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Abstract. Mixed spin 2D-nanoparticles (circle and square) with core — shell structure
consisting of spin 1/2 and spin 1 distributed in concentric and two alternate rings are
investigated by the use of the finite cluster approximation (FCA). In this approach, the state
equations are derived. The effects of the exchange interactions on the phase diagrams are
systematically discussed. A number of interesting phenomena have been found, in particular,
the transition temperature is not too sensitive of shell exchange interaction where the spins S
are strongly correlated.

1. Introduction

During the last few years, the research on magnetic nanomaterials such as nanoparticles, nanorods,
nanobelts, nanowires and nanotubes, have been attracting considerable attention, and considered the
most actively studied topics in statistical mechanics and condensed matter physics. The reason is due
to their promising applications in nanotechnology [1,2] such as permanent magnets [3], information
storage devices [4,5], biosensors [6] and some medical applications [7]. At present, the scientist can
produce such kinds of fine nanoscaled materials [8,9], and the magnetization of certain nanomaterials
such as y-Fe,O; nanoparticles has been experimentally measured [10]. In particular, magnetic
nanowires and nanotubes such as ZnO [11], FePt, and Fe;O, [12] can be synthesized by various
experimental techniques and they have many applications in nanotechnology [13,14]. They are also
utilized as raw materials in fabrication of ultra-high density magnetic recording media [15-17]. On the
other hand, the magnetic properties of a nanometric scale material depend highly on the size and
dimensionality of the nanomaterial.

From the theoretical point of view, Ising nanomagnetic systems have been studied by a variety of
techniques, including mean field theory [18-20], effective field theory with correlations [21-24],
Monte Carlo simulation [25-28], variational cumulant expansion method [29,30], and Green’s
function techniques [31].

Recently, the study of two sublattice mixed spin systems have become one of the actively studied
subject in the statistical physics. They are of interest for the following main reasons. The first one is
that they have less symmetry than their single-spin counterparts. The second one is that they are well
adapted to study a certain type of ferrimagnetism [32], and finally many new phenomena are observed
in these systems, which cannot be seen in the single-spin Ising model [33].

The aim of this paper is to investigate the mixed spin Ising nanoparticles. These latters, consisting of
spin 1/2 and spin 1, have two different shapes (circle and square). In particular, we study the effect of
the core and shell exchange interactions on the phase diagrams and the magnetizations. To this end,
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we use the finite cluster approximation (FCA) [34,35] within the framework of a single-site cluster
theory.

The outline of this work is as follows: in section 2, we present the model and the theoretical
framework. The state equations are derived. The main results and discussion are arranged in section 3.
Finally, the last section is devoted to a brief conclusion.

2. Theoretical framework

We consider two kinds of 2D-nanoparticles (circle and square), as depicted in figure 1. They are
consisted of the surface shell and the core. The surface shell surrounds the core. Each site is occupied
by an Ising spin where the 0 and S spins are distributed in concentric and alternate rings.
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Figure 1. Schematic representations of two 2D-nanoparticles. They represent the circle nanoparticle
(a) and the square nanoparticle (b). Atoms are denoted by o; (spin 1/2) and S, (spin 1).

The Hamiltonian of the system is given by

H = —]S.Z g;0; —J. Z SmSn — J1- Z 0iSm — J2. Z O0xSm (1)

(i.)) (m,n) {i,m) (k,m)

S; and o; are the Pauli spin operators with S=+1,0 and 0=%1/2. J; is the exchange interaction between
two nearest neighbor magnetic atoms at the surface shell. This latter is coupled to the next shell in the
core with the exchange interaction J,. J is the exchange interaction between spins S; in the core. J, is
the exchange interaction between the central site o; and the sites S; belonging to the first ring.

The method that we adopt in the study of the mixed spin Ising of nanoparticles (circle and square)
consisting of spin 1/2 and spin 1 described by the Hamiltonian (1) is the finite cluster approximation
(FCA) [34,35] based on a single-site cluster theory. We have to mention that this method has been
successfully applied to a number of interesting pure and disordered spin Ising systems [36,39]. It has
also been used for transverse Ising models [40-43] and semi-infinite Ising systems [44-48].

Within the core-shell concept, for the nanoparticle with a circle shape depicted in figure 1 (a), we
have to determine the magnetizations at each site in the core and at the surface shell. Indeed, we
denote by p,=<05>, m=<S> the magnetizations per site in the core corresponding to the central site ¢
and the site belonging to the ring consisting by spin S, respectively. At the surface shell of the system,
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we have to define two magnetizations w,=<0,;> and p,=<0,> which correspond to the coordination
numbers z=3 and z=4, respectively.

We split the total Hamiltonian (1) into two parts, H=H,+H’ where H, includes all parts of H
associated with the lattice site 0. In the present system, H, takes the form

Hog, = —[Js. (021 + 022) +].51]. 00 )
Hog, = —|Js- (011 + 012) + J1.(S1 + S2)]. 020 3)
Hog, = —[J2- 2821 Si]- 030 4)

Hos = —[J. (S1 + S2) + J1. (0114051 + 052) + J5.05]- So (5)

Whether the lattice site O belongs to ¢ or S-sublattice, respectively.

Using the framework of the FCA, we evaluate <0, >., <0,¢>., <035>. and <(Sy)">. (n=1, 2) the
mean values of 0, ,0,,, 03, (Sy)" for a given configuration c of all other spins (i.e when all other spins
0; and S; are kept fixed).

<0 0>, <0,0>¢, <030>, and <(Sy)">, are given by

Trd'l'(] (GI,O'eXp (_B'HOG'l))

(0'1,0)43 = Ty, (exp (—ﬁ-Hoal)) ©
_ Tray, (02,0-exp (—ﬁ-Hoaz))
(0-2'0)(: - TTC"Z,O (exp (—ﬂ_Hogz)) (7)

Trdg‘(] (0’3,0.8Xp (_ﬁ-Hoo'3)) (8)
TTq o(exp (—B-Hoo))

(Us,o)c =

T1s,(S5.exp (—B.Hos)) 9)
Trs,(exp (—B-Hos))

(S(?)c =

Here, Tr,, ( Trg, or) means the trace performed over o, (or Sy). As usual f=1/T, where T is the absolute
temperature. n=1,2 correspond to the magnetization and the quadrupolar moment respectively.
Therefore, the magnetizations at the shell and in the core are then given by

rd'l'o (Gl,O'eXp (_ﬁ'HOUl))
Tra'l’o (exp (_ﬁ'HOOj))

1 = (or0)e) = (- ) (10)

Ta2,0 (02,0-exp (_B'HOJz))
TTg,0(exp (—B.Hos,))

1y = ((G30)c) = (~ ) (1)

Tr0'3'0 (63,0'exp (_B'H00'3))

s = (osohe) = (Cma et Coen), (12
_ _ ,Trsy(So.exp (—B-Hos))

m = ((SO)C) - ( Trso(exp (—=B.Hys)) (13)
Trs, (S&.exp (=B.Hys)

q = (53)e) = (2l o), (14)

Trs,(exp (=B-Hos))
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where <...> denotes the average over all spin configurations. q is the quadrupolar moment. Performing
the inner traces in (10)-(14) over the states of the selected o, spin (S,), we obtain the following exact
relations

Uy = (%tanh [g{az. (02,1 + 02,2) + al.Sl}]) (15)
Uy = (%tanh E{sz- (01,1 + 01,2) +a;,.(5; + SZ)}]) (16)
Hy = (Ctanh [£{S, + 5, + S5+ 5, + S5 + 563 (17)

2 sinh[K{a;.(0,+05 1 +022)+03+a3.(S1+52)]}]
142 cosh[K{al.(al+02,1+az,2)+a3 +a3.(51+52)}]

(18)

m = (

2 cosh[K{ay.(01+051+05 ) +03+a3.(S1+52)}]
142 cosh[K{al.(al+02,1+02,2)+03+a3.(51 +5)}]

Whel‘e K=B.J2, OL]=J1/J2, azst/Jz and 0L3=J/J2.

q = (19)

Now, we have to average the right-hand sides of Eqgs. (15)-(19) over all spin configurations, within the
FCA framework. This latter has been designed to treat all spin self-correlations exactly while still
neglecting correlations between different spins. We can easily observe that any functions such as
f(o,5)and g(S) of 0 and S can be written as the linear superposition

f(0,9=fi+fo.0+f3.S+ f1.5%+ f5.0.5 + f¢.0.52 (20)
9(S) = g1+ 92.5 + g35.5? (21)

with appropriate coefficients f(i=1,...,6) and g(j=1,2,3). Applying this to all spins o; and S; in
expressions between brackets in Egs. (15)-(19), we obtain

2
> A 0:85,5%] (22)

2 2
nt
D> B [0issE] (23)

(k=j)

6-m 6 6
@30de= Y Y > > Cl[5:87 24)

n=0£=0 i=1 j=1

Jj#i

4 2 2-n 4 2 2
n,f
(So)e = Z Z Z Z DY oSSk (25)
p=0 j
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where [OiSj(Sk)z] denotes the term containing p different factors of o;, n different factors of S;, and €
different factors of (Sy)* with (k#j). [Sj(Sk)z] denotes the term containing n different factors of S;, and
¢ different factors of (S,)*. These factors are selected from sets {6,,0,,5,}, {6,,0,,5,,5,}, {S:,S,, S3.S4,
Ss5.56) and {0,,0,,03,04,5,,S,} for <0, >, <0, >, <030>. and <(S;)">., respectively.

For example:

n,t ,0,
e p=1,n=0, {=1: AP 6,85,,82 = A7 0,8,
n,l 2,1,1
* p=2,n=1,0=1: ng'j} 0:SiSk = B(1 31201025153
R _ _1. n, 2 _ 31 2
n=3 . L=1: Ci,j SLSJ = C(1'2'3)551525355

The magnetizations at the shell and in the core are given by Eqs. (15)-(19) using the expansions
(22)-(26). They constitute a set of exact relations according to which we can study the nanoparticle
with a circle shape. However, in order to carry out the thermal average over all spin configurations, we
have to deal with multispin correlations appearing via the right-hand side of Egs. (22)-(26). The
problem becomes mathematically intractable if we try to treat them exactly in the spirit of the FCA. In
this paper, we use the simplest approximation in which we treat all spin self-correlations exactly while
still neglecting correlations between quantities pertaining to different sites. This leads to the following
coupled equations

U = tp. (247 + 245.9) + m. A, + ui.m. A, 27)
Uy = Uy.(2B; + 4B3.q + 2B;.q%) + m. (2B, + 2B¢.q) + m.u?. (2B, + 2Bg.q) + 2. Bs.m?. ju; (28)

us = m.(6C; + 30C,.q + 60C5.q% + 60C,.q° + 30Cs. q* + 6C4.q°) + m3.(20C, + 60Cg.q +
60Cy.q% + 20C14.q3) + m®.(6C11 + 6C12.q) (29)

m = py.(Dy + 2D14.q + D31.q*) + 1. (2D1 + 4D14.q + 2D31.9%) + pz. (D + 2Dy1.q +

D32-q*) + m.(2D3 + 2D4.q) + py. pt5. (Ds + 2D15.q + D24.q%) + piz. 3. (Dg + 2D13.q +

Dy3.q*) +m.pu3.(2D; + 2D15.q) + py.m?. (D14) + piz. m?. (2D14) + pz.m?. (Dy5) +

Uity pz. (2Dg + 4D15.q + 2D53.q%) + m. piy. piy. (4D; + 4D1g.q) + m. iy 5. (2Dg + 2D16.q) +
M. i u3. (4Dg + 4D1o.q) + M.y fiz. 43. (2Dg + 2D30.q) + py.m?. pi5. (Dyg) + ptz. m?. 5. (D17) +
{1 Uz- pi3-m?. (2D17) (30)
q=(E; +2Es.q + E7.q*) + p5. (E; + 2E15.q + E32.q%) + iy ttp. (E; + 4E15.q + 2E55.9%) +
p1-Us- (E3 + 2E13.q + E53.q%) + pio. us. (2E5 + 4Ey3.q + 2E53.q%) + m%. (Eg) + m.yy. (2Eg +
2E15.q) + m.uy. (4Eg + 4E15.q) + m.us. REg + 2E19.q) + pq. i3 u5. (B4 + 2E14.q + E24.9%) +
fy- a3 m. (4E1g + 4E31.q) + mo . pi5. (2Ey; + 2E30.q) + M. 3. p3. (2E1g + 2E51.q) +
fy- o m?. (2E16) + . piz. m?. (Eq7) + php. 3. m?. (2E17) + m?. pi5. (Eqg) + m?. u3. py. p3. (Eys)

(31
The non-zero coefficients quoted in Eqgs. (27)-(31), are listed in the appendix.

If we substitute ; (i=1,2,3) and q into (30) with their expressions taken from (27), (28), (29) and (31),
we obtain an equation for m of the form

m=a.m+ b.m’+.... (32)
The second-order transition is determined by the condition a=1. For this reason, we neglect higher-

order terms in the magnetizations in (27)-(31). Therefore, the transition temperature is analytically
determined by the equation
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1= 2D3 + 2D4 qo + (Dl + 2D10.q0 + DZlqg) (A + ZB) +C. (DZ + 2D11.CI0 + Dzzqg) (33)

where q, is the solution of

qo = Ey + 2Es.qo + E7. 45 (34)
Eq. (33) means that the right-hand-side corresponds to the coefficient a in Eq. (32).

The magnetization m in the vicinity of the second-order transition is given by

m? = =2 (35)

The right-hand side of (35) must be positive. If this is not the case, the transition is of the first-order
and the point at which a=1 and b=0 characterizes the tricritical point.

To obtain the expression for b, one has to solve Eqs (27)-(31) for small w,, W, i3 and m. The solution
is of the form

q=qo+q1. 45+ qe.m*+ qz. pty. M+ qq. o.M + 5. fi3. M + qo. Uy U + G7. i1 U3 + G- [y [13(36)

After some algebraic manipulations, Eqs (27), (28), (29) and (36) can be written in the following
forms

w=A.m+D.m’+...... (37)
w=B.m+Em’+...... (38)
w=C.m+ F.m’+...... (39)
4=qotqo.m’ (40)

By substituting p,, W, i; and q in Eq.(30), with their expressions taken from (37)-(40), we obtain the
equation (32), where b is given by

b =D;.(2E + D) + D,.F + 2D4.q9 + Dg.A.B?> + Ds.(C.B? + 2A.B.C) + D,.(4A.B + 2B?) +
Dg.(4B.C 4+ 2A.C) + Dyy.(4qy-E + 4q9.B + 2qo.D + 2q9.A) + 2D141.(qo-F + q9.C) +
2D15.qo.A.B? + D;5.(4qy.A.B.C + 2qy.B?.C) + D14. (2B + A) + Dys5.C + Dyg.(2q¢. B* +
4qy.A.B) + D1g.(4qo.B.C + 2qy.A.C) + Dy1.(2q0.99. A+ q5.D + 2q2.E + 4q,. qo. B) +
Dy,.(qé.F + 2qg.q9.C) + Dy3.(q3.B%.C + 2q3.A.B.C) + Dy4.q3. A. B?
@1)

For the nanoparticle with a square shape depicted in figure 1(b), we define three magnetizations
Wi, Ko, Ws at the surface shell, three magnetizations (m; and m, at the second shell and p, at the center)
in the core, and two quadrupolar moments q; and q,. Using FCA, we determine all these quantities
from coupled equations, similar to those (Eqgs. (27)-(31)) written for the circle nanoparticle. They will
not be presented here.

3. Results and discussion
Let us introduce the magnetizations mg and m¢ at the shell and in the core as well as the total
magnetization per site my . Their expressions are given by

_ Hatup _ uztém _ 61 +6Uztuz+6m
Msp = 2 > me = 7 > mr = 19 (42)
for circle nanoparticle

_ Ui+2Uz+ U3 _ Ugtdmq+4m, _ 4u1+8uUyt+4uztust+amy+4a4m,
Mep ==—— me="—7y ; mr = 25 (43)
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for square nanoparticle

In this section, we study the effects of core and shell couplings on the phase diagrams of the circle
and square 2D-nanoparticles. In the following discussions, all interactions as well as the temperature
are normalized with exchange interaction J, between the central site and the sites belonging to the
outer boundary of the core. In the present work, we consider that the shells at the surface and in the
core interact with each other via the same coupling (J,=J,).

In order to examine the transition temperature of the shell and the core, we investigate the thermal
dependence of the magnetizations. Firstly, we can see from figure 2 and figure 3 that all
magnetizations (W, \l,, I3 and m) decrease to zero continuously as the temperature increases; therefore,
a second-order phase transition occurs. On the other hand, by analyzing the coupled equations (27)-
(31), we find that all magnetizations vanish at a unique transition temperature, which is solution of Eq.
(33). This behavior is observed for any strength of the Hamiltonian parameters as is shown in figure 2
and figure 3. Therefore, the shell and the core undergo a transition at the same temperature. Further,
we note from these figures that the core exchange interaction J has the effect of increasing the critical
temperature. In other words, the long-range ferromagnetic order domain becomes more and more
wider with increasing values of exchange interaction J. The same behaviors are also observed for the
nanoparticle with square shape.

Magnetizations

Figure 2. The thermal dependence of the magnetizations (p and m) for selected values of Js and J. (a)
circle nanoparticle and (b) square nanoparticle.
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Figure 3. The thermal dependence of the magnetizations at the shell m,, in the core m¢ and the total
magnetization m, for selected values of J; and J. (a) circle nanoparticle and (b) square nanoparticle.

In figure 4, we present in (T./J,,J/J,) plane the phase diagrams for circle and square nanoparticles
for selected values of the shell coupling J,. As seen in this figure, for fixed value of the shell coupling
J,, the transition temperature increases gradually with the increase of J. For relatively low strength of
this latter interaction, the transition temperature increases with J,. This dependence becomes less and
less sensitive for high values of the surface exchange interaction. In other word, for important values
of J the ferromagnetic order of the core coupling are dominant against the shell coupling J;, hence the
transition temperature of the system becomes independent of shell coupling J,. We note that this
behavior is more pronounced for the nanoparticle with a square shape. Indeed, the positive value of the
exchange interaction J rises the absolute value of lattice energy coming from the spinl-spinl
interaction, and then reinforce the longitudinal magnetization. Therefore it acts in favor of the order.
Thus the domain of the order state becomes wider and the transition temperature increases with J. On
the other hand, one should notice that the transition temperature of circle nanoparticle is greater than
the one of square nanoparticle. This is because the difference of the atomic arrangement, namely the
atomic arrangement in the circle is more closely packed than the one in the square. The similar
phenomena have also been observed in the phase diagrams of a nanowire and a nanotube [22].
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Figure 4. The phase diagrams in the (T./J,J/J,) plane of the two nanoparticles, (a) the circle
nanoparticle and (b) the square nanoparticle. The number accompanying each curve denotes the
value of J/J,.

4. Conclusion

In this work, we have studied the magnetic properties of the mixed spin Ising 2D-nanoparticles (circle
and square) formed by alternate layers of o and S spins using the finite cluster approximation (FCA)
within the single-cluster theory. Let summarize by stating the main results of this investigation.

Firstly, we have reported the effects of the exchange interaction between spins S and the shell
coupling on the phase diagrams, it has been shown that the increasing values of J; and J interaction
increase the transition temperature. This latter becomes not so sensitive of shell exchange interaction
where the spins S are strongly correlated.

Secondly, the thermal behaviours of the longitudinal magnetizations have also been examined. It
has been found that all sublattice magnetizations vanish at a unique transition temperature for any
strength of the hamiltonian parameters Therefore the shell and the core undergo a transition at the
same temperature.
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Appendix

The coefficients Ai(i=1,...,4), Bi(i=1,...,8), Ci(i=1,...,12), D;(i=1,...,24) and E;(i=1,...,24)
appearing respectively in egs. (27), (28), (29), (30) and (31), also the coefficients A, B, C, D,
E, F, qi, 92, 93, 94, 95, 96, 97, qs and qo are given by:

For abbreviation we consider new functions
flx) = % tanh (gx)

__ 2sinh(Bx)
Fl(x) - 14+2cosh(fx)

__ 2cosh(Bx)
F2 (X) - 1+2cosh(fx)

Al :f(]s)

1 1 1
A; = Zf(]s +J1) _Zf(]s —J1) +Ef(/1)

1 1
Az = Ef(]s +J1) +Ef(.]s —J1) —fUs)

Ay = f(]s +]1:~Qs) _f(]s _]1) - 2fUl)
Bl = f(]s")

1 1 1
B, = Zf(/s +J1) _Zf(]s —J1) +Ef(/1)

1 1
B3 = Ef(,s + /1) +§f(]s —J1) —fUs)

By=fUs+J)—fUs—J1) —2.f(1)
1 1 1
Bs = Zf(,s +2J1) +Zf(]s - 2J1) _Ef(]s)

Bs == fUs + 20,00 == fUs = 21) = fUs +J1) + 5 fUs = J) + £ 2J) =5 fUn)

1

By =+ fUs +2J0) + 3 fUs = 21) = fUs +J1) = FUs = J) + 2 £ Us)
By =2 fUs+.J1) = 5 fUs = 2J1) = fUs + J1) + FUs = 1. 25) = £ (2], 25) + 2f 1)
C1 = fUs2)

Cy=—fUz) +5f(2)

Cs =2fU2) = f(2)2) + 3 fB)2)
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Co=—2fU) +21(2)2) =2 f(3)2) + 3£ (4)2)
Cs =2 fUz) = 3f@22) + 22 F(3,) = 5 F(45) + £ (5],)

= =2 fU) + 5 f(2)2) = 2 f(3)2) + T f(4)2) — = f(5)2) + 5 (6],)
Cr=—2fU2) +5(J2)

Co =2 Uz) =1 f(202) + 7 £ (3)2) + 5 (4)2)

7 1 3 1 1
Cy = _gf(lz) + Ef(zlz) + Ef@]z) - Zf(‘Uz) + Ef(5]2)
Cio=2fU2) == f2]2) = = (3)2) + 2 f(4)2) = =f(5]) + [ (6])

5 5 1

€11 = gf(]z) - Rf@]z) + Ef(5/2)

5 5 5 1 1 1
€1z = _gf(fz) + ﬁf(zjz) + Rf(3]2) - gf(‘Uz) - Ef(Slz) + if(@z)

Dy = 1 1( /1"‘%]2)"‘%&(%]1 ]2)+1F1( Jit+3 ]2)+1F1( ]1—%]2)

D, = %Fl (;]1 + %]2) - %Fl (;]1 - %]2) + %F1 (%]1 + %]2) - 2F1 (%]1 - %]2)

Do= R+ +3n)+ R +30-30) 43R (J+3 L +30) 43R (J+ 31 —3),) -
Fo (-1 +30+20) — R (1 +20 = 20) = 3R (<] + 21 +202) = 3R (- + 20— 32,

Dy=— R (2143 +2 )+ R (20 +2 =2 ) 43R (2] + 2 i+ 2 02) +
3F (20 +5 h—202) —FE(—20+ 3+ 2 0) - B (—20 + 3 =2 ) = 3R (-2, +
E.]1+5.]2)—31!~"1(—2.]+5.]1—5.12)—2101(]+5.]1+5.]2)—2F1(]+§.]1—%.]2)—
6F (J+2 s +2.0,) —6F (J+3. i —5J2) + 2B (-] + 2 +2.,) + 2R (—) + 2.0, -
L 1) +6F (<] + 2 +3.00) + 6F (=] + 1.0 =2 15)]|

Ji+302) v B G h=302) =30 (G h+35.02) = 3R (5 h =5 .)2)

Fy

NIUJ

(
Fy ( (2-]1 - %-]2) -k (%-]1 + %-]2) +F (%-]1 - %-/2)

NIUJ

J1 +% ]2)
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D=2 R (+3n+i )+ +3h-20) R +2h+5) - F(J+2 0 -
2h)-F(+in+in)-F(+3n -2 n)+ R (- +5 0 +500) +
Fi(~J+3 =20,

Do=2|F(+3n+20) R+ -2 n)+ R +ch+50) - F(J+20 -
b)) -F(+in+i )+ R (+3n -2 0)-FR(-J+5h+502) +
Fi(~J+3 =20,

Do=F (J+2)i43.0) —F(J+3h—3.02) = 3R (J+3.Ji+5.02) = 3F (J +5 .1 —
2 h)=F (43 n )+ R (T + 3 n -2 0) 43R (<) + 5k +5.0) -
JACEENEENY

Do=2 R+ n+3 ) +B(+3n-20)+ R+ n+10)+ R (450 -
2h)+E (i n i)+ R (i -2 ) + R (- 45 a5 00) +
Fr(—J+5h—302) =20 (G +3.00) =2 (G =5 00) = 2R (3 h +5.0) -
2, (31 =5 2)

D=2 R+ n+3 )R+ n-20)+3R(J+3h+302) - 3R (J+20: -
2h)+E (24 g) - FE (2 -2 ) 43R () 43+ 502 -
3F (I +2h—20) = 2R G +3.00) + 2R (B =3 02) — 6F (S +2.02) +
6, (3= 502))

1

D=1 R +3n+3n)+ R +3 0 -20)-3R(+in+20)-3F (J+3.0, -

2 h)+ R (i) + R (T + 3 n 1) - 3R (<) + 5 k450 0) -
3F (T +2h =2 0) = 2R G +3.05) —2F (B =5 00) + 6F (S +2.02) +
6F, (5.1 —3.J2)|

D=2 R+ n+in)-RU+in-20)-R0+in+20)+R(J+20-
SJ) A FE (T + 345 0) =R (42 =5 D) = P (T #5045 002) +
Fo (<43 —302) = 2R (G +3.00) 4 2R (G =5 0) + 2R (3 h +5.0) -
2F, (3.1 —3.12))
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D=2 R (2743 n+3 )+ R (2)+3 0 -1 0) +F(2) 430 +2.0,) +
Fo(242 =3 0)+ R (-2 42 n+5. ) + R (-2 + 2, —-2.0,) +
Fo(-2) 42 +5.0) + R (-2 + 2 h—3.05) — 2 G +3.02) - 2R (3 -
L) 2 (4 2) 2 (L)

Dis== R (27 +3n+30n)-F(27+3 0 -10)+3R (2743 +1.0,) -
3R (2045 =2 ) v B (—2 0+ 2+ 2 0) - B (—20 + 20 =3 1) +
3F, (=2 +3. i +3.02) 3R (20 + 3 —20) = 2F, G +3.05) + 2R (g -
L) (b ) o (-2

D=1 |F (2] +3n+20)+F (20 +3 0 -2.0,) = 3R (20 + 2 +3.0,) -
3R (2045 =2 02) v B (—2 0+ 2+ 2 ) + B (—20 + 20 =3 0,) -
3F (=2 +3 i +3.02) 3R (2] + 3 h —20) = 2F, G +5.05) — 2R (B -
20)+6F (3.0 +205) +6F (30— 10

D=2 R (2] +3n+20) - F (20 +3 0 -10,) - F (20 + 3 +2.05) +
Fo(242 =3 0)+ R (-2 + 2 h+5.0) - R (-2 + 2, -1.0,) -
Fr(-2J 42 +5.0) + R (-2 + 2 h—3.05) — 2k G +3.02) + 2R (3 -
30) #2345 02) = 2R (5o =5 )

Dig=2.|F (27 +3n+50n)+ (21430 -20) - R (2] +2 i+ 02) -
Fo(242 0 -3.0) - R (-2 + 2 h+3.0) - R (-2 + 20 —3.0,) +
Fo(-2J 42 h+3.0) +F (-2 +2h—2.0) — 2R (J+ 30 +3.02) -
2 (J+2h =2 0)+ 2R (J+3. i +35.00) 4 2R (J+ 3 — 2 0) + 2F; (=) + 2 +
L) +eF (43—t 0) — 2R (<) 42+ 2 0p) = 2R (<) + 30— 10

Do=2 R (27 +3 n+5.0) R (21430 -2 )+ R (20 +2 i+ 02) -
F(242 0 -3.0) - R (-2 + 2 n+5. ) + R (-2 + 20 —3.0,) -
Fo(-2J 42 +3.0) + R (-2 42 —2.0) — 2R (J+ 20 +3.0) +
2R (J+2 =2 0) = 2R (J+3.h+500) + 2 (J+2 s —2.0p) +2F (—) + 20 +
2h) -2 (43 i) v 2R (T4t 42 0) - 2R (<] A2 -1 0)]
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Dyo=1.|F (20 +3 1 +2.0,) - 101(2]+3 Ji—2dp) = 3F (2420 +35.05) +
3R, (243 =2 0,) = B (=20 + 2., + 2 ]2)+F1(—2.]+§.]1—§.]2)+
3F1(—2.]+§.11+2.]2)—3F1( 2.j+2.]1—5.]2)—2F1(j+§.11+§.]2)+
2F, (42 =2 )+ 6F (J+ 3y +2.0) —6F (J+2 0 —2.00) + 2R (<1 + 3., +
2h)—2F (A2 —10n) = 6F (<] + 2+ 2 0) + 6F, (<) + 3.0y — 2.0,

Dp==F 27+ n+5n)+ R (21430 -2 )+ R (2042 +20) +
Fo (2420 =3 ) +F (-2 + 2 +5. ) + R (-2 + 20 —3.0,) +
(242 h+2 )+ R (-2 +2 -2 1) - 4R (J+ 3 +3.0) -
AR (J+3 =2 0) = 4R (U420 +3.00) —4F (J+5 =2 02) —4F; (<] + 2.0, +
Lh)—aF (I3 -10,) — 4R (<) 2+ 2 0) - 4R (-] 42 ]1—§])+
6F, (30 +3.05) + 6F (3 —2.05) + 6F; (3.0 +3.05) + 6F, (3.1 =3 .15

Dpr == [F (27 +3 i +3.0) - 1!~"1(2]+3]1 1]2)+3Fl(2]+1]1+§.]2)—
3F (27421 —3.05)+F (20 +2 h 42 0) - B (20 + 30 -2 0) +
3F, (=2J +3.Jy +5.J2) — 3F; (- 2.]+2.]1—5.]2) aF (J+3 0 +20,)+
AR (J+2h =2 0) = 12F, (J+3 i +5.02) + 12F, (J+3. 01 =3 .J2) -
aF (432 g) 4R (T 42 —30,) — 12F (<] + 5 h 2 0p) +
12F, () 4301 =3.02) + 6F (3 +2.02) = 6F (3 gy —2.0,) — 18F, (3.1 + 5.0 ) +

1

e, ()

Doz =R (20 +3 0 +2.0,) - F1(2]+3]1 L) -F (24302 0) +
Fo (20420 =3. o) +F (-2 + 2 h+5.0) - R (-2 + 20 —3.0,) -
Fr(-2J 420 +5.0) + R (-2 421 —3.00) 4R (J+ 30+ 02) +
AR (J+2 =2 0) +4FF (42 +3.0,) — 4R (J+ 5 — 5 J2) — 4F: (-] + 2.0, +
A A O RN A W A A G R A A B A G R WA WA
6F, (0 +3.05) — 6F (3 gs = 3.05) = 6F; (3. +3.05) + 6F, (3.0 =312

Doy =1 R (20 +3 42 0) 4 F (20 +3 0 -2.0,) = 3R (20 + 2 +3.0) -
3F (2045 =2 02) +R (~2 ) + 2+ 3 0) + B (—20 + 20 =3 0, -
3F (=20 +3 i +5.02) =3 (2] + 2 h —20) — 4R (T + 20+ 305 -

AR (J+3 =2 0) + 2R (J+3 i+ 5 02) + 12F, (J+3. 01 =3 .J2) -
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R (<4245 00) = 4R () + 3 =2 )+ 12F (<] + 5 h+5.00) +
12F, (=) +3 11—— J2)+6F (G2 0)+6F (3 —20) — 18R (G h+5.02) -
185, (31 =32

ElzéFz(g-h +%-]2)+§Fz(§-]1—%-]2)+ Fz( Jits ]2)"‘ Fz(%-h—;]z)

%-]1 —%-]2) —%Fz (%-]1 +%-]2) —%Fz >

1 1

(
E; = %Fz (%-]1 +%-/2) _%FZ (3-11 —%-]2) +%Fz (5-]1 +§-]2) —%Fz
(

Ev=2F, (3 +3.02) = 2B, (3 s —3.02) = 6F, (5. +3.02) + 6F (5.1 = 3.13)

Es== R +3n+30)+FB(+3 0 -1.0)+3R(J+3 n+2.0:) + 3R (J+3 )1 —
2 b))t E (i n i) v B (42 =2 ) 43 (<S4 2 +500) +
3F, (—+5h—202) — 2B, (G 2 0) = 2R (B =2 02) — 6F (5 h 202 —
6, (311 = 512)|

Eo=— R (20 +3 43 0) + B (2043 -2 ) 43R (20 + 2. i+ 2. 05) +
31?2(2]+1]1 1]2)+F2(—2.]+§.]1+§.]z)+F2(—2.]+§.]1—§.]2)+

3F, (=2 ] +2 i+ 3. 00) 43R (20 +2 =2 ) - 2R, Gy + 1.0 -

26 () = 68 (4 22) = (=)

1
2
E,=—. [F2(21+311+§.12)+F2(21+311 J2)+3F (2743 +1.0,) +
3F, (2] + 3 i =5.02) + Fa (—2) + 3. ) 43 12) Fy (-2 +2 11—5.12)
3F, (=2 +3.J1+5.J2) + 3 (- 2.]+2.]1—5.]2) 4k, (J+ 30 +5 ;) -
aF (J+ 2 =2 00) - 12F, (42 s +3.05) —12F, (J+ 2y — 2. 0) — 4F, (-] + 2., +
2 o) — 4By (<) + 2 =3 0p) — 2R (<) + 2y 42 0p) — 12F, (<) + 5.0y -
2 1)+6F, G+ 2 0) + 6F, (B =2 .00) + 18F, (3.1 + 5. 02) + 18F, (3.1 — 2.1, )]
=3[P

U+in+30)+RU+20—302) + R +50+502) + R (J+51 -
) (1+ i3 02) = E (T 43 =5 0) B (T 430 +502) -
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Eo=2|R(J+3hn+302)-F(+3n-20)+3R(J+3 h+3.02) 3R (J+3.J -
2 b)) =F (1432 ) + B (143 =2 0) = 3R (< 45 +502) +

3F, (=] +2. 0 -2.15)]

Eo=2|R(+3n+30k)-FRU+3n-30)-RU+in+20)+ B +10 -
b)) =F (4 in i)+ B (13— )+ B (-1 45045 02) -
B (=1 +3 0 —1.0)]

Ey=2 R (+3n+3 k) +R(+3h-20)-3R(+3h+302) - 3R (J+3 0 -
2 he)=F (4342 0) - B (143 =) 43R (<) 45 5 02) +
3F, (<] +2. 0 —2.15)]

Ep=2|R(+3n+3 k) +R(+3n-30)-RU+3n+20) - R +10-
2 h)+ B (4 in s )+ B (14— ) - B (-1 450+ 5 02) -
Fo(J 430 -300) =26 Gn+3.02) - 2B (G =2 0) + 2B, (S5 +202) +

2F, (3.0 2.0,

Eyz = i.[Fz (] +2.Jy +%.]2) ~F, (]+§-]1 —%-]2) t+F, (1+§-/1 +%-/2) - (“'%']1 _%']Z) +
B(~J+2 45 0) =R (T + 2 =5 02) + P (T + 5 45 0) = Fa () + 51 -
302) =20 (Gdi 4 5.02) + 25 (G =5 02) = 28, (501 + 5-02) + 2§ = 5 05|

Era=F(J43n+30) B (4300 =502) = 3R (J+5. i +5.02) +3F, (J +5 .1 —
32) ¥R (T it 5 0) — B (45 =502) = 3E (45 45 )
3F, (— 45 —202) = 2B, Gy 42 0) + 2 Gy —=5.05) 4 6F, (.1 +3 .02) -

1

6F; (5.1 —=.J2)

Es=3.R(+3h+30) - R +3n-20)-3R(+5h+50) 43+ S -

2 h)+ B (143 0) - B (143 =) = 3R (< 45 5 s) +
3F, (— 45 h =2 02) = 2B, G 42 0) + 2 B s = 5.05) + 6F, (1 +3 .02) -

6z (5 =312

Ei6 zé'[FZ (]+§-]1 +%']2) + B (]+§']1 _%']2) —F (]+%']1 +%']2) —F (]+%Jl B
s h2) B (T3t ) v B () 45 =5 d) ~ e (<) 45+ 0) -

>
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Fo(~J+5h—30) = 2B G +3) =2k G =3 0) + 2 (G +5.02) +
2F, (501 =3

Ey =i |R(+3n+3k)-FRU+in-310)+B(U+3n+20) - R +10-
ch)+ B (i n ) - B (14 =S )+ B (-1 45045 02) -
Fo(=J+5h—302) =2 Cntie) + 20 G =3 02) = 2R (G +5.02) +
2F, (501 =5

151,3:1i6.[1r2(2.]+3]1+112)+F2(2]+3]1 L)+ B (2045 ) +

Fo (2.7 420, - 12) Fo(-2)+2+42.0,) - F (20 +3h -20) -
Fo(-2+2 i +2.0) - B (-2 +3 ]1——]2) 2F, (J+ 3 +2.02) — 2R, (J +
Sh-30)- 2F2(1+2.]1+2.]2)—2F2(1+2.]1—%.]Z)+2Fz(—]+%.]1+%.]2)+

2F, (<] +2. 0 =2 Jp) + 2R, (<) + 2.+ 2 o) + 2Ry (<) + 30y — 2.0,

Elgzi.[Fz(Z.]+3]1+1]2) F2(2]+3]1—§])+3F2(2.]+%.]1+%.]2)—

3F, (2.0 +2. 0, - ]2) Fo(-2)+3 0 +20) +F (-2 +2 -2 1) -
(27421 +3.0,) + 3R (- 2.]+2.]1—5.]2)—2F2(]+§.]1+§.]2)+
2F, (J +2 ]1—5.]2) 6F, (J 45y +202) +6F, (J+ 21 —3.05) + 2R, (— + 2., +
Jo) = 2F (<] +2 0 =3 0) + 6F, (<] + 2. 42 05) — 6F, (<) + 3.y — 2.,

Ero=>|F (20 +2 1 +2 1)+ (20 +3 0 —2.0,) = 3R (20 + 3 +2.05) -
3F, (20 +3. =5 02) —Fo (-2 + 3+ 3. 00) — R (-2 + 2.0 —3.05) +
3F, (=2 +3.J1+5.J2) + 3F (- 2.]+2.]1——]2)—2F2(]+2.]1+2.]2)
2B, (J+2 =2 0) + 6F, (J 42 s +3.05) + 6F, (J+ 3.1 —5.J2) + 2B, (=] + 2. J1 +
Lh)+2R (<) 43 =1 0,) —6Fy (<) + 2+ 20,) —6F (<] + 10 =10

521=i.[F2(2.j+3]1+1]2) F2(2]+311—1]2)—F2(2.]+§.]1+§.12)+
Fo (2.7 +3.0, - 12) Fo(-2+2 42 0) + B (20 +3 -2 1) +
Fo(-2+2 0 +2.0) - B (-2 +3 ]1——]2) 2F, (J+ 3 +2.02) + 2R, (J +
E.]l—E.]z)+2F2(]+2.]1+2.]2)—2F2(]+2.]1—%.]2)+2F2(—]+%.]1+%.]2)—
2F, (=] +2. 0 =2 0p) = 2R, (<) + 3.+ 2 o) + 2Ry (<) + 3.0y = 2.0,
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By =R (20 +3 43 0)+ R (20430 -20) - R (20 + 3 h+3.0) -
F2(2.1+1.]1—1./2)+F2(—2.1+3.11+§.]2)+FZ(—2.]+§.]1—1.]2) Fy (-2 +
Skt ) B (-2 043 -2 g) — 4R (T2 n+30,) — 4 T+ 2 -5 ) +
F2(1+—.]1+—.]2)+4F2(]+5.]1—%.12)—4F2(—1+§.]1+5.]2)—4F2(—]+§.]1—

L L)+ AR (<A1 g,) 4 4R (< 2 =2 )+ 6F (B +10) +
G

3

6F, (2.1, —3.J2) — 6F, (;.11 +2.0;) = 6F (5 —3.02))|

523=§.[F2(2.j+§.]1+§.]2)—FZ(2.]+3.11—1.])+F2(2.]+1.]1+1.12)—
F2(2.1+1.]1—1.12)+F2( 243 i +3.00) - Fp (-2 42 =3 0) + B (-2 +
S hAd)—F (=20 430 - .]2)—4F2(]+5.]1+5.]2)+4F2(]+§.]1—§.]2)—
4F2(]+E.]1+E.]Z)+4Fz(]+5.]1—%.]2)—4FZ(—]+§.]1+%.]2)+4F2(—]+§.]1—
L 1) = 4R (<A g, H 4R (<] 2 =2 0) + 6F (B 410 -
6F, (3. 0s —2.0,) + 6F, (3. +2.0;) = 6F, (3.1 — 2.1,

E24:%.[FZ(Z.]+%.]1+%.]2)—FZ(2.]+§.]1—1.])—3F2(2.1+1.]1+%.]2)+
3F, (2 +3. =5 02) + o (-2 + 2+ 3. 00) — R (-2 + 2.1 —3.05) -
3F2(—2.1+§.11+§.]2)+3F2(—2.1+5./1—5.]2)—4F2(1+5.]1+§.]Z)+
4B (J+3 =2 )+ 2R, (J 43 +3.00) — 12F, (J+ 2 )y —2.0;) —4F, (=) +
ShAr ) AR (<142 =5 ) 4 12K, (<) 45y 2 ) — 12F, (<) 420, -
2 1) +6F Gt ) —6F G —20y) — 18F, (3.1 + 2 02) + 18F, (3.1 — 2.0,

A=[Ay + (24; + 245.q0). (2B, + 2B4.qo))-[1 — (241 + 245.q0). (2B; + 4B3.q¢ + 2B5.q3)] !
B = [A,.(2B; + 4B3.q¢ + 2B;.q3) + 2B, + 2Be. qol. [1 — (24; + 245.q,). (2B, + 4B3.qo +
2B7.q$)]7!

C = 6C, +30C,.q9 + 60C5.q¢ + 60C4.q3 + 30Cs. q¢ + 6Ce.q3

D =E.(2A; + 245.q,) + 2A5.q9.B + A,. B?

E ={2B¢.q9 + Ay.(4B3.q9 + 4B,.q¢.qo) + 2A,.Bs + A%. (2B, + 2Bg.qo) + B. (24, +
245.q0). 2Bs + 4B3.q9 + 4B;.qo. Qo + 4A,. By + 44,.Bg.q,) + (2B + 4B3.qo +
2B;.q3).(243.q9.B + A4. B?) + B?. (2B, + 2Bg.qp). (24; + 245.q9)%}.{1 — (24, +
243.q0). (2B; + 4B5.q + 2B;.q3)} 7t

F =20C; + 60Cg.qy + 60Cq.q& + 20C10.q5 + 30C,.q9 + 120C3.qq9. qo + 180C,. q9. g5 +
120Cs. qq9.q5 + 30Cs.q9. q0

20
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— Ep+2E15.q0+E22.95 — Ee
1 1-2E5—2E5.qq ’ 92 = 155284,
_ 258"'2518-‘10 _ 4E8+4E18'q0
43 = 1552k ’ 94 = T,p—
5 7.q0 1 2E5 2E7.Q0
— 2E9+2519.Q0 — 2E2+4E12.Q0+2E22.q5
95 = 1 2B —2E,44 ’ e 1-2Es—2E7.q
— E3+2E13.q0+E23.95 — 2E3+4E13.q0+2E23.q3
a7 1-2E5—2E5.qq ’ s 1-2E5—2E5.qq

Qo =q1.B*+q,+q3. A+ q4B+qs.C+qs.A.B+q;.A.C +qg.B.C
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