehler manifold, where
p,q,r are certain local 1—forms and {Jy, Jo, J3} is a local canonical basis of (). Let M be a
lightlike submanifold of an indefinite quaternion Kaehler manifold N. We say that M is a
QR-lightlike submanifold if the following conditions are fulfilled:

JoRadTM N RadT M = {0},
S(T'M) = {J,RadTM & D} L D,
Ja(DO) = Dy, Ja(Ll 1 Lg) =DC S(TM),

where Ly = ltr(TM) and Ly is a vector sub-bundle of S(T'M+*). Now, we consider
D = {RadTM @4y, JuRadT M} ®orap, Do,

where Dy is non-degenerate distribution. It is easy to check that Dy is invariant with respect to
each J,.Thus we have B
TM=D®D

6].

2. Some results for concurent vector fields
Assume that N is a indefinite quaternionic Kaehler manifold and M is a pseudo-Kaehler
submanifold of N which admits a concurrent vector field v. We have the following:

Proposition 2.1. Let N be a indefinite quaternionic Kaehler manifold and M be a submanifold
with the indefinite metric of N. Then we have

a) For any concurrent vector field v on M, J,v (a = 1,2,3) is never a concurrent vector field on
M

b) The complex distribution D = Sp{v, Jiv, Jov, Jsv} of N is always integrable.
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Proof. a) Let v be a concurrent vector field on M. For V Levi-Civita connection of N
VxJov = J,Vxv =cJ, X + h(X,v) J,W;

which implies that J,v is not a concurrent vector field for V (since VxJv # c¢X).
b) Due to the Gauss equation, for W; € TM+
Vi = Viov+h(Jov,0)W; =cJyv + h(Ju,0) W;
Vodov = Vydau+ h(v, Jou) W
VxJov = J,Vxv=JseX =cJ, X

then we find
Vi —Vodov = cJou+h(Jou,0) W; — cJyv — h (v, Jou) Wi = 0
= [Jyv,v] =0 (4)
which implies that for V Levi-Civita connection of N, the distribution D is integrable. O

Corollary. Let v is a concurrent vector field on an indefinite quaternionic Kaehler manifold
N. Then v is a concurrent vector field on a submanifold of N if and only if h (X,v) = 0.

Proof. Let N be an indefinite quaternionic Kaehler manifold and M be a submanifold of N.
For V Levi-Civita connection of N we can write Vxv = cX, then

Vxv=Vxv+h(X,0)W; =cX
and we find
h(X,v)=0
Obviously, the opposite of the theorem is true. O

Now we define the Ricci tensor of N. Let ey, ..., es, be an orthonormal frame on M, then the
Ricci tensor Ric of M is defined by

Ric(X,Y) Zezg (X,e)Y,e;) + Z gj9 (R (X, €)Y, ) (5)
j=2n

where g (e;,e;) = €;0;;. Let R denote the Riemannian curvature tensor of M which is given by
R(X,)Y)Z =VxVyZ -VyVxZ —-VxyZ (6)

for vector fields X,Y, Z tangent to M. Furthermore, it is well-known that the Riemannian
curvature tensor R satisfies

)R(X,Y)=—-R(Y,X)
WR(X,)Y)JZ=J(R(X,Y)Z) (7)
1W)R(JX,JY)=R(X,Y)Z
iv)g (R (X>Y) Z, W) = g(R(Z) W) X, Y)
Since v is a concurrent vector field,

R(X,v)v = VxV,—V,Vxv—Vx,v
= Vx (cv+h(v,0)W;) =V, (X + h(X,v) W;)
—c[X,v] = h([X,v],v)W;
= X (h(v,v)) Wi+ h(v,0) VxW; — h (v,0) Aw. X —v (h(X,0)) W;
—h (X,v) ViW; 4+ h(X,v) Aw,v — h([X,v],0) W; (8)
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So, we can write

Ric (v, v) g gjg (R (v,ej)v,e)) E gjg (R (ej,v) v, ej) 9)
j=2n Jj=2n

Multiplying with e; we find

g (R (ej’ U) v, 6]') =g (_h (U7 U) AWzX +h (Xv U) AWivv €j) (10)
From this,
Ric (v,v) 2579 (v,v) Aw, X + h (X, v) Aw,v, €) (11)
j=2n

Consequently, we have the following:

Proposition 2.2. Let N be a indefinite quaternionic Kaehler manifold and M be a submanifold
with the indefinite metric of N which admits a concurrent vector field (e.i. M is Ricci-flat). If

—h(v,v) Aw, X + h (X,v) Aw,v =0 (12)
then N is Ricci-flat (Ric=0).

Theorem 2.3. Let N be an indefinite quatenionic Kaehler manifold and M be a QR-lightlike
submanifold of manifold N. Then, there are the followings.

a) For any concurent vector field v on M, J,v is never a concurent vector field on M.

b) The complex distribution D of N is always integrable.

Proof. a) Let v be a concurent vector field on M. For V Levi-Civita connection of N
Vidoy = JoVxv=Ja (Vx’U + b (X,0) Nj + B° (X, v) Wi)
= J, (cX + (X, 0) Nj + h* (X, v) Wi) = cJo X + B (X, 0) JuN; + h* (X, 0) JW;

where N; € ltr (TM) ,W; € S (TM)l. Since VxJ,v # ¢X, Jyv is not a concurent vector field
for V.
b)

Vit = Viywv+ht (X, 0)N;+ b (X, 0)W;
Vodow = Vydgu+hH (X, 0) Nj +h* (X, 0) W,
then we find
V1o — Vodav = eJov — Vi Jou = cJgv — JoVu = eJyv — Jeev = 0 = [Jyv,v] = 0
which implies that for V Levi-Civita connection of N, the distribution D is integrable. O

Corollary. Let v is a concurrent vector field on a indefinite quaternionic Kaehler manifold N.
Then v is a concurrent vector field on a QR-lightlike submanifold of N if and only if h (X,v) = 0
and h* (X,v) =0

Proof. Let N be a indefinite quaternionic Kaehler manifold and M be a submanifold of N. For
V Levi-Civita connection of N we can write Vxv = cX, then

Vxv = Vxv+h (X,v) N; + 1% (X,0) W; = X

and we find
A (X,v) =0 and h® (X, v) =0

Obviously, the opposite of the theorem is true. O
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3. QR-lightlike hypersurfaces with concircular vector fields
Theorem 3.1. Let M be a QR-lightlike hypersurface of an indefinite Kaehler manifold N. Then
we have, h(X,v)=0,X € T'(Dg) such that v is a concircular vector field.

Proof. For ve T'(T'M) and £ € T' (RadT M),
7 (Vv Jag) = §(Vxv+h(X,0) N J) (13)
= g(vaa Jag) + g(h (X,U) N, Ja&)

Due to N € T (ItrTM) and J,& € T (S (TM)), § (N, J.€) = 0. So,

7 (Vv Jag) = 9 (1X. 1) (14)

By using this equation, we find
5 (Vxv, Jag) =0 (15)
From here, we get
g (ﬁxv, Jan§> = g(Vxv+h(X,v) N, JoJp€) (16)
= E(NXa Janf) +h (X7 ’U) g(N7 Janf)

This equation must equal to zero. Then, let us find the needed conditions for this. For a = b,
7 (Vv Jah€) = 5 (nX, =€) +h (X,0) 5 (N, =€) = h (X, ) (17)
So, h (X,v) =01is. For a # b,

7 (Vxvs Jadi€) = G (X, Je) + 1 (X,0) G (N, Jo) = 0 (18)

where J. = J,Jp. ]
We say that M is a mixed geodesic QR-lightlike surface if h (X, Z) = 0forany X € I'(D), Z €

r (D).

Theorem 3.2. Let M be a QR-lightlike hypersurface of an indefinite Kaehler manifold N.

a) M is a mized geodesic if X (J,) =0 while Z is a concircular vector field.

b) M is a mized geodesic if g ([JoN,X],&) + g (ANX, Ju&) = X (Ja) while X is a concircular
vector field.

Proof. a) Let Z be a concircular vector field and Z = J,N.

h(X,J,N)N = VxJoN—VxJ,N
= X (JN)+ J, (@XN) X

= X (JuN)+Ja (v)l{zv) 4 Jo (ANX) — X

So, we find that
g (h(X,JoN)N,§) = X (Ja)
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b) Let X be a concircular vector field.

h(X,JuN)N = VnX -VsnX
= [JuN,X] = VxJ,N -V nX

So, we find that

g (X TLN)N.E = § =7 (Vx (JalV),€) = 3 (Vaun X, €)
X

(Ja) N &) = G (Ja (VxN) 1) = G (Ja,€)

(Ja) = § (VN Juf) = 14 (JaN.€)
(Ja) - §(ANX, Jag)
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