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Abstract. In this paper, we consider the coherent component of the electromagnetic wave field
inside random media. The subject of our interest concerns a random medium, consisting of a
statistical ensemble of different scattering species and artificial material structures developed
on base of dielectric or metallic resonant or non-resonant particles. The starting point of our
theory is the multiple scattering theory, the averaged electric field satisfies a Dyson equation
with a mass operator related to the effective dielectric permittivity of the homogenized
structure. Quantum multiple scattering theory has been transposed into this electromagnetic
case. We give a formal solution for the mass operator by introducing the T-matrix formalism.
We show that the T-matrix satisfies a Lippman-Schwinger equation. Then, we introduce the
Quasi-Crystalline Coherent Potential Approximation (QC-CPA), which takes into account the
correlation between the particles with a pair-distribution function. The mass operator includes
geometric effects, caused by resonant behavior due to the shape and size of particles, cluster
effects because of correlations between particles. Significant modifications of particle
scattering properties can be observed.

1.Introduction

The first intent of this paper is to discuss the relation between the Dyson equation for electromagnetic
scattering of heterogeneous random media and the effective dielectric constant which characterizes the
coherent part of an electromagnetic wave propagating inside a random medium containing metallic or
dielectric particles. In this paper we show that we can obtain a general expression of the effective
dielectric constant, which is the solution of a closed system of equations. In the high frequency limit
the expression includes the vectorial case generalization of the result obtained by Keller, which has
been derived, using a scalar theory. We obtain an important tensorial generalization of the notion of
effective permittivity. The description of electromagnetic waves propagation in random media in terms
of the properties of the constituents has been studied extensively in the past decades [1-19]. In most of
published works, the basic idea is to calculate several statistical moments of the electromagnetic field
to understand how the wave can interact with the the random medium [7, 9, 10, 11, 14, 15].

In the second section of this paper, we are concerned by the first moment which is the average electric
field. Under some assumptions, it can be shown that the average electric field propagates as if the
medium where homogeneous but with a renormalized permittivity, called effective permittivity. We
introduce the multiple scattering formalism, the Dyson Equation and the Mass operator. We discuss
the different hypotheses under which the effective medium theory is valid. The calculation of this
parameter has a long history which dates back from the work of Clausius-Mossotti and Maxwell
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Garnett [19]. Most of the studies are concerned with the quasi-static limit where retardation effects are
disregarded [17-24]. In order to take into account scattering effects, quantum multiple scattering
theory has been transposed into the electromagnetic case [5, 7, 9, 10, 11, 14, 15], but as a rigorous
analytic solution cannot be derived, several approximation schemes have been developed [5, 7, 10, 11,
14, 15, 25-36]. In section 3, we describe the Quasicrystalline Coherent Potential Approximation (QC-
CPA) which takes into account the correlation between the particles [12, 14, 25-28]. In this section we
examine the different steps to obtain the system of equations verified by the effective permittivity
under the (QC-CPA) approach. In section 4, we add some new approximations to the (QC-CPA)
approach which give us a tractable equation for the effective permittivity. The expression obtained
contains the low frequency limit of the (QC-CPA) approach. At this limit, the (QC-CPA) equations can
be written as a generalized Maxwell Garnett formula and are proven to be in good agreement with the
experimental results [13, 14, 37-39]. Furthermore, the formula obtained contains also the approximate
formula due to Keller, which has been derived in using scalar theory, but seems to be in good
agreement with the experimental data for particles larger than a wavelength [40], these results are
described in section 5. In section 6, we discuss the different results of this paper and the possible
extension to magnetic response of the theory of Dyson equation for multiple scattering in random
media with disordered high-index dielectric scatterers. This opens up the developing field of all-
dielectric nanophotonics which allows to control both magnetic and electric response of structured
matter.

2.Dyson equation and effective permittivity

In the following, we consider harmonic waves with e~ pulsation. We consider a disordered
ensemble of N » [ identical spheres of radius r; with dielectric function & (w ) within an infinite
medium with dielectric function €1(w ). The field produced at r by a discrete source located at ry is
given by the dyadic Green function E(fr ro,w) ,which verifies the following propagation equation:

V xV x 6(’!‘,1"0,&)) - EV(Tsw) Kga.ca(rv”'O:w) (1)
=6(r—ro)I
where Ky = w/c with ¢ the speed of light in vacuum and

N

ev(r,w) = a(w) + ) _[es(w) — 1 (w)] Os(r —15)

j=1
where ry, ..., ry are the centers of the particles and @ _ the spherical particle shape:

o _Jriaf ]| < 2)
OS(")—{O it (el > 7

The equation (1) has a unique solution if we impose the radiation condition at infinity. The multiple
scattering process by the particles is mathematically decomposed in introducing the Green function
G, ., which describes the propagation within an homogenous medium with permittivity £i(w),

which verifies the following equation:

VxVxG (r,ro,w)—ew) K2, G (r,ro,w) 3)
=6(r —ro)T

with the appropriate boundary conditions. In an infinite random medium, we have [14, 41, 42]:
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Gfo(r, ro,w) = [T +

vV i K1 ||r—mrol|
] c @

K? | dx|lr]
where [\'12 = 61(‘*‘) I\?,m,,

Using this Green function, we decompose the Green function E(T 70, w ) under the following form
[5,7,9,14,15]: ‘

G=G +G, V.G (5)
where the operator notation is used:
[A-B](r,m) = /d3 r1 A(r,m) - B(r1,70) 6)
The potential V' which describes the interaction b%ween the wave and the N particles, is given by:
V=> v, @)
Uy, (7,70, w) = (;r];z d(r — 7o) Uy, (r,w) ®)
U, (ryw) = [K2 — K3 Qa(r — )T )

with K_f = fs(w) Kﬁac . It is useful to introduce the T matrix defined by [5, 6,7, 19,12, 14, 15]:
G=G  +G-T-GY (10)

By iterating equation (5) and comparing it with the definition (10), we show that the T matrix verifies
the following equation: e —0  —
T — V + V . Gl . T
(1)
If we introduce the T matrix for each scatterer by:
tr, = Ur, + O, éio “tr, 12)

i

we can decompose the T matrix for the system in a series of multiple scattering processes for the

particles [6, 11, 13, 16]: N N N
— - - —m -
T:E t'ri‘i'é . g .t”'j.Gl 't"‘i+“' (13)
i=1 i=1 j=1,j#1

This T matrix is useful to calculate the average field < G > since we have:

<G>=G; +G;-<T>-Gy (14)

The equivalent of the potential operator V' for the average Green function < G > is the mass
operator 2 defined by the following equation:

<é>:§;’o—|—§fo-f-<@> (15)

As in equation (11), we have the following relationship between the average T matrix and the mass
operator:
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<T>=3+4+% -G, -<T>

or:

— — — — — —1
2=<T>-[I+GT°-<T>]

(16)

7)

The mass operator corresponds to all irreducible diagrams in the Feynman representation [5, 7,9, 11].

The equation (15) written in differential form is:
V x Vx < G(r,rg,w) > —€1(w) K2,. < G(r,rog,w) >

- /d3r1 S(r,r,w) < G(ry,70,w) >=8(r —r)I .

For a statistical homogeneous medium we have:

E(Ta 'l"1,(4)) = E(T — T, w)
< G(r,ro,w) > =< G(r —ro,w) >
Thus, we can use a Fourier transform:
Y(k,w) = / d®r exp(—ik - r) X(r,w)

G(k,w) = /d3r exp(—ik-r)G(r,w)

and equation (18) becomes:
[1k[2 (T - k) — €1(w) K2, I — S(k,w)| - < Glk,w) >=T
For a statistical isotropic medium, we have:
S(k,w) = S (||kl|,w)T — kk) + 2 (||k||, w) kk

with k = k/||k|| and then:

<Tlk,w) > = [Ik][2 (T ~ k) — e2(w) K2,,T ~ Sk, w)| B

I kk
1KI? = (e1(w) Ko + XL (K], w))

) ik
e1(@) K2, + S (TKI],<)

In the following, we introduce two effective permittivity functions €z and €e defined by:

o (11Kl w) K2, = €1(w) K2, + Z1(||k]],w)
el (j1kll, w) K2, = €1(w)K 2o + ) (| K], w)

and (26) is written:

(18)

19)

(20)

21

(22)

(23)

(24)

(25)

(26)

27)

(28)
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< G(k,w) >
~[r- . (29)
ez (11Kl W) K3, ] [[RI1? — €2 (11Kl w) K 2o,
N kk kk
ex(lkll,w)KZae  el(||K||,w)K2,,

The Green function can be expressed in the space domain by the following formulation:

<G(r,w) >

:/ d3k [T+ vV ] elkr
(2m)3 € (1Ikll, w) Ko | ||Rl[? — €2 (l1kell, w) K Zgc

+/ Bk l eiker eiker ] kk (30)
@m)3 | e ([kll,w) K2 el(||k||,w)E2,, | Il

After integration on the solid angle in equation (30) given by the expressions (Al) and (A2) in the
appendix, we obtain the expression:

<G(r
Yoo qK T oc Ko Klirll
1||7~||/oo (27r)2[ e (K, w)KW] K? — e (K,w)K3,, 31)
+oo 4K el K7l el Klirll 1
v ) [GL(K K (K, w)K;%J K

where we have supposed that €. (|lkl|,w) = €& (~Ilkl|,w) and el (I1k|,w) = el (=&, w) .
Using the residue theorem, we easily evaluate these integrals. However, we disregard the longitudinal
excitation, which are solutions of ¢ (1& w) = 0 and ef(K ,w) = 0 since we only consider the
propagation of the transversal electromagnetic field.

Furthermore, we see that the contribution of the pole K = 0 in the second term of equation (31) is null.
In fact, the dyadic VV operates on a constant as we have el & "Il = 1 for this pole. Hence, we
obtain the following expression for the Green function:

n

< G(r,w) >= Z [T+ IV{ZV
i=1 et

(32)

] G Keillr|
4n||r||

where K, ; are the roots of I{e i — €o (K eis CU) K 12,(,‘(3 , the roots verify the equation Im(K.;) >0
imposed by the radiation condition at 1nﬁn1ty. Sheng has called the roots K. ; the quasi-modes of the
random medium [9, 31]. If we only consider the root K. = K. j which has the smallest imaginary part
(Im(K, j) = mini{Im(K. ;)]) and then the smallest exponential factor in equation (32), we define the
effective permittivity by ¢, (u)) = (-'EL ( K., w) . The average Green function is then equal to the
Green function for an infinite homogenous medium with permittivity €. (w ):

<G(r,w) >=G, (r,w) (33)
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where

—00 — iKe||r||
G, (r,w)= [I+ VV] <

K2 | ax||r| (34)

Thus, the effective medium approach is valid if we omit the longitudinal excitation in the medium and
if the propagative mode with the smallest imaginary part is the main contribution in the development
(32).

3.The coherent-potential and quasi-crystalline approximations
Previously, we have shown how the mass operator is related to the effective permittivity. To calculate

the mass operator, we can use equations (13) and (17). However, we can improve this system of

equations, thus we rewrite the Green function development (5) by replacing the Green function
e o —
G, with G,

V.-G (35)
where we have introduced a new potential Vc :

N
=7 ~ 36
Ve = § Ve,r; 0
=1

Ve, (7,70, w) = (27r)2 d(r —ro) Ve r, (T, W)

(37)
’Eeu"'i (r,w) = [K.z - Ke2] 95(7' - Tz)I (38)
+[K? - K2|T.
As in the previous section, we introduce a T matrix:
G=G, +G. -T.-G (39)
which can be decomposed as following:
N N N
Te=) ter +), ter,  Go b+ (40)
i=1 i=1 j=1,j#1i
where we have defined a renormalized T matrix for the particles:
~ _ _ —oo ~
t(:,'r,- = Ve,r; + Ve,r; ° Ge . tc,ri (41)
We impose the following condition on the average field:
< G(r,w) >= G(r,w) (42)
or,
< Te >=0 (43)
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considering equation (39). The condition (42) is the Coherent-Potential Approximation (CPA) [9, 11,
14, 25]. The expressions (43) and (40) form a closed system of equations for the unknown permittivity
g.(w). At the first order in density of particles, this system of equations gives:

N ~
Y <ter >=0 (44)
i=1

In Fourier-space, the T matrix for one scatterer verifies the property:

’tv(:,.,-z. (k|k0) = C_i(k_ko)‘ri £i,()(k|k0) (45)

where Te ois the T matrix for a particle located at the origin of coordinates. The average of the
exponential term, introduced in equation (44) with the equation (45), gives for a statistical
homogeneous medium:

N
<Y eritkrkorrs = N/d3r %c—i(’“—’““)" (46)
i=1
=n(2m)?6(k — ko) (47)

where we have defined the density of scatterers n = N/ ) with V the volume of the random medium.
The condition (44) becomes:

Ze,o(k0|k0) =0 (48)

This CPA condition has been used in several works [9, 31, 43]. It is worth mentioning that operator

te_r,. (k‘k()) is not the T matrix describing the scattering by a particle of permittivity e4(w)
surrounded by a medium of permittivity e.(w). To describe this electromagnetic interaction, the

operator (38) should have the following form:

Ve p, (T, w) = [Kf(w) - Kf(w)] Oy(r — )T (49)

However, we see that ’lAJJe,,-I. (’l" \ w) is different from the operator in equation (38), and especially
we have ’5():,,.'. (’l‘, w) = [[(]‘2 — K(Q]T for ||’I‘ -7 || > Ts ,which does not correspond to
definition (49), where q,.. - (T, w) — () when ris outside the particle.

Thus, te,'r.,; is a non-local operator and cannot be obtained from the classical Mie theory [3, 25]. To
overcome this difficulty, in some works [9, 43] te:’f‘-i, is replaced by the scattering operator of a
“structural unit”. Nevertheless, this approach does not seem to have any theoretical justification.
Hence, we prefer to use the more rigorous approach introduced in the scattering theory by disordered
liquid metal [28] and adapted in the electromagnetic scattering case by Tsang et al. [11, 14].

In this approach, the non-local term [ K f — K f]j is correctly taken into account by averaging
equations (39) where we use the correct potential 'Ee.r,- (7, w) , defined by (38). A system of
hierarchical equations is obtained where correlation functions between two or more particles are

successively introduced.
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The chain of equations is closed by using the Quasi-Crystalline Approximation (QCA), which
disregards the fluctuation of the effective field, acting on a particle located at rj, due to a deviation of a
particle located at r; from its average position [26].

This approximation describes the correlation between the particles, only with a two-point correlation
function g (T’ is T ) = g(| |7°i — Ty | |) . Under the QC-CPA scheme, we obtain the following
expression for the mass operator [11, 14, 25, 28]:

f(ko, CL)) = ’I’I,ée,o(kovﬁo) (50)
68,0 k kO = ze.o k kO
(Idg)"31 o(K| )_ B - 1)
+n (27T)3 h(k - kl) t(:,()(k|k1) : Ge (kl) ' Ce,o(kl |k0)
where —
ze,o - Eo:e,o + Ee,o : Ge : Ze,o (52)
Ve o(r,70) = (27)0(r — 70) Ve,o(T) (53)
Te,o(r) = [K7 — K7 O4(r)I (54)
and
h(r) =g(r) -1 (55)
h(k — k) = /d% exp(—i(k — k1) - ) h(r) (56)
G (k) = /d3r exp(—ik -7) G. (r) (57)
If we rewrite the potential (54) under the following form:
Beolr) = [K2 - K2 0,(r)T 58
where we have defined a new wave number K 32 =K 3 - K 12 + K (2 , we see that the
operator t e.o is the T matrix for a scatterer of permittivity € s — €Eg — €1 + € e in a medium

of permittivify € -Asdescribed in the previous section, the effective propagation constant K. is the
root, which has the smallest imaginary part, of the equation:

K=K+ %, (K., w) (59)

where the mass operator is decomposed under the form (24). Once the effective wave number K, is
obtained, the effective permittivity is given by:
_ 2 2 60
ee(w) _Ke/K'uac ( )
4.Some further approximations
Solving numerically the previous system of equations (50-60) is a difficult task. However, for the low
frequency limit of this system of equation, an analytical solution can be obtained and has shown to be

in good agreement with the experimental results [11, 14]. We have also to mention that the numerical
resolution of the quasicrystalline approximation without the coherent potential approximation has been
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developed [13, 38]. To reduce the numerical difficulties for this system of equations (50-60), we add
two new approximations to the QC-CPA scheme:
> A far-field approximation, for an incident plane wave:

E'(r) = E'(ko)e'™" (61
transverse to the propagation direction ki() :
Ei(ko) -ko=0 (62)

where ko = K, /230 and k:o . ko = 1, the scattered far-field, by a particle within a
medium of permittivity €.(w), is described by an operator 7(];; | ]Aco) . We obtain the following

equation :
G Kellrll_ .

E*(r) = Wf(klkO) - E' (ko) (63)

which verifies transversality conditions:

f(klko) - ko =0 ¢4)
k- F(k|ko) =0 (©5)
Moreover, the scattered field in the general case is expressed with the operator te,o by:
s _ 3 3., A® I i (66)
Eé(r)= | d°r1d°r2 G, (r,71) - teo(ri|r2) - E*(12)
Using the properties of th_e Green function in equation (66), we obtained the scattered far-field in
function of the operator te,o (k | ko) , and comparing the result with equation (63), we can write:
Ar F(k|ko) =(T — kk) (67)
teo(Kek|Koko) - (T — koko)

Our far-field approximation disregards the longitudinal component and the off-shell contribution in the

operator § e.0 ~and we write:
(K k| K ko) ~ 47 f(k|ko) (68)
= 47 (T — kk) - F(k|ko) - (T — koko)  (69)
where the last equality comes from the properties (64-65).

> A forward scattering approximation: for scatterers whose dimensions are large compared to a
wavelength, the magnitude of the scattered field is predominantly located in the forward direction
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(ie. |f(l::0 |I;30) | > |f(—];70 |];:0 )| ). With our forward approximation we only conserve _the
contribution of the amplitude of diffusion f ( k | kO) in the direction of the incident wave K .
Using the hypothesis (68), we can write:

teo(Kok|Koko) = 47 f(k|ko) (70)

~ 47 f (ko |ko) (71)

- = 47 (T — koko) f(Ke,w) (72)
F(Kew) = 2 $1(0) = 7 52(0) 73)

with S1(0) = S2(0) given by the Mie theory [3, 4, 44]. It is worth mentioning that the
approximation (71) is also valid for small scatterers (Rayleigh scatterers).

In this case, the scattering amplitude f (I%|l%0) does not depend on the directions of the incident ];:0
and scattered kK wave vectors, since we have:

te.o(klko) = teo(w)I (74)

From equation (67), we show that:
F(k|ko) = f(ko|ko) (75)

and we also obtain the coefficient ~f ( K., w) :

AT f(Keyw) = te,o(w) (76)
Furthermore, we see from equation (51), that for the order zero in density, we have:
C..(k|ko) = te o(k|ko) (77)

and the forward approximation (71) can be applied to the operator C_,(k|kq) in the limit of low
density. We will suppose that the forward approximation is valid for the operator whatever the order in
density and we write:

C. o (klko) ~ C. o(kolko) (78)
~ (T — koko) C2,(||kol|, w) (79)

With this hypothesis, only the path of type 1 in figure 1 is considered. This approximation also implies
that the operator 66,0(k|k0) is transverse to the propagation direction k) .
From the previous hypothesis and the QC-CPA equations (51), we obtain an expression of C,,(k|ko)

+4mn f(Kea w) m(kO) ' Ce,o(kOIkO)

(80)
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where we have introduced the notation:

T, (ko) = (T — koko) 1)
— d3k, = 5 \ =00 - . %
milho) = [ Gy hlko — i) - T (ko) - G2 (k) - Tuh) 82

Then, we have:
— _ . -1
Ceolkolko) = [T (ko) — 4mnf (K.,w)mi(ko)]

e (83)
I 1 (ko) 47 f(Ke,w) -
Using the classical properties of the Fourier transform, we obtain:
(ko) = T (ko) - / & e~k B(r) G (r) - T (o) (84)

where we have used the translation invariance of the Green function: E:O(T -1y = @Z" (r,70).
The Dyadic Green function has a singularity which can be extracted in introducing the principal value
of the Green function [13, 14,41, 45]:

— — 1 —
G, (r)=PV.G.(r)— 3K d(r)I (85)

where the principal value is defined by:
P.V./(l"‘ro G (r—70) - d(T0) (86)

= Iima_o/ d3r é:(r —10) - @(10).
Sa(r)

with (1) a test function and S, (") a spherical volume of radius a centered at r . This principal
value can be easily calculated, and we obtain [11, 14]:

K7 _
PV.Ge(r) = [(1— ! ! )I (87)

Anlr]| K[| K2
(1 3 3 )]
— — — - — rr| .
iKel[r]] — K2l

Using polar coordinate in the integral (84):

+o0
/(137“ ) :/ 7'2(17'/ d?7 (88)
0 47

and the integral on solid angles given in Appendix, we obtain the following result:

h(0)
3K2

m (ko) = [ m(KC)] T, (ko) (89)

with

+o0
(K = [ rdrp(Ken) o) - 0T on
0
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sin @ sinez  cosx
plx) = — = 5 — 3 \

A A A (91)

11 sinw 3 sinez  cosw

ir | a? T Tl a8 T2
where we have assumed | |k3() | | =K e because the mass operator (50) is evaluated with this
value in the equation (59) to obtain the effective permittivity. As the particles cannot overlap, we have
g(O) = () and then /‘L(O) = —1. With equations (59, 24, 50, 83, 89), we derive an expression

for the effective wave number K, :

drn f(Ke,w)
1 —drn f(Ke,w) (ﬁg — m,(]{e))

K2=K?+

92)

where the scalar m( K c) is defined by equations (90,91).
The scalar f( K., u_)) is the forward scattering amplitude: f(ko|ko) = (I — koko)f(Ke,w)fora

particle of permittivity €5 = €5 — €1 + € within a medium of permittivity &, . The relationship

between the effective wave number K. and the effective permittivity €. is given by:

93)

path 2

Figure 1. Two different paths which contribute to the mass
operator =(|[Foll; @) = nCeo(kolko)in the (QC-CPA)
approach. Only the path of kind 1 is taken into account in our
- forward scattering approximation (79).

5.High frequency and low frequency limits
In section 3, we have derived a general system of equation to obtain the effective permittivity. With
some approximations we obtain a system which can be solved more easily. We have derived [46] a
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general formulation for an effective permittivity for a layer of an inhomogeneous random medium
with different types of particles and bounded with randomly rough surfaces. We obtained an analytical
expression for Rayleigh-type scatterers for the low frequency limit. This formula is important because
it takes into account a broader model of nanoscale particles if we introduce the regularization
parameter [46] of the principal value of the Green function. This parameter is linked to resonances of
the considered scatterer. We are now going to show that the relation (92) that we have obtained
contains also the Keller formula [40] in the high frequency limit. This formula has been shown to be in
good agreement with experimental results for particles larger than a wavelength. The Keller formula
can be obtained in considering the QC-CPA approach in the scalar case [11, 14]. The equations are
formerly identical to equation (50-57) where the dyadic Green function

—0 _  VV] e Kellr=moll

S ero) = [T+ | o
has to be replaced by the scalar Green function:

eiKe||r—ro|| 95
GX(r,rg,w) = —————— 95)
(70 = i
Using equation (A1), the first iteration of the scalar version of equation (51) gives:
K?2=K?+4nn f(Ke,w

sin Ko7
K,

As was shown by Waterman et al [27], this development is valid if the following condition is verified:

(4m)2n|f(Ke,w)|? /K. < 1 ©7)

[g(r) — 1]eHem 4 ...

+oo
+ (47)% n? f2(Kg,w)/ dr
0

In the geometric limit, the scattering cross section O g for a single particle is in good approximation
givenby 0g >~ 2 7'('7”‘5
Lo . . . _ 8T £(7 2
As the cross-section is connected to the scattering amplitude by the relation 05 = =5~ |f (I( e, w) |
and as the maximum density is 717 = 1 / Vg »we see that for particles larger than a wavelength the
condition (97) is satisfied:
(Ar)n|f(Ke,w)|?/Ke ~1/K.rs < 1 (98)

The equation (96) has been derived by Keller [40] and this expression is in good agreement with
experiments for large particles compared to the wavelength. If we now use a Taylor development in

equation (92), we obtain: Kf _ Kf n (47r)2 n F(K,w)
1
2 2 42 99)
+ (47)* n® f*(K,,w) [3—1(2 +m(Kc)] 4.
This development is valid if the condition (97) is satisfied. In the geometrical limits, we can

approximate the function p( /K, r) in definition (90). For K.7 > 1 we have from equation (91):

sinx

p(z) ~ r>1 (100)

x
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The relation (99) becomes:

K? = K} +4nn f(K.,w)
(101)

1 to sin K. r .
2,2 p2 , e _ iKer
+ (4m)*n® f4(Ke,w) [3K§ +‘/0 dr - [g(r) —1]e

We see that equation (101) differs from the equation (96), only by the factor 1 / 3[&’3 , due to the
singularity of the vectorial Green function and this factor cannot be derived from the scalar theory
developed by Keller. We also notice that to solve numerically our new equation (92), we can utilize the
same procedure that is used for the original Keller formula (96) with the Muller theory. Therefore we
have derived a numerical tractable approximation to the (QC-CPA) scheme.

6.Discussion

The intent of this paper has been to establish a new formula for the effective dielectric constant which
characterizes the coherent part of an electromagnetic wave propagating in a random medium
containing disordered particles. The particles can be metallic, dielectric, spherical or non-spherical.
We have discussed the relation between the Dyson equation and the effective permittivity of the
medium. With this formulation, we have introduced the mass operator. The mass operator or self-
energy operator includes geometric effects, caused by resonant behavior due to the shape and size of
particles, cluster effects because of correlations between particles. The problem is solved if we obtain
an expression of the mass operator. For that, the relation between the mass operator and the scattering
operator is expressed. We give a formal solution for the scattering operator by introducing the T-
operator formalism. We show that the T-operator, or the scattering operator satisfies a Lippman-
Schwinger equation. This operator includes all the multiple scattering. Then we have introduced the
Quasi-Crystalline Coherent Potential Approximation (QC-CPA), which takes into account the
correlation between the particles with a pair-distribution function. This function describes the
correlation between two distinct particles. To simplify the numerical calculation of the effective
permittivity under the (QC-CPA) approach, we have added far-field and forward scattering
approximations to (QC-CPA) scheme. In the low frequency limit, our equation is identical with the
usual result obtained under the (QC-CPA) scheme and we have generalized the formulation for
Rayleigh scatterers by introducing near plasmon resonances. For particles whose dimensions are of the
order of wavelength or in the high frequency limit the expression includes the generalization, in the
vectorial case, of the result obtained by Keller. We obtained an important tensorial generalization of
the notion of effective permittivity. This technique of Dyson equation in wave multiple scattering by
spatially disordered discrete medium leads to a dielectric permittivity tensor. This expression of the
permittivity developed in this paper has been extended to random media with different types of
particles and bounded by rough surfaces [46]. This extended formulation of the effective permittivity
is then used to calculate the coherent fields and incoherent intensities scattered from a three-
dimensional disordered medium with discrete scatterers and randomly rough interfaces.

The authors [47] show the physical nature of diamagnetic property in the effective magnetic
permeability at coherent electromagnetic wave multiple scattering by statistical ensemble of
independent perfectly reflected non—magnetic small spherical particles. This observation is made with
the aid of the technique of Dyson equation developed in this paper for a random medium with
disordered particles.

Appendix

/ 27 e iko Il — g sin [[Ko| | ||| (A1)
ar 1ol [[=Il
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