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Abstract. From two circle theorem described in terms of g-periodic functions, in the limit
q — 1 we have derived the strip theorem and the stream function for N vortex problem.
For regular N-vortex polygon we find compact expression for the velocity of uniform rotation
and show that it represents a nonlinear oscillator. We describe g-dispersive extensions of the
linear and nonlinear Schrédinger equations, as well as the g-semiclassical expansions in terms of
Bernoulli and Euler polynomials. Different kind of g-analytic functions are introduced, including
the pg-analytic and the golden analytic functions.

1. Introduction

The quantum or the so called g-calculus rises from classical works of Euler, Gauss, Fermat etc.,
but only recently, after discovering quantum integrable models and quantum groups, the subject
has attracted much attention. In present paper we are going to study several applications of
this calculus to problems of classical hydrodynamics, quantum theory and integrable systems.

1.1. Fermat partition
The Fermat partition plays the central role in g-calculus. Introduced first for calculation of
integrals, it divides an interval in geometric progression and has many applications. For guitar
frets it gives the scales L, Lq, Lq?, ..., Lq*%, where ¢ = e~ 2/12 — (.94387645. Another example
is given by intervals for vertical distance traveled by a bouncing ball if the height of each rebound
is reduced by the factor ¢ < 1. The total distance is h+2hq+2hq?*+... = —h+2h(1+q+¢*+...) =
—h +2h[oc]g = k(1 + )/ (1 —q).

In general, any real analytic function f(q) = ag + a1q + a2q® + ..., convergent for 0 < ¢ < 1,
has geometrical meaning as an area on Fermat partition (1,q, ¢, ...),

A=a)(1—q)+ai(qg—¢*) +a(¢” — ¢*) + ... = (1 — q)(ao + a1g + azq® + ...) = (1 — 9) f(q).

In particular case, when a,, = F'(q"), this area becomes just the Jackson integral

00 1
A=(1-¢q)) F(g")g" = /0 F(x)dg.
n=0

One more example is given by problem of point vortex in concentric annular domain, where
the set of vortex images is distributed according to the Fermat partition.
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2. Hydrodynamic images

As a first application we consider the hydrodynamic flow in annular domain and the two circle
theorem [1]. For incompressible and irrotational planar flow in annular domain m < |z| < rg,
between two concentric circles C; : |z| = r} and Cy : |z| = r3, the complex potential F(z)
is analytic function, g-periodically extended to the whole complex plane:F(qz) = F(z) or
D} F(z) = 0. Explicit form of this function is given in terms of f(z), as a complex potential of
flow in the plain without boundaries:

PO =+ TE = 3 g+ Y 7 (e), )

o0

where 2* = r?/z is inversion of the point z, f,(z) = Y00 f(¢"2) - g-periodic extension of

o¢]
n=—oo

the flow to even annular, and f,(2*) = f,(r?/2) = f(q”é) - g-periodic extension to
the odd ones. This expression shows that restriction of the flow from whole plane to annular
domain is equivalent to the g-periodic flow in the plane. It happens due to the boundary
conditions SF'(z)|c,, = 0, identifying imaginary parts of the analytic function on the circles
and as follows, identifying values of this function on the boundaries (up to irrelevant constant).
In addition to g-periodicity, function F(z) must be Q- periodic, with @ = > under rotations
on 27w around the origin. The real and imaginary parts of this function in polar coordinates
F(z) = ®(r,0) + iV(r,0) are the velocity potential and the stream function respectively.
These functions are g-periodic in 7, and periodic in 6: ®(gr,0) = ®(r,0), ®(r,0 + 27) =
O(r,0); W(gr,0) =¥(r,0), V(r,0 +27) = V(r,0). In explicit form

oo o0

,r.2 T2
O(r,0) = Y <¢(an,9)+¢(qn7},9)>7 U(r,0)= (w(anﬂ)—w(q";,@)), (2)

n=—oo n=—0oo

where f(z) = ¢(r,0) + i(r,0) is the flow in plane without boundaries, periodic in 6:
o(r,0 + 2m) = @(r,0), Y(r,0 + 2w) = (r,0). From the above formulas, the stream function
vanishes at boundary circles: ¥(r1,60) = 0 and ¥(rq,0) = 0. Moreover, if Ty, : |2| = r1¢¥, and
Yk ¢ |2| = rag®, k = 0,£1,42, ... are the boundary circles images, then ¥|p, = 0 and Ul, =0
as well.

Several extensions of the two circle theorem, requiring different type of g-calculus were
considered in [2] . The wedge theorem for the domain with angle a = 27/N was given with the
base @V = 1. Geometry of the double circular wedge theorem requires calculus with two bases,
q = r3/r? and QN = 1. By using these theorems, the Kummer kaleidoscope of vortices was
described as well. In the limit ¢ — oo our two circles theorem reduces to the Milne-Thomson one
circle theorem. However, more common in g-calculus limit ¢ — 1 was not studied. It happens
due to the fact that for finite r1 and ro, at this limit the annular domain vanishes and problem
has no meaning. But, as we describe below, for infinite radiuses ry — 0o, r9 — 00, the finite
limit ¢ = r2/r? — 1 of the domain exists and it is the strip domain.

2.1. The strip theorem
For incompressible and irrotational flow in the strip domain S: {z = = + iy; —h/2 < y < h/2},
the complex potential is

F(z)= Y f(z+@2n)in)+ >_ f(z+ (2n—1)ih), (3)

n=—oo n=—oo

where f(z) is flow in the whole plane. The proof is straightforward by checking the boundary
conditions: SF(z)| =0 and SF(z)| .» = 0. The flow (3) satisfies periodicity and the
2

z:x+z§ 2=T—1%5
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combined periodicity conditions, respectively

F(z+ 2ih) = F(2), F(z+ih) = F(2). (4)

5—1In(z — o) in the strip, we have

F(z) = —il’ <ln(z — 20) + Z ln (z - 20)% + (2n)2h? ) | 5

2.1.1. Vortex in strip For the point vortex f(z) =

2 (z—20)% 4+ (2n — 1)2h2

n=1

By using infinite product representation

2
Sinhz:zH< 22)
- m2n

it can be rewritten as

o) _—zF( ﬁh( omn )2+1nginh2’;l(z.—zo)sinhgz(z—zo)>

™ \2n—1 sinh 7 (2 — Zo)

n=1
and due to sinh 7 (2 — Zp) = 2sinh ;- (2 — Z) cosh ;- (2 — %), up to irrelevant constant we get

—i In sinh 53 (z — 20)
2r  cosh 35 (z — Zp)

F(z) = (6)

For N vortices I'1,...,I'y at positions z1, ..., zy this gives the complex potential

N —ZT‘k In sinh %(z — Zk)

Fz) = Z 2T

cosh - (2 — z)’

k=1
and the stream function ¥ = SF(z),
N 2 7r a2 T
—I') . sinh® g (z — xp) + sin® 55 (y — y)
U(z,y) = Z In - E 5 2 (8)
4w sinh® (2 — ak) + cos? 91 (y + yi)

k=1

For N = 2 this function was obtained in [3], though formula in the paper has some typos.

2.1.2. Gamma function To express (5) in terms of the Gamma function we split

—il 2) + 2nih (z — z0) — 2nih
F(z)= 1 — 1
(2) =5+ (“(Z 20) + nnHl = ) + (2n = 1)ih (z = 20) — (2n — )i
Rewriting the second term as
oo T O 5 (L 52) (14 55 (1 ) o
(1 + TT?) (1 + zphn )
we find
—i 1+ =2)r (1 — =2
F(z) = - <1n(z—zo) +In 0 (1+ o= ZO) ( ZthO) % ) )
2m P+ 5701 = 58P+ 520 = “50)

where we have used definition of the Gamma function as an infinite product

1 o0

T02) = ze? H <1 + Z) e n.

n=1
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2.2. Strip theorem as the limit ¢ — 1
Now we are going to show that our two circle theorem (1) in the limit ¢ — 1 reduces to the

T1

2

strip theorem (3). Let r1 — oo, 79 — 00, so that 79 = r1 + h. Then ¢ = :—% = (14 £)% and
1

" = (1+ Th ) =1+ 2n -+ O( ) To get the strip domain we need to shift our coordinate

system z with origin z=0, to the new one 2’ with origin at i(r; + %) These coordinates are
related by equation 2z = 2’ +i(ry + %). Then ¢"z = (1 + Qn% + O(%)(i(rl +4+2) =
i(ry + %) + 2" + 2nhi + O(+ h ©). For analytic in plane function f(z) we have Taylor expansion

fz)=fl(r+ 8 +2)=32 LJF))(Z’)" = g(2'), so that

fld"z) = f((1 + :Ll)”(i(rl + g) +2") = f(i(r1 + g) + 2" + 2nih + O(:Ll)) = g(2’' + 2nih).

This gives the first part of formula (1): fy(2) = > g(#’ + 2nih). To get the second part we
expand r?/z = /(2" +i(r1 + &) = r1/i(1 + 2/ /ir1 + h/2r1) = —i(r1 + &) +ih + 2/ + O(h/71),
and ¢"r}/z = —i(r1 + %) +ih + 2’ + O(h/r1). Then f(r /z) = g(¢ —l—zh) and f(q"r?/z) =
g(2' — (2n — 1)ih). For the second part of (1) it gives: fy(r{/z) = 02 f(¢"r}/z) =

o Gz = (2n — 1)ih). Combining both terms together we find that in the limit ¢ — 1
the two circle theorem (1) reduces to the strip theorem (3), (n - —n, n - n — 1),

G(z Zgz+2mh+ Z (2" + (2n — 1)ih).

n=—0oo

3. N vortex polygon as nonlinear oscillator

From two circle theorem it is easy to get equations of motion for N point vortices [4]. When
vortices with equal strength I' are located at vertices of the regular polygon in annular domain,
the problem admits exact solution zi(t) = rexp(iwt + i27k/N), k = 1,..., N, with uniform
rotation frequency

P N_l P ]_ N 7‘% 2T 7,2 2r
Wi =502 +2nr2q—1Z[an<l_r?6m — Lng 1—76““ . (10

i=1 "

Summation in this formula can be performed explicitly if we notice that ( = eI ¥ is the primitive
root of unity and ¢V = 1 implies ¢V —1 = (( -~ DA + ¢+ + ... +¢V7Y = 0. Then,
14+ ¢+ ¢+ ...+ ¢V~ =0 and for the sum of g-logarithm functions we have

[ee]

Zan (1—a(") = Z 1+¢k+g2k+...+<k<N—1>). (11)

The sum 14 ¢ + ¢2F + .. + ¢*W=1 = N, if k = NI and vanishes for k # NI, where
I = 1,2,... It can be easily undersood if we notice that ¢2, ¢3,...(N~! are primitive roots
and (CF)N —1 = (¢F—1DA +¢F+ ¢+ ..+ ¢N-Dky =0 for k # NI. For k = NI ,
1+¢F+¢% 4+ 4 ¢FN-) =141+ ... +1=N. Thus, in (11) nonvanishing terms are

) IE e ] le o0 N—].) Nl
Zanl—xC" = Z —N(q—l)zinL1 N(g—1) Z TN D)
n=1 l:l =1 l:l
and
N & N
Zanl—xC” = Z i Lngnv(1—2). (12)
n=1 ]q =1 [ ](1
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By applying formula (12) finally we rewrite frequency (10) in a simple form

(N -1) I'N r%N r2N
w(r) = gy + 22 (g —1) anqN < AN —Lngv | 1— v |- (13)

1

The result shows that frequency w(r) is function of r, and uniformly rotating polygon of vortices
represents nonlinear oscillator. Quantization of this polygon as a nonlinear oscillator can be done
in a similar way as for the one vortex case [2].

4. g-semiclassical expansion

Quantization of nonlinear oscillators as g-dispersive equations has been studied in [2]. Here we
develop the g-semiclassical expansion for the g-deformed theories. Expansion formulas in powers
of A = Ingq are based on the Bernoulli polynomials and the Euler polynomials with generating
functions correspondingly

text S tn e:ct 0 "
a1 Z Bn($)a, |t| < 2m; 7= Z En(:v)ﬁ, t] <. (14)
n=0 n=0
4.1. Non-symmetric q-calculus
We have expansion of g-number
n 0 (ln q)m—l
=Tt = > (Bun) — B L (15)

m=0

for e=2™ < q < €*™, where B,, = B,,(0) are the Bernoulli numbers. By using By(z) = 1, By(z) =
x — 1/2 for any real or complex number, or even an arbitrary operator A we get

/\k

(k+ 1) (16)

oo
Z (Br+1(A) — Br+1)

4.1.1. Nonsymmetric g-dispersive Schrodinger equation The g-dispersive linear Schrodinger

equation is derived as
oV h? 92
— = |- ¥
ih ot [ 2m 8%2] . ’

and it admits the g-deformed Galilean boost operator

g ihd g2

K=xz+t

q—1mdzx

generating dynamical symmetry and producing solutions of the equation. By expansion (16) we
get higher derivative corrections to the Schrodinger equation

oV h* 9? 2. (Ing)* h? 9?
ihet =5 — L By |-~ | - B
ot " om0 Zl e+ 01 \ PR T aa2 | T P
and to the Galilean boost

d t d & (Ing)k h? 2
K= L il B[22 ).
(1‘ + mmdx> mZhdx kz:% k! K 2m dx?
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4.2. Symmetric q-calculus
For symmetric g-numbers, in a similar way we get

— e e

qt—q " 14+n 1—nY\\ 2™(Ing)™
L9 _ iy (B ~ B, . 1
q—q! n+m1< H( 2 ) “( 2 ))(m+4ﬂ a7)

[nlg =

Due to symmetry By, (1 —x) = (=1)"B,,(x),m = 0,1,2... this formula can be simplified and
extended to any operator

sinh(Alnq) I+ A) 22k+1(1n ¢)2k

Al = sinh(In q) :AJF,;B?’““( 2 (2k +1)!

4.2.1. g-symmetric quantum oscillator For the spectrum of g-oscillator [5], [6], [7], (A =1,w =
1), we have g-semiclassical expansion

1 1 L.y
B = 3+ o+ 1) = 5n+ 11 = (1 5)+ 3 B+

(Inq)*

(2k+ 1)1

4.2.2. Symmetric q-dispersive Schrodinger equation For the linear Schrodinger equation with
symmetric g-dispersion [2] we find following expansion with higher order derivatives

h—mr 4+ =
ot 2mox* = (2k+1)!

LU R 92U & 92ktl(In g)2k 1 h? 92
h 27 (g™ 2k+1< 3 | ¥ (19)

- 2 4m Ox?

4.2.8. q-symmetric dispersive NLS Nonlinearization of model (19) consists in replacement of
momentum operator by the recursion operator of NLS hierarchy [2], so that

o (8), 2 (0) = [3e], (),

Then, we have expansion
. ¢ ) h2 ) ( ¢ ) o 22k+1(1nq)2k I h2 ) ( w )
~ ] ——R -~ = —=8B —+—R =
173 ( ¢ ), 2m 0 kz::l k+ 1) 2 T Y )’

which gives g-corrections to the NLS equation (A =1, m = 1/2),

( W + Yoo+ 257 [ > - 3 22k+1(17nq)2k32k+1 (I 1R2> < ; )’

—itt + e + 26210|20) (2k +1)! 273 0

k=1

preserving integrability at any order of Inq. The Lax pair can be expanded in a similar way.

4.8. Fibonacci polynomials for symmetric q-fermions
For p = —1/q in pq calculus we have

qn _ (_q)—n qn _ (_1)nq—n e(l—l—n) Ing (_1)n6(1—n) Ing

mn -1 = = =
[ ]q7 g~ ! q—(—¢)° g+q 1 e2lng
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and expanding in terms of FEuler polynomials

o], ot = M 1 Z ( (1 —|—n) (1B, (1;n>> 2m(1nq)m. (20)

m)!

By the relation E,,(1 —z) = (—1)"E,,(x) for even and odd numbers we get

o0 1 22s+1 1 2s+1
[2]%‘]%_‘171 = ZE25+1 (k + ) &,

= 2 (25 +1)!
228(111 q)2s
s=1
From (20) for ¢ = 1 we find that the ”classical” fermion number [n]; 1 = w is the parity

number, vanishing if n = 2s is an even number, and equal to 1, if n = 2s + 1 is an odd number.
In terms of it we find following compact expression

Mg —q- nli,—1+ Z En, (n—i— 1) [n +m]1,_1W_ (21)

4.4. Fibonacci numbers and Fuler polynomials
From Binet formula for Fibonacci numbers

Fa= &=l = bl (22)
we find . .
Fo = [nli-1 + Z B (”* 1) [n+m]1,_122:1;f). (23)

This provides an expansion of F1bonacc1 numbers in powers of In ¢ and Euler polynomials

00 1 228+1 In 2s+1
For =) Eapa (k + ) 20 (ng) 7

poard 2)  (@s+1)
oo 225 In 2s
Foka =1+ZE25(1€+1)&
— (2s)!
s=1
4.4.1.  Golden oscillator By these formulas spectrum of the golden oscillator [8], FE, =
h2 (Fpt1 + F,) = Fn+2, can be expanded in golden ratio as
haw & 3\ 2%+l 1+5\ 2"
FEop=—)>» FE k+ - 1
k= zz% 25“( +2) s+l \ " 2 ’

2s
ho Ao & 92s 1++5

5. Diversity of g-analytic functions

Here we introduce several types of g-analytic functions. These functions are determined by the
g-binomials and represent quantum states in the g-analytic Fock-Bargman representation. The
g-binomials itself correspond to states |n > and are the generalized analytic functions.
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5.1. Nonsymmetric g-analytic functions
By g-translation

jyD? .
ezly/qqa:" = (v +iy)y
from any real analytic function f(z) we get the g-analytic function [9],
. iyD? - o
fo+i)g =P () = 3 anlo+ i),

n=0

satisfying 0, equation, (DI + iDll//q)f(x +1y)q = 0. The real part u(x,y) = cosy/,(yDg)f(x)
and imaginary part v(z,y) = siny,(yD7)f(z) of this function are g-harmonic and satisfy the
g-Cauchy-Riemann equations

D;U(.’L’,y) = Dzll/qv(xay)a Dzl//qu(xuy) = _D(fv(xuy)

5.2. Symmetric qg-analytic functions
For symmetric g-binomials we have g-translation

ing

€

i = (o + i)},

which determines symmetric g-analytic function
. in§ s\
flaetiy)g=e; " flx) =7 anlx+iy)j,

satisfying 5@ equation

As an example,

= 52
n=0 q

is an entire symmetric g-analytic function. The real part u(z,y) = cosz(yDf) f(z) and imaginary
part v(z,y) = sing(y D7) f(z) of the function satisfy the ¢-Cauchy-Riemann equations

Dju(zx,y) = Djv(z,y), Diu(z,y) = —Djv(z,y),

and are g-harmonic: (Dflf)zu(x, y) + (Dg)Qu(:p’ y) = 0.

5.8. pg-analytic function
For pg-calculus we have binomials

D
ezlyl Pgn (x —+ Zy);‘]’
paq
where
SN0 - n—1 - n—2 . on—2 - n—1 = n BB n—k:k, k
(z+iy)p, = (z+ip"'y)(@+ip">qy)...(x+ipg" y) (x+ig" 'y) = > { . ] (pg)~ = 2" "ify
k=0 Pq
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and
o :I/‘n
epq(T) = .
nz::O [n]pq!

Then, the pg-analytic function generated by pg-translation
f(x‘i‘iy)q—ellqu Zan T+ 1Y) pg»

satisfies épq equation
1 , ‘
§(D$q +iDY ) f(x +iy)p, = 0.
Pq

For u(z,y) = cos11(yDy,) f(z) and v(z,y) = sin11(yDy,) f(x) we have the pg-Cauchy-Riemann

11
Pq

v(z,y), DY
p

11

. Paq

equations
quu(xvy) :D%% U(Cl?,y) = —quv(.'lf,y)

and the pg-Laplace equation
(Dy)*u(z,y) + (DY
r

5.4. Golden analytic function
Complex golden binomials, defined as

. - - . 11 = Bm1)
(z+iy)p = (@ +ie" ) (@ —ip"Py).(z+i(-1)"T Ty = > [ H (1)~ 7 2Ry,
F

k=0
can be generated by the golden translation
D »
By Tl = (a +iy)p,
where -
n(n—1) l‘n
n=0 n:
They determine the golden analytic function
iy DY, (x 41
f(zF) = BT Z an ST W

n

satisfying the golden Op equation (D% + iDY)f(z;F) = 0, where D_p = (—1)3”%DF.
For u(z,y) = Cosp(yD%)f(x) and v(z,y) = Sinp(yD%)f(z), the golden Cauchy-Riemann
equations are

Diu(x,y) = DY po(x,y), DY pu(z,y) = —Dpo(z,y),

and the golden-Laplace equation is (D%)*u(z,y) + (DY )?u(x,y) = 0.
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