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Abstract. The micro-vibration from flywheel system, as one of the main disturbances, has 
restricted the effective use of high sensitive payloads in satellites. In order to suppress the low-
frequency line spectrum from the flywheel, a novel nonlinear vibration absorber (NVA) using 
Euler buckled beam is developed. The proposed NVA is attached on the supporting structure of 
the flywheel assembly, aiming to attenuate the line spectrum introduced by the flywheel in 
operation. A discrete multi-degree-of-freedom dynamic model, which includes the NVA, the 
flywheel and the supporting structure by taking into account of the gyroscopic effect of the 
flywheel, is built. The NVA is represented by a linear positive stiffness spring and parallel 
Euler buckled beams. The systematic dynamic equations with and without the NVA under the 
micro-vibration from the flywheel, respectively, are solved by using fourth-order Runge-Kutta 
method in time-domain. In addition, the effects of initial imperfection, oblique angle and 
damping coefficient of the Euler buckled beam on the vibration suppression performance are 
studied. The calculating results reveal that a typical nonlinear dynamic absorber for controlling 
the micro-vibration from the flywheel is constructed successfully based on the provided 
designing parameters of the Euler buckled beam. Compared with the vibration responses of the 
combined system with and without the NVA, it can be concluded that the NVA has better 
attenuation performance. The initial imperfection and damping coefficient of the Euler buckled 
beam exist optimum values, and with the increase of the oblique angle, the vibration 
controlling characteristics of the NVA have been improved. 

1.  Introduction 
The micro-vibration from flywheel, as one of the main disturbances, has severe influence on the 
characteristics of high sensitive payloads in satellites. A large number of studies have investigated the 
producing mechanisms of the micro-vibration from the flywheel. The researchers have conducted 
substantial studies on the flywheel in the field of empirical and analytical disturbance models in [1-5], 
and have presented a method to measure disturbing force and momentum by using a Kistler platform. 
According to the research on the producing mechanisms in [6, 7], interactions between the same two 
types of the flywheels [8] and the flywheel-supporting structure [9], the dynamic characteristics and 
the coupling mechanisms of the micro-vibration have been proposed. 

At present, some isolating devices, which have been used in micro-vibration suppression in 
satellites, exhibit limited effects on micro-vibration control due to the low frequency disturbances 
located in the vicinity of the turning frequency of the isolating system [10]. These low frequency 
disturbances are mainly originated from coupling resonances when the rotary speed of the flywheel 
equals to the natural frequency of spinning rotor considering the gyroscopic effects. 
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Comparing with the linear vibration absorber, the NVA exhibits some merits, such as absorbing 
vibrations over a broadband, high efficiency in vibration control, relatively small mass, and without 
the need for additional energy in [11, 12]. The designing frequency of vibration control devices in 
spacecraft need relatively broad spectrum due to strict restriction in the field of payloads’ weight, 
energy consumption, and complicated cases in the phases of launching and working in the orbit. 

In an author’s published paper [13], some comparison for the vibration controlling characteristics 
have been made between the NVA and an optimum linear vibration absorber under multi-frequency 
excitation, the performance of the former on broad frequency band is more excellent.  

To begin with, the models of a single flywheel and the flywheel-supporting structure coupling 
system are provided by considering the gyroscopic effect in this paper, respectively. And then a novel 
NVA is built by using the Euler buckled beam, and a discrete multi-degree-freedom dynamic model, 
which represents the flywheel-NVA-supporting structure system, is constructed. Thirdly, the non-
linear dynamic equations are solved by using fourth-order Runge-Kutta method under the excitation 
from the flywheel in time-domain. Finally, the effects of initial imperfection, oblique angle and 
damping coefficient of the Euler buckled beam on the vibration suppression performance are studied. 

2.  Dynamic modelling 

2.1.  The model of the flywheel 
Flywheel mainly includes three types of vibrational modes, that is, translation in axial direction, 
translation in two radial directions and rocking along radial direction. Due to the manufacturing error, 
flywheel exists imbalance during the operating process. Flywheel imbalance is generally the largest 
disturbance source and causes a disturbance force and torque when the wheel in operation. There are 
two kinds of flywheel imbalances, static and dynamic. Static imbalance results from the offset of the 
centre of mass of the wheel from its spin axis, and dynamic imbalance is caused by the misalignment 
of the wheel’s principle axis and the rotation axis.  

The simple analytical model of the flywheel is exhibited, as shown in Figure 1. The spring 
element kr/2 represents the supporting stiffness of the flywheel structure. The damping element cr/2 
represents the equivalent damping coefficient for the shaft and bearings. The parameter d represents 
the distance from the centre of the wheel for the stiffness and damping elements. The elements M and 
R represent the flywheel mass and radius, respectively. In addition, the symbols θ and φ represent the 
rotating angles along radial direction, respectively. And the coordinates x and y are the radial 
translation, respectively. 
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Figure 1. Schematic of the flywheel model ([2, 5]) 

For simplicity, it is assumed that θ,φ, x, y are all small values. Using the assumption of symmetry 
in the model, the dynamic equations of the flywheel can be expressed as follows: 
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where the torsional stiffness kθ=krd2, the torsional damping cθ=crd2, the radial moment of inertia 
Irr=MR2/2, the polar moment of inertia Izz=MR2/4. 

Static imbalance is caused by the offset of the centre of mass of the flywheel from the axis of 
rotation. It can be modelled by using a small mass, ms, placed at a radius, rs, as shown in [5]. The static 
imbalance is defined as Us=msrs.  

Dynamic imbalance is caused by angular misalignment of the principle axis of the wheel and the 
spin axis. It can be modelled by using two equal masses, md, placed 1800 apart at a radial distance, rd, 
and a distance h from the centre of the flywheel. The dynamic imbalance is defined as Ud=2mdrd. 

The systematic equations of motion which include the static and dynamic imbalance and the 
higher harmonics are governed by: 
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where the total mass of the flywheel t s d2M M m m   ,    2 2
d d s s2 sin 2 2m r m r t    . 

2.2.  The coupling model of the flywheel-supporting structure 
In practice, the flywheel is usually fixed on the aluminum honeycomb sandwich plate, as shown in 
Figure 2. The coupling model of the flywheel-supporting structure is also presented in Figure 2. The 
linear springs and the lumped masses are employed to express the dynamic characteristics of the 
supporting structure and the flywheel, respectively. 

The coupling dynamic equations of the flywheel-supporting structure are: 
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where Mt and Mm represent the mass of the flywheel system and the aluminum honeycomb sandwich 
plate, respectively. yt and ym represent the displacement of the supporting structure and the flywheel, 
respectively. kr represents the supporting stiffness of the flywheel structure and cr represents the 
equivalent damping coefficient for the shaft and bearings. km and cm represent the modal stiffness and 
structural damping coefficient for the fixed-fixed aluminum honeycomb sandwich plate, respectively. 
ft represents the external excitation. 
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Figure 2. Schematic of the flywheel-supporting structure coupling model 

2.3.  The model of the NVA 

The studied NVA is constructed by the negative stiffness beam structure, the linear spring and the 
lumped mass, which is shown in Figure 3. Four Euler buckled beams are used as a negative corrector. 
Meanwhile, a linear spring is fixed under the lumped mass which provides a relatively small stiffness 
to cancel the effect from the weight of the lumped mass. 
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Figure 3. Schematic of the NVA 

The horizontal position of the lumped mass is assumed to be the equilibrium state. The 
relationship between force and displacement of the NVA can be derived: 

3
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(5) 

where F is the restoring force of the absorbing system, kL is the linear spring stiffness, ha is the 
sectional height of the Euler beam, w is the sectional width of the Euler beam, ma is the mass of the 
NVA, g is the gravitational acceleration, Pe=EI(π/L)2 is the critical buckling load of Euler beam with 

hinged-hinged boundary, EI is the bending rigidity of the beam, γ=cosθ, 3
a 12I wh . k1=[(a-

b)/aγ](b2/2-2γ+6) and k3=(a-b)/aγ+[(a-b)/2γ3a+b/γ2a3](b2/2-2γ+6), 1 11k k    and 

3 3k k  , 2
L a1k L m g  , b=πq0/L and λ=Pe/kLL are the parameters defined for simplicity. 

2.4.  The model of the flywheel-NVA-supporting structure 

A combined model of the flywheel and the NVA on the supporting structure, as shown in Figure 4, is 
developed in order to investigate the effects of the NVA on the micro-vibration from the flywheel. 

  ma 

ac

Mm 

km cm 

ya 

ym

ft 
F(z) 

rk rc

Mtyt 

 

Figure 4. Schematic of the flywheel-NVA-supporting structure model 

The combined system equations can be obtained: 
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3.  Results and Discussion 

3.1.  Parameters for the calculations 

The flywheel parameters used in calculations are listed in Table 1. They are used to represent a typical 
flywheel, as shown in [4]. The relating initial designing values of the supporting structure and the 
NVA are listed in Table 2.  

Table 1. Parameter values of the flywheel model [4] 

Parameters Values Units 
Flywheel mass, Mt 5.9 kg 
Polar MOI, Izz 0.075 kg·m2

Radial MOI, Irr 0.063 kg·m2

Lateral stiffness, kr 5.24×106 N/m 
Imbalance radial distance, d 0.16 m 
Lateral damping coefficient, cr 0 Ns/m 
Static imbalance, Us 0.716 g·cm 
Dynamic imbalance, Ud 29.54 g·cm2 
Imbalance radial distance, rs/rd 0.16 m 

Table 2. Initial parameter values of the NVA and the supporting structure 

Parameters Values Units  
Mass, Mm 10 kg 

Main vibrator 
(Supporting structure) 

Modal stiffness, km 1.01×107 N/m 
Damping coefficient, cm 0 Ns/m 
Mass of the absorber, ma 0.1 kg 

Euler buckled beam 

Linear stiffness, kL 3×102 N/m 
Damping coefficient, ca 10 N·s/m
Initial length, L 0.02 m 
Initial imperfection, q0 1×10-3 m 
Young’s modulus, E 210 GPa 
Sectional height of the Euler beam, ha 1×10-4 m 
Sectional width of the Euler beam, w 1×10-3 m 
Initial oblique angle, θ 10 ° 

3.2.  Free oscillations 
Assuming that the initial values of the designing variables as follows: 

     m t a0 0 0 0y y y  
,    t a0 0 0y y  

,  m 0 3m/sy 
. 
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The free oscillations of the flywheel-NVA-supporting structure system are investigated by using 
the model in Figure 4. The responses of the flywheel-supporting structure with and without the NVA 
as shown in Figure 5 where the expressions in equation (6) have been calculated by using the fourth-
order Runge-Kutta method. For comparison the effects of the NVA on the dynamic performance of the 
flywheel-supporting structure system, it is assumed that the parameter cm equals to 0 Ns/m.  

Figure 5 displays the transfer of energy from the flywheel and the supporting structure to the 
NVA. In the case where the damping cm is not present and a beating phenomenon appears for the mass 
of the supporting structure and the flywheel, respectively, as shown in Figure 5(a) and 5(b). It can be 
found that the non-linear energy pumping occurs in the range of t=0s～0.5s, as shown in Figure 5(c). 
The energy pumping phenomenon corresponds to a controlled one-way channelling of the vibrational 
energy to a passive nonlinear structure where it localized and diminishes in time due to damping 
dissipation. In addition, the input energy from the main vibrational structure to the NVA should satisfy 
a specific threshold to excite the energy pumping phenomenon. It can be seen that the energy pumping 
phenomenon disappeared when the amplitude of the main vibrational structure smaller than a certain 
value at about t=0.5s, as shown in Figure 5(c).  

3.3.  Forced oscillations 
It can be seen that the disturbing force in radial direction when the flywheel rotates at 6000r/min 
(RPM) in time domain, as shown in Figure 6(a). And the Power Spectral Density (PSD) from the time-
domain flywheel disturbance data is plotted in Figure 6(b). 

The disturbance from the flywheel along radial direction as inputting load is exerted on the 
supporting structure. The calculating results from the components of the flywheel-supporting structure 
with and without the NVA are exhibited in Figure 7. It is evident that the responses of the supporting 
structure and the flywheel are suppressed due to using the NVA. However, compared with the results 
from Figure 6(c) and Figure 7(c), it can be seen obviously that the non-linear energy pumping do not 
appeared. The primary reason is that the transfer energy from the flywheel disturbance smaller than 
the previous case, refer to Figure 5. 

According to the previous analysing results in [13], the oblique angle, the initial imperfection and 
the damping coefficient of the Euler buckled beam are the key factors to determine the dynamic 
performances of the NVA. Thus, the non-linear energy pumping will be excited by changing the 
values above these three factors when keeping other designing parameters unchanged. 

The influences of the damping coefficient (cm=0Nm/s, 10Nm/s and 500Nm/s) on the dynamic 
characteristics of the supporting structure are plotted in Figure 8. The PSD of the supporting structure 
(ym) decreases with the increase of the damping coefficient above the first resonance frequency at 
about 16Hz. And when the damping coefficient equals to 500 Nm/s, the PSD exhibits the decreasing 
trend with the increase of the frequency. Apparently, corresponding to this damping coefficient value, 
the non-linear energy sink occurs, as indicated by the curves shown in Figure 8. 

Figure 9 and Figure 10 show the calculating results for different values of the oblique angle and 
the initial imperfection. Figure 9 reveals the PSD of the supporting structure for different oblique 
angle of the Euler buckled beam. Apparently, a smaller or a larger value (θ=5° or θ=15°) of the 
oblique angle leads to increase of the PSD.  It can be concluded that the oblique angle exists the 
optimum value in the field of vibration control. And the suppression effect of the NVA gets better with 
the increase of the initial imperfection, as shown in Figure 10. 
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Figure 5. Free oscillations with a non-null initial velocity of the primary structure,  

(a) ym with and without the NVA; (b) yt with and without the NVA; (c) ya. 
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Figure 6. Radial disturbance of the flywheel: (a) time histories; (b) PSD. 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-4

-2

0 

2 

4 
x 10-4

ym
(m

m
) 

time(s)

 

 
ym without NVA ym with NVA

(a) 

 

MOVIC2016 & RASD2016 IOP Publishing
Journal of Physics: Conference Series 744 (2016) 012127 doi:10.1088/1742-6596/744/1/012127

9



 
 
 
 
 
 

 

 

0  0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-4

-2

0

2

4
x 10-4

y t
(m

m
) 

time(s)

 

 

yt without NVA yt with NVA

(b) 

 

 

0  0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-4

-2

0

2

4
x 10-4

y a
(m

m
) 

time(s)

(c)

 

Figure 7. Responses of the coupling system under forced oscillations, (a) ym with and without the 
NVA; (b) yt with and without the NVA; (c) ya. 
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Figure 8. The effects on PSD of the primary structure for different values of cm. 
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Figure 9. The effects on PSD of the primary structure for different values of θ. 
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Figure 10. The effects on PSD of the primary structure for different values of q0. 

4.  Conclusions 
In this study, considering the influences of the gyroscopic and flexible modes of the flywheel and the 
coupling between the flywheel and the flexible supporting structure on the outputting disturbance, a 
dynamic coupling model of the flywheel-supporting structure is constructed. And then, a novel NVA, 
composed of a linear spring in parallel with the Euler buckled beam which function as a negative 
element, is provided. Based above these models, the fourth-order Runge-Kutta method are used to 
solve the dynamic equations of the flywheel-NVA-supporting structure. According to the calculating 
results, the following conclusions can be drawn. 

(1) The phenomenon of the non-linear energy pumping is excited when the initial velocity of the 
supporting structure exceeds a specific threshold, and the responses of the flywheel and the supporting 
structure are all suppressed evidently. And the non-linear energy sink disappears when the transfer 
energy to the NVA less than a limited value. 

(2) The NVA can absorb vibration energy from the flywheel and the supporting structure when 
the non-linear energy pumping is not excited due to the initial inputting value less than the threshold 
value. In addition, the energy sink can be excited by changing the values of the designing parameters 
of the NVA, for example, the oblique angle, the initial imperfection and the damping coefficient when 
the other parameter values keeping unchanged. 
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(3) Compared with the Power Spectral Density of the supporting structure for different values of 
the damping coefficient, the non-linear energy pumping is excited when the damping coefficient 
satisfies certain conditions. 

(4) The oblique angle of the Euler buckled beam exists an optimal value, and increasing the 
value of the initial imperfection of the Euler buckled beam improves the suppression effect. 
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