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Abstract. The efficient method is developed for analytical evalualtion of quantum corrections 

to second virial coefficient with Lennard-Jones (12-6) potential. The quantum corrections to 

second virial coefficient played a significant role in the investigation of real gases in the low 

temperatures range. In this paper, we obtained a series of formula in terms of gamma and 

exponential integral functions which is one of the useful approaches for analytical evaluation 

of quantum corrections to second virial coefficient. The calculation results excellently 

agreement with of the literature data.   

1.  Introduction 

A comprehensive study of quantum corrections to the second virial coefficient is very important for 

understanding of the thermodynamic and other properties of fluids [1-2]. The accurate investigation of 

the temperature dependence of the intermolecular integration potentials is of central importance for 

studying behavior of fluids at low temperature [3-7].Various analytical methods on the evaluation of 

quantum corrections to the second virial coefficient have been proposed in literatures [8-12]. Gropper 

et al. [13-15] have done detailed work on the of quantum corrections to the second virial coefficient, 

which has been successfully applied to the light molecules at low temperature.  Also, some researchers 

proposed analytical and numerical approaches for quantum corrections to the second virial coefficient 

[16-19]. Although important progress has been made in calculation of quantum corrections to the 

second virial coefficient, a number of new analytical methods are very important in understanding of 

various properties of fluids.  

       In this work, a general method is proposed for evaluating of quantum corrections to the second 

virial coefficient with the some applications. Compared to previous analytical methods, our obtained 

expression is more appropriate for studying at low temperature.  The proposed algorithm gives a good 

rate of convergence and numerical stability under a wide range of values of parameters. 

 

2.  Expressions for the quantum corrections to second virial coefficient of the Lennard-Jones 

    (12- 6) potential   

For evaluation of the quantum corrections to second virial coefficient, we use the Lennard-Jones  

(12-6) potential and the corresponding intermolecular force in the following forms [20] 
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where  is the depth of the potential well,   is the finite distance at which the inter-particle potential 

is zero, and r is the distance between the particles.  Note that the locations where the intermolecular 

potential  u r
   

is a minimum and intermolecular force  F r  is exactly zero are given by minr  and  , 

respectively and the two parameters are related by 1/6

min 2r  [21].  In this study the quantum 

corrections to second virial coefficient  qB T  defined as [22] 
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where the symbols AN , h , m  and  Bk  denote the number of molecules Avogadro's number, Planck's 

constant, the molecular mass and Boltzmann constant, respectively. In Eq. (3) the function  ,f r T  is 

the Mayer function and defined as [23] 
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The intermolecular force  F r  is correlated to intermolecular potential energy  u r and written as   
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Eq. (3) is defined in non-dimensional and given by 

                                                  
   * * * *

q qB T B T  ,                                                                      (6)                                                        

for convenience, where 
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and 0b  is known as the co-volume. The quantum correction to second virial coefficient  
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in which BM mR k molar mass, and 2h  . 

Substituting Eqs. (1)- (2) into Eq.(8) we obtain 
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In Eq. (10) the indices N and 'N  are the upper limits of summations respectively.  The   ,  ,u  

and the  nE z  in the Eq.(10) are well known gamma and incomplete gamma functions and  

exponential integral functions defined by [24] 
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3. Numerical Results and Discussion 

 Closed analytical formula for quantum corrections to the second virial coefficient with Lennard-Jones 

(12-6) potential is developed. The obtained expression is formulated in terms of infinite summations 

involving special functions. Our calculation results, generated using Turbo Pascal 7.0 compiler, are 

demonstrated in Table 1. 

 

                    Table 1. Quantum correction to second virial coefficient [2, 25-26] 
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9.9343 3.9654 3.4324x10
2
 0.0651322 
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1 
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2
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1.7429 x10
1
 1.96814 6.3235x10

2
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2
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3
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The temperature dependence of the quantum correction second virial coefficients are shown in Fig.1.   
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                         Figure 1.  The quantum correction to second virial coefficient  

 

As seen from Table 1 and Fig.1, the method of the present calculation is the useful approximation for 

analytical evaluation of quantum corrections to the second virial coefficient. The comparison between 

our results with the literature approximation calculations by Ref. [2, 25-26] is satisfactory. The 

approach is based on the efficient analytical formula and can be easily implemented to the atom and 

molecules. 
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