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Abstract.  We have developed an analytical dual-frequency model, which results in accurate 
dual-peaks of the ion energy distributions (IEDs) for the given control parameters. The model 
can analytically calculate and predict the IEDs dual peaks and energy width with necessary 
plasma parameters. This model can also predict the IEDs from dual frequencies’ drives at any 
voltage, the associated results are compared with particle-in-cell (PIC) simulations. The IED at 
a surface is an important parameter for processing in dual radio frequencies driven capacitive 
couple discharges. The computing model is developed for the IED in a low pressure discharge 
based on a linear transfer function that relates the time-varying sheath voltage to the time-
varying ion energy response at the surface. This model is in good agreement with PIC 
simulations over a wide range of dual frequencies driven capacitive couple discharge 
excitations. 

1. Introduction
Capacitive radio frequency discharges are widely used for thin film deposition processing of silicon 
and surface modification in the microelectronics industry. The ion energy distribution (IED) at the 
substrate surface is an important parameter in these processes. Since the IED is essentially determined 
by the sheath response, it is necessary to establish the relationship between the control parameters and 
the sheath response. It is valuable to develop an analytical model and particle in cell (PIC) simulations 
to better understand the physics of the discharge and more accurately predict the IED. Multiple 
frequency drives are often used to control the width and the average of the IED. The physics of IEDs 
in low pressure single frequency capacitive discharges is fairly well understood.[1–3] In some 
approaches,[4–7] simulations regarding dual frequency ion energy distribution study sheath 
parameters and conclude that it is possible to control the IED by varying the voltage of the low 
frequency drive. In another approach,[8] an effective frequency concept has been introduced for dual 
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frequency capacitive discharges to determine the width and average of the IED. The effective 
frequency takes the place of both frequencies and is dependent on the frequencies and voltages of the 
dual frequency drive. The IED can then be determined as for a single frequency discharge. Dual 
frequency discharges have drawn much attention due to their independent control of the ion fluxes and 
ion bombarding energies at the substrates. Semianalytical [9,10] models were developed to understand 
the mechanics in multi-frequency capacitive discharges to some extent. For both single- and 
dual-frequencies, research has been performed by experiments [11] and PIC simulations.[5] Analytical 
collisional sheath models with charge exchange collisions were developed.[12,13] A global model for 
capacitive discharges in the collisionless sheath model was proposed to understand bimodal for IED of 
single frequency capacitive discharge.[14] However, understanding the mechanics of multiple 
frequencies driven discharges is less than adequate. We have developed an analytical multi-frequency 
model, which results in accurate multi-peaks IEDs for the given control parameters. Incorporating 
Benoit-Cattin’s model [2] our model can analytically predict the IEDs from multi-frequency drives at 
any voltage with necessary plasma parameters. PIC simulations are used to verify this model. 

2. Theory analysis
Benoit-Cattin and Bernard2 analytically calculated the IEDs and DEi for single frequency drive, in the 
high frequency regime for a collisionless rf sheath, they assumed (i) a constant sheath width, (ii) a 
uniform sheath electric field, (iii) a sinusoidal sheath voltage, (iv) zero initial ion velocity at the 
plasma sheath boundary. For the high frequency regime, the ions take many rf cycles to cross the 
sheath and can no longer respond to the instantaneous sheath voltage. Instead, the ions respond only to 
an average sheath voltage and the phase of the cycle in which they enter the sheath becomes 
unimportant, resulting in a narrower IED. In this high-frequency regime, iEΔ was calculated
analytically for a collisionless sheath by Benoit- Cattin et al and found to be directly proportional to 
sV
~
、 sV ，and inverse proportional to hfω . Thus, as hfω  increases, the IED width shrinks and the

two peaks of the IED approach each other until, at some point, they can no longer be resolved (see 
figure 1). Therefore the expressions for the ion energy distributions function (IEDF- f (E)), and hfEΔ
at high- frequency are: 
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Figure 1. Bimodal IED high frequency (64MHz, 400V). 

For the low-frequency regime, the ions cross the sheath in a small fraction of an rf cycle and respond 
to the instantaneous sheath voltage. Thus, their final energies depend strongly on the phase of the rf 
cycle in which they enter the sheath. As a result, the IED is broad and bimodal, 
and the IED width iEΔ  approaches the maximum sheath drop. The two peaks in the distribution
correspond to the minimum and maximum sheath drops (see figure 2). The resulting expressions for f 
(E) and the lfEΔ  at low frequency are
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Figure 2. Bimodal IED low frequency (2MHz, 800V). 

For the dual-frequency(both high and low frequency) regime, according to Benoit-cattin et al assumed 
a sinusoidal sheath voltage tVVtV sss ωsin~)( += , the sheath voltage functions at dual frequency 
(2MHz800V, 64MHz400V ) showed in Figure 3, dual frequency (3MHz800V, 64MHz400V ) showed 
in figure 4, these figures showed that low frequency voltage of the sheath was modulated by high 
frequency voltages, so the IED of low frequency sheath voltage was respectively modulated by of high 
frequency sheath voltage. 
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Figure 3. the sheath voltage functions at dual frequency 
(2MHz800V, 64MHz400V ), low frequency (2MHz) voltage of the 
sheath was modulated by high frequency (64MHz) voltages. 

Figure 4. the sheath voltage functions at dual frequency 
(3MHz800V, 64MHz400V ), low frequency (3MHz) voltage of the 
sheath was modulated by high frequency (64MHz) voltages. 

From Eq. (4) we can see, for low frequency regime, the IED width iEΔ  is the max when sheath
voltage approaches maximum of peak value, maxEEi ΔΔ = , and the bimodal of the IED max width 

maxEΔ  is in accord with upper and lower limit of IED. More peaks are distributed between the upper
and lower limit due to high frequency IED width is small (see Eq. (2)), and its bimodal is repeatedly 
distributed on the low frequency most width bimodal. We obtain the expressions for the IED, )(Ef
and the energy width lfEΔ , for dual-frequency regime are:
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Where lfω is low radian frequency of dual-frequency, )( lfhf ωω >  is higher radian frequency
than lfω . lfEΔ  is the most width ion energy distribution relevant to low frequency, the width centre
is at sVe  with upper limit 2/lfs EVe Δ+ and lower limit 2/- lfs EVe Δ . hfEΔ  is small width ion
energy distribution relevant to high frequency, it distribute between upper limit and lower limit of 
IED. n represents integer ratio of hflf EEn ΔΔ= . tn  is the number of ions entering the sheath per
unit time. s  is the average sheath width, and sV  is the average sheath potential. We obtain the
mean sheath width s in terms of the mean sheath voltage sV  by using the collisionless
Child–Langmuir law 
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The ion current density in the sheath is given by 

BBsi unuenJ 061.0≈= (7) 
Where n0 is the bulk plasma density, ns is the ion density at the pre–sheath boundary and 

2/1)/( MkTu eB = is the Bohm velocity. This implies [1] 
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As the voltage drop across the bulk plasma is relatively small at low pressures, we let, rfV

~  is the
fundamental rf voltage amplitude applied to the electrodes. The time-averaged sheath voltage sV ,
which is also the ion kinetic energy per ion hitting the electrode, iε  is given by,[3] 

2~8.0≈2~ rfssi VVV ==ε (9) 
We illustrated the multi-peaks of IEDs for multi-frequency using the computational analytical model 
from Eq. (5), (6), (7), (8), (9), for dual frequency excitation with （ 22 ×= πωlf MHz,

800~ =rfV V， 642 ×= πωhf MHz, 400~ =rfV V, 0113.0=s m ） in figure 5, and
with（ 32 ×= πωlf MHz, 800~ =rfV V， 642 ×= πωhf MHz, 400~ =rfV V, 0113.0=s  m） in
figure 6. In order to the model is more truthful, parameter 0.6 instead of 0.8 in Eq. (9).  We also 
compared the model with semi-analytical [10], the IEDs peaks for the model are in accord with 
semi-analytical. 
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Figure 5.（Color online）Analytical, semianalytical, and PIC IEDs 
for dual frequency 2MHz - 800V, 64MHz - 400V. 

Figure 6. （Color online) Analytical, semianalytical, and PIC IEDs 
for dual frequency 3MHz - 800V, 64MHz - 400V. 

3. PIC Simulations
The simulations are performed using a one-dimensional particle-in-cell code XPDP1. [16] 

Starting from the initial conditions, particle and field values are sequentially advanced in time. The 
particle equations of motion are advanced one time step, using fields interpolated from the discrete 
grid to the continuous particle locations. Next, particle boundary conditions such as absorption are 
applied. The Monte Carlo collision scheme is applied for electron-neutral collisions. [17] Ion-neutral 
and neutral-neutral collisions are not considered here. Source terms, charge density ρ , and current
density J , for the field equations are accumulated from the continuous particle locations to the
discrete mesh locations. The fields are then advanced one time step, and the time step loop starts over 
again. The cell size xΔ , and time step tΔ , must be determined from the Debye length Dλ , and the
plasma frequency pω  respectively, for accuracy and stability: enTx eD /0ελ =<Δ  and
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mnet p 0
21- /) εω =>>Δ（ . Here, 0ε  is the permittivity of free space, e is the elementary charge,

and m is the mass of the lightest species (electrons). A violation of these conditions will result in 
inaccurate and possibly unstable solutions. After the simulation becomes steady state, the IED is 
collected over many cycles of the lowest frequency and normalized to unity. The PIC/MCC IED 
results are then compared with the computational analytical model. In the simulation, the discharge 
gap is L =0.03 m, consistent with typical processing applications. The gap width is divided into 500 
cells, max 8.0/ ≈Dx λΔ , and the simulation time step is 12-1063.7 ×=tΔ , max 08.0≈ptωΔ ,
Argon gas is used with p =30 mTorr, np2c=1E8, initial density of particles 3-15

0 m101×=n . These
parameters chosen are in order to resolve the Debye length and fulfill simulation stability criteria. The 
analytical result is shown as the dash line, semi-analytical result as the solid line and the PIC result is 
shown as the dash-dot line in figures 5, 6. As can be seen, the model predicts the 2 MHz/64 MHz (in 
figure 5) and the 3 MHz/64 MHz (in figure 6) dual frequency case reasonably well. We have similarly 
calculated the IEDs for other dual and triple frequency cases and find good agreement. The number of 
peaks and their energies are reasonably predicted.  

4. Conclusions
We have developed the computational analytical model for multi-frequency that result in accurate

multi-peaks of the ion energy distributions (IEDs) given the control parameters, which can analytically 
predict the IEDs multiple peaks and energy width with some plasma parameters provided. This model 
predicts the IEDs from dual frequencies drives at any voltage, the results are compared with 
particle-in-cell (PIC) simulations. The IED at a surface is an important parameter for processing in 
dual radio frequencies driven capacitive discharge. The analytical model is developed for the IED in a 
low pressure discharge based on a linear transfer function that relates the time-varying sheath voltage 
to the time-varying ion energy response at the surface. This model is in good agreement with PIC 
simulations over a wide range of single, dual, and even triple frequency driven capacitive discharge 
excitations. The present model neglects collisional effects in the sheath, which is the subject of future 
work.  
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