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Abstract. Approximate analytical solutions of a two-term potential are studied for the
relativistic wave equations, namely, for the Klein-Gordon and Dirac equations. The results
are obtained by solving of a Riemann-type equation whose solution can be written in terms of
hypergeometric function 2Fi(a,b;c; z). The energy eigenvalue equations and the corresponding
normalized wave functions are given both for two wave equations. The results for some special
cases including the Manning-Rosen potential, the Hulthén potential and the Coulomb potential
are also discussed by setting the parameters as required.

1. Introduction

The investigation of the non-relativistic and relativistic bound/scattering state solutions of
exponential-type potentials has become an important area within quantum mechanics. For
last decades, many authors have made much efforts to obtain the analytical solutions of
the exponential-type potentials, especially about the problems based on the Morse potential,
Hulthén potential, and the Woods-Saxon potential, with the help of various methods [1-32].
Within this context, we deal with the following two-term exponential potential
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which firstly proposed in [33]. Jia et. al. have studied the bounded solutions of the Schrédinger
equation for this potential by using SUSY-approach [34], and Benarami et. al. have investigated
the same problem in terms of Green’s function [35]. Arda and Sever have also presented the
approximate, analytical solutions of the above potential within functional analysis method for
g>1and ¢=0 [36].

In the present work, we tend to give the approximate, analytical solutions of the Klein-Gordon
and Dirac equations which will be written in the form of a Riemann-type equation. We write the
eigenvalue equations and the corresponding ”wave functions” both for the above equations with
the two-term exponential potential. We present also briefly the results for the Manning-Rosen
potential, the Hulthén potential and Coulomb potential by setting the potential parameters as
required. The readers can find an application of the Riemann equation [37] within the quantum
mechanics in [27] where the bounded and scattering state solutions of the Klein-Gordon and
Dirac equations have been studied for an exponential potential.
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2. Analytical Solutions

2.1. Klein-Gordon Equation

Time-independent part of the Klein-Gordon equation in the presence of scalar, S(r), and vector,
V(r), potentials is written [37]

(12392 4 (B = V(r))? = (moc® + S(r)?] (i) =0, 2)

for a spinless particle with mass mg and energy E, where c is speed of light. Since the potentials
in (2) are spherical symmetric, we write the radial part of (2) by taking U(r) = R(r)Y (0, ¢)

;Jjgﬂ§0>+5é@E—vmﬁ—om8+aﬂf—g}mmzo, (3)

where we have to write the parameter C in terms of the angular momentum quantum number
¢ as C = {({ + 1) because of the mathematical restrictions [37].
For the case where the scalar potential is equal to the vector potential, we get from (3)

@)
dr? r2

+ 622(E2 — m%c4) — 2Q2(E + moc2)V(T)] u(r) =0. (4)

which is obtained by writing R(r) = ur) with Q2 = 1/h2c2.

T
By inserting two-term potential (1) into (4), using the approximation instead of the centrifugal
—Br
g
0 <r < oo with ¢ — 1), we obtain

term %2 ~ B? and defining a new variable as z/qg = ¢ #" in (4) (1 < 2z < 0 for

d>u(z)  1du(z) A2 , A2 1 u(z)
z SOy g2 88 -
dz? z dz +[ s T ql—z}z(l—z) 0, 5)
where
Q? 2Q? |% 2Q°V,
A2 = ﬁ(mgc‘* — E?); A2 =A% + W{E%—mocQ) Vo + ?1 JAZ =00+ 1) + q521(E+m002). (6)

Eq. (5) is a special form of the Riemann equation having regular singular points at p, o and
7 [38, 39]

d?y(x) N (1—a—a’+1—b—b'+1—c—c’> dy(x)
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r—p r—o xr—T

(z = p)(z —o)(z—T)
which can be reduced to the following form [27]

d2y(x)+<1—a—a’_1—c—c/> dy(w)+<a;'_bb/+ e >$(y($) =0. (8)

dx? x 1—x dx 1—x 1—ux)

where the parameters satisfy Fuch’s relation as a +a’ + b+ +c+ ¢ —1 =0 [39]. Since the
hypergeometric differential equation with solutions 2 F1(p', ¢; 7’; x) is a special case of Riemann’s
equation [39], the solution of (5) can be written in terms of hypergeometric function [27]

y(x) = 2*(1 —x)°2F1(p, ¢ s 2), 9)
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where
p=a+b+c, ¢d=a+V+c, v=1+2a. (10)

By comparing (5) with (8), we can set the parameters as

a=4+A1, b=-A4y, ¢c=1+D, (11)
with D = —1/2+ +/1/4 + A3/q, and we obtain the solutions of (5)
w(z) ~ 21— )P R (Al — Ay + 1+ D, Ay + Ay + 1+ D; 1+ 2455 2), (12)

In order to have a physical solution, we must write Ay — As +1+ D = —n(n =0,1,2,...).
This expression is the quantization condition of our system and gives the wave functions of the
Klein-Gordon equation for the two-term potential

u(z) = N2M7H 1 = )1 P o Fy (—n, —n 4 24951 + 2415 2) . (13)

with the normalization constant N. By using (6) in quantization condition, we obtain the
corresponding energy eigenvalue equation for the two-term potential

2

Y(E H(Vo+ 12 2
14 G(E+moc?) (Vo+4) n+14D
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moc” = ( +moc)<Vo+q> TT1rD + 2075 (14)

The normalization condition [;° u(r)|*dr =1 turns into %fol 1|u(2)|?dz = 1 which gives

1 1
5N2/ 2N = 222D B (—n, —n 4 24051 4 2413 2)]2dz =1,
0

With the help of the following expression

1
L/Zpﬂ—ZWTﬁﬂ—mn+PW%?—1Jﬂ+Z@ﬁh=

0
nl(n+Q'/2)T(n+ Q\T(P' + 1)T'(P' +2)
n+2Q"+P +1)I'(n+ P +2)I'(n+ P +Q +1)’

(15)
with P =2p" — 1, Q' =2¢" + 2 and p” > 0,¢” > —3/2, we write the normalization constant

(16)

B(n+ A1+ D+ 1)I'(n+2A; + 1)I'(243) 1/2
[n!(n +14+D)'(n+2+4+2D)T'(2A1)T'(1 4+ 2A4,)

for g — 1.

We discuss briefly now the results for the special cases of the two-term potential (1) by
starting with the Manning-Rosen potential. If we write the parameters in (1) as
A ala

—1) 1
W_Taﬁ_g7q_]—7 (17)

Vo = —
0~ 9p2> 2

we obtain the above potential, and (14) gives the energy eigenvalue equation for the Klein-
Gordon equation with Manninng-Rosen potential (A =c¢ = 1)

S(E +mo)Ata@—1)]]" 5

1
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202

(18)
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with T =n+1/24 /1/4+(({ + 1)+ (E +m)a(a —1).
In order to obtain the energy eigenvalue equation for the Hulthén potential, we set the
parameters in (1) as

Vi=0,qg=1, (19)
and (14) gives the following expression (h =c¢ = 1)

2
2
+Z(n+€+1)2. (20)

5(E +mo)Vy

E?—m?=(E Vo —
mo = (B +mo)Vo nt+l+1

The Coulomb potential could be obtained from the Hulthén potential by taking Sr < 1

2
V(T) = _Zi )

r

where we set Vy = Ze?3. We write the energy eigenvalues of the Klein-Gordon equation for the
Coulomb potential from (14) (h=c=1)

E —my _ Z2%et (21)
E+mg  (n+L+1)2°

2.2. Dirac Equation
For the case of time-independent vector and scalar potentials, the Dirac equation is given [37]
{ca.p+ Blmo+ S(M}U(F) = [E =V (r)]T(7), (22)

where my is the mass of a spin—% particle, F is the relativistic energy, p is the linear momentum

operator and & and B are 4 x 4 matrices given by

(22 a-( )

The Dirac spinor ¥(7) on the basis of complete set [I:I | 2, J .| is defined as [37]

_, L[ fux(r)od; o1
U —— | I m o) g — - 24
(") r (zgnﬁ(r)ij ork=7+5, (242)
L L fak(r)x; 1
U — — [ Inr Jm ) g - _ - 24b
0 =1 (frtom Y or = (4 3. (241)
with
o —mt1
b = 5 Yio12mo1/2 [V Yiemee (25)
im = MY y  Xjm = j+m+1Y ;
3 Lj-1/2,m+1/2 Dtz Li1/2mi1/2

where Yj,, are the normalized spherical harmonics [37]. In the complete set [lfI ,&,32,5 2]
of the conservative quantities, the operator H denotes the Hamiltonian of the system under
consideration, & describes the spin-orbit coupling operator, J and J, are the total angular
momentum and it’s z-component operators, respectively [37]. We notice that we use the
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functions given in Egs. (24a), (24b) and Eq. (25) without the subscripts in the rest of
computation.

By using Eqgs. (24a) and (24b) and with the help of Eq. (22) we have two couple differential
equations of first order

he (i - ’:) f(r) = [moc* + E+ S(r) = V(r)]g(r), (262)
he (i ; f) 9(r) = [moc® — B+ S(r) + V(r)]£(r) (26b)

which gives us the followings for S(r) = V(r)
he d kK
f(r) = (5 5) o, (272)

moc2 — E+2V(r) \dr ' r
he d &
= o \g T 2
9(r) moc? + E (dr r) fr), (27D)
Inserting ¢(r) in (27b) into (27a) gives us the equation
d? —-1
o5 ’"/”(’12) + QY(E?* — mich) — 2Q*(E + mOCQ)V(r)} fry=o0. (28)

which is similar to (4) with a change ¢(¢ + 1) — k(x — 1). By following the same steps in above
subsection, we write the Dirac equation for the two-term potential as

?f(z) | 1df() A? (A)? 1 f)  _
&2 Tz _71+A§_ ; 1—2}2(1—2)_07 (29)
with
2
(A7) =kK(k — 1) + 2222‘/1@? + moc?) . (30)

and (A3)? = (A3)%(k — K+ 1). The upper indices F of the constant A% is related with the
upper component f(r), and g(r), respectively.

It is easy to obtain the energy eigenvalue equation for the Dirac equation with the two-term
potential from (14), and we write

- 2
Q 2 v
E2—E<V0+V1> B m002<V0_|_V1_|_1>+ qﬁ(Eeroc)(vaLq)
:F
g | n+ g/l A
2
q:
ntd+y/1+ Gl
_ 07 0. (31)

The corresponding upper component of Dirac spinor from (13) is given as
f(z) = NzM7H1 = ) PT 5By (—n, —n 4 249;1 + 2445 2), (32)
with the normalization constant

B [ Bn+ A1+ DT+ 1DI'(n+2A; + 1)I'(242)
~[nl(n+ 1+ DF)D(n+ 2+ 2DF)[(241)(1 + 24,)

1/2
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3. Conclusion

We have studied the approximate, analytical bound state solutions of the Klein-Gordon and
Dirac equations for the two-term potential. We have obtained the energy eigenvalue equations,
and the corresponding normalized ”wave functions” by converting the wave equations to a
Riemann-type equation. We have presented the results with the help of an approximation
instead of the centrifugal term, and discussed the cases including the Manning-Rosen potential,
the Hulthén potential and the Coulomb potential.
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