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Abstract. In the context of remnant CP transformations, I briefly discuss a generalized pu— 7
reflection symmetry, where the “Majorana” phases have CP conserving values, which are directly
related with the CP parities of neutrino states. Also, one finds that the “Dirac-like” CP violation
phase is correlated with the atmospheric mixing angle, giving important phenomenological
implications for current and future long baseline oscillation neutrino experiments.

1. Introduction

Nowadays it is well known that the flavour oscillations phenomenon is possible only if neutrinos
have mass. This result contradicts the prediction of the Standard Model and is one of the
strongest evidence that there must be a more complete theory. One of the main aims of
theoretical physicists, is to identify a theory that responds to the question of existence of very
small neutrino masses and, at the same time, explain the measured values of the parameters
that govern its oscillations. At present, we are in the precision era for the determination of
lepton mixing angles. However, it is not the same situation for the CP violation phase factors.

A non-zero reactor mixing angle, 613, implies the existence of CP violation in lepton sector
or vice versa. Hence, one of the main goals of long baseline neutrino oscillation experiments
(T2K [1], NOvA [2] and DUNE [3]) is the determination of the “Dirac-like” CP violation phase.
Also, 613 # 0 reduces the viability of several symmetry groups to be considered as flavour
symmetries in Standard Model extensions.

In agreement with the last results of global fits of neutrino oscillation data [4], the elements
of second and third row of lepton mixing matrix, satisfy the following approximate relation
\Upi| = |Uri| with @ = 1,2,3. Then, so called u — 7 symmetry is obtained if |U,;| = |Ur;| exactly
holds. We obtain this equality if and only if one of following two sets of conditions is satisfied:
o3 = 7 and 013 = 0, or fh3 = 7 and dcp = +5. From the first set of conditions, one can see
that neutrino mass term is invariant under the transformations: v, — v, v, — v; and vy — vy,
which are called p — 7 permutation symmetry [5]. However, this kind of transformations is
disfavoured by neutrino oscillation data, since 613 is non-zero [4]. The last set of conditions
implies that neutrino mass term is invariant under the transformations: v, — v¢, v, — v5 and
vr — vy, where c¢ denotes the charge conjugation of neutrino field. This kind of transformations
are called p — 7 reflection symmetry [5]. Also, the values 03 = 7 and dcp = £7 are allowed at
30 level, while o3 = § and dcp = —7 are allowed at 1o or 20 level [4].

In this work, the residual CP transformations are used for redefining the flavour lepton mixing
matrix. Thus, in the theoretical framework of a generalization of u — 7 reflection symmetry, the
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possible values of CP phases are constrained, and its phenomenological implication for current
and future long baseline neutrino oscillation experiments is shown.

2. The hidden symmetries in the fermion mass matrices

In order to construct the mass term of known neutrinos at low energy, here it is considered
that neutrinos are Majorana particles. The leptonic flavour mixing implied by the neutrino
oscillation phenomena can be described with help of the Lagrangian

£=—LEL’Y“I/LW#—luzc_lM,,l/L—ERMgfL—&—h.C., (1)
V2 2
where the charged lepton and Majorana neutrino mass terms are included. In the above
expression the L and R subscripts denote the left- and right-handed field respectively, while
b, = (eL,,uL,TL)T and g = (eR,MR,TR)T are the charged lepton fields, and finally vy =
(z/eL,yuL,yTL)T is the left-handed neutrino field. Note that the mass matrix M, must be
symmetric, since neutrinos are Majorana particles, while M, does not have any special feature
so it must be represented through a 3 x 3 complex matrix. Respectively, the neutrino and
charged lepton mass matrices can be brought to its diagonal form through the following unitary

transformations . .
M, = Us M3 Ul and M, =V, MUl (2)

where My = diag (my, ,my,,m,,) and My = diag (m,,m,, m,). The neutrino masses m,,
are real and non-negative. In agreement with the singular value decomposition theorem, Uy
and Vy are the unitary matrices through which the Hermitian matrices MZMZ and M;Mg
can be brought to its diagonal form, respectively. The PMNS lepton mixing matrix has the
shape Upyng = UZUV [6]. Now, since one is working in a independent model framework and
without loss of generality, the charged lepton mass matrix will be considered with a diagonal
shape. In the charged lepton diagonal basis the U, unitary matrix is reduced to unit matrix,
consequently the PMNS matrix takes the form Upyng = U, which means that all information
about the leptonic flavour mixing comes from the neutrino oscillations. In order to find the
flavour symmetry hidden in the neutrino mass matrix is necessary to apply the following CP
transformation of the left-handed neutrino fields to the lepton mass terms [7]

vr () = iX,7°C 172— (xp) , (3)

where X, is a unitary matrix acting on family space, C is the charge conjugation matrix, and
xp = (t,—x). If the neutrino mass matrix satisfies the relation

Mi = XIMVXV = M, = XLXIMVXVX;, (4)

the corresponding mass term in the Lagrangian, eq. (1), is invariant. The second expression in
the last equation means that one flavour symmetry transformation is equivalent to successive
application of two CP-transformations [7]. From egs. (2) and (4) we have

Uj; Xy Ui — einlﬂ-diag (]_’ ein217r’ ein317r) , (5)

where n9; = no — ny and ng; = ng — nq with n; elements of natural numbers. The phase factor
e"™T™ can be absorbed by neutrino fields, so there exist four possible combinations of signs, which

can be expressed as
(X,); =U,d; U}, (6)

where d; = diag(1,—1,-1), do = diag(1,—1,1), d3 = diag(1,1,—1), and d4 = diag(1,1,1).
From eq. (5) or (6) it is easy to conclude that the residual flavour symmetry of Majorana
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neutrinos mass matrix is the Klein group, namely Zs ® Z3. A direct consequence of eq. (6)
is that X, = X. Therefore, the X, is a unitary symmetric matrix. Applying the Takagi

factorization to X, matrix, the eq. (6) can be written as O, = O} or O] = Ol, where
0, = £7U, diag (e*i%’r,e*i%”,e*i%”) 8, 9]. Also, 0,0}, = 0,0 = I, where I is the
unit matrix. So it is very easy conclude that O, matrix is a real orthogonal matrix. In this
context the lepton flavour mixing matrix takes the shape [8, 9]

Upuns = U, =3%,0, Q,, (7)
where
CoC3 C9S3 S9
O,, = —C38182 — C183 C1C3 — 515283 C2S81 (8)
8183 — C1€352 —C381 — (15283 C1C2

. Mo _ym2 . _.n3 .
and Q, = diag (e 2T et 2T e 2 ”). Here, ¢; = cos#; and s; = sin 6;.

3. Generalized 1 — 7 symmetry
Here a generalized p — 7 reflection symmetry is proposed, defined as [8, 9]:

) (B . =0, B=0, v= .
X, = 0 ¢Pcos® e 2 sin® % 0 0 sk |, (9)
i ( ) . =tz .
0 5 sinO®  ecosO : 0 i 0

where k = +1, the phase factors a, 3, v, and the angle © are real parameters. In the particular
case of having @ =0, 8 =10, v =0, and © = £7, the X,, matrix is reduced to standard p — 7
reflection symmetry [5]. The Takagi factorization of X, matrix has the shape

'3 0 0
3, = 0 €Zcos® ieizsin® |. (10)
0 icl2sin® €' cos®

If the X, matrix has the form given in the above expression, the relation between flavour
mixing angles and the entries of the lepton mixing matrix, eq. (7), are:

2
sin? 619 = 1'782‘ 7= sin @3, sin?63 = \Ueg|2 = sin? 6,
—|Ue3
(11)
. Uysl?
sin? fg3 = 1|_|’£[3‘3|2 =1 (1—cos©cos26;).
€

The phase factors associated to CP violation are determined through the Jarlskog invariant
Jop = Im{UU3UsU,0 } and the invariants I, = Zm {UZU;2} and L, = Zm {U%U:2}. The
explicit form of these phases are [8]:

sin © sign[sin 05 sin 2603] ¢12 _ na

: _ _n
sindgp = T con? Oco? 28, 2w and @13 = 5w (12)

Here, dcp is the Dirac-like phase which is involved in the neutrino oscillation. Therefore, this
phase can be measured in the long baseline neutrino oscillation experiments. On the other hand,
¢12 and ¢13 are the Majorana phases which are involved in the neutrinoless double beta decay.
The PMNS mixing matrix in the standard parametrization has six free parameters, three angles
and three phase factors, while in the context of generalized u— 7 reflection symmetry this matrix
has just four free parameters, which are four angles. In our theoretical framework, we have no
authentic prediction for the lepton mixing angles and Dirac-like CP violation phase. However,
we have an important prediction for the Majorana phases. The ¢15 and ¢13 phases are CP
conserving and have a direct relation with the CP parities of the neutrino states [8].
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4. Neutrino oscillation in matter
A viable way of observing CP violation in the leptonic sector is through the differences in
the oscillation probabilities that involve neutrinos and antineutrinos. This difference in the
vacuum has the form [10]: AP,3 = P (vq — v3)—P (Vo — V) = —16 J,g sin Agq sin Agz sin As;.
Here, Ay; = Am%jL/(élE) and Am%j = m2 — m?,],, L is the baseline, F is the energy of
neutrino beam, and J,g is the Jarlskog invariant in its leptonic version, whose definition is
Jap = Im (Ua1U62U;2UEI) = +Jop. The positive sign correspond to a cyclic permutation of
the flavour indices e, u and 7, while the negative sign is for an anti-cyclic permutation.

The present long baseline experiments like T2K and NOv A as well as the proposed experiment

DUNE, are interested in the measurements of the parameters that govern the v, — v, oscillation.
In the vacuum, the transition probabilities P (v, — v.) and P (¥, — 7.) have the form [10]

P(V/L — Ve) 2Patm+2VPathPsolcos(A32+5CP)+Psola
P(ﬂ,u — ]76) :Patm‘{'QVPathPsolCOS(ASQ_5CP)+Psola

where \/Pagm = sinfogsin 260138in Azp and /Py, = cos a3 cos 013 sin 2015 sin Ay1.  Then, the
asymmetry between transition probabilities P (v, — v.) and P (7, — 7.) is given by

(13)

a - Py —ve) = P Uy — Ve) B 2v/ PatmV Psop 8in A3o sin dcp (14)
pe = =

P (v, — ve) + P (v — D) Patm + 2v/ Patm v/ Peol c0s Az cos dcp + Paol -

However, to make a realistic description of v, — v, oscillation in the long baseline experiments,
it is necessary to include the matter effects associated with neutrino propagation inside the
Earth. Then, the expressions for v/ Pam and /Py, in matter are [10]:

in (As; —al i L
\/ Patm = sin 093 sin 2613M A3z, /Pyl = costlazsin 2012 sin(al) Aoy . (15)
A31 —alL al

Here, a = GpN¢/ \@, where G is the Fermi constant and N, is the density of electrons. For
the earth crust the parameter a is approximately a ~ (3500km)~! [9]. The neutrino transition
probability, P (v, — v.), is obtained by replacing the eq. (15) into first expression of eq. (13).
However, for transition probability P (7, — 7.) we can not only make the previous substitution,
because the involved particles are the antineutrinos and we need make the change a — —a.
Therefore, we make the redefinitions v/Patm — v/ Patm and v/Pao] — v/ Psol, Where

. , sin (A1 + aL) B ) sin(al)
v/ Patm = sin fo3 sin 2613 Ay 1ol A3z1, /Psol = cos bz sin 2019 T Aoy . (16)

The antineutrino oscillation probability P(7,, — 7.) is obtained replacing the eq. (16) in second
expression of eq. (13). Finally, the asymmetry between transition probabilities P (v, — v.) and
P (7, — 7.) including matter effects takes the form

(Patm —Patm) +2v/Peot [ (v Patm =V Patm ) cos Aza cos 6cp— (v Patm++v/Patm ) sin Agz sin dcp|

Aye = .
me 2Psol+(Patm+Patm)+2 V Psol [( V Patm+ V Patm) cos A32 Ccos 6CP_( V Patm_ V Patm) sin A32 sin JCP]

(17)

In the context of generalized  — 7 reflection symmetry, the Dirac-like phase, atmospheric
mixing angle and © parameter that characterizes the X, CP transformation matrix, are related
each other through the expression

in©
sin? 6cp sin? 2093 = sin’©® = dcp =k 7+ (—1)k2 arcsin ,Sm ) (18)
Sin 2923
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Figure 1. The transition probabilities v,, — v, and 7, — 7., as well as the A,. and A,. asymmetries
for a energy of neutrino beam E = 1 GeV. Respectively, the left and right panels correspond to neutrino
oscillation in vacuum and matter. For a normal hierarchy in the neutrino mass spectrum, the atmospheric

mixing angle is taken within 30 range 0.393 < sin?6y3 < 0.643 [4].

The other neutrino oscillation

parameters are taken at their best fit point values: Am3; = 7.60 x 107° eV?, |[Am3,| = 2.48 x 1073 eV?,
sin? 015 = 0.323 and sin® 015 = 0.0226, while © parameter is 37 /8.
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where k12 = 0,1. This correlation allow us to obtain the value range of the Dirac-like CP
violation phase. In the particular case when the © angle is +m/4, the other two parameters, a3
and dcp, involved in the above expression are maximal. In agreement with the results of global
fits of neutrino oscillation data [4], a maximal atmospheric angle is disfavoured. Consequently,
the called standard g — 7 reflection symmetry is disfavoured. So, a non-maximal atmospheric
mixing angle makes that our generalized p— 7 reflection symmetry scenario be a good alternative
for the CP violation study. The explicit form of v, — v, and 7, — 7, transition probabilities,
as well as the asymmetry between these transition probabilities, are obtained by substituting
the second expression of eq. (18) in eqs. (13), (14) and (17). For instance, the P (v, — v.) and
P (v, — v.) transition probabilities in matter have the following explicit shape

P (v, = ve) = Pagm + 2V Pagm/ Pso1 cos (k1) cos <A32 + (—1)*2 arcsin (q;iggJ) + P,

(19)
P (7 = Ue) = Patm + 2v/PatmV/ Peol cos (k17) cos <A32 + (=1)*2*1 arcsin (;gggs )) + Psor -

In the Fig. 1 is shown the behaviour of v, — v, and v, — ¥, transition probabilities, as well as
Aye and A, asymmetries.

5. Conclusions

We proposed a generalized p — 7 reflection symmetry where the PMNS mixing matrix has four
free parameters only, in contrast with the six parameters in the standard parametrization. We
obtained that the “Majorana” phases have CP conserving values which are directly related with
the CP parities of neutrino states. On the other hand, the “Dirac-like” CP violation phase
is correlated with the f93 atmospheric mixing angle and © angle, which characterizes the CP
transformation X, matrix. This correlation has important implications for the long baseline
oscillation neutrino experiments T2K, NOvA and DUNE. For a review of the phenomenological
implications of our generalized i — 7 reflection symmetry for the neutrinoless double beta decay
and the leptogenesis see [8, 9].
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