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Abstract. A periodic system of coupled resonators is considered. It has a form of zigzag line. 
A band structure of the spectrum is studied. Solvable model based on the theory of self-adjoint 

extensions of symmetric operators is used. The position of gaps depends on the zigzag line 

angle. It opens a way to control the gap position by geometrical parameters. Particularly, it is 

possible to construct a system with predetermined gap position 

1. Introduction 

Chain structures constructed from micro- or nano-resonators are often used in optical systems. 

Particularly, it allows one to modify optical waveguides system by adding such a chain playing the 
role of a SCISSOR device [1]. In other application it ensures a photonic crystal property to optical 

waveguide system [2] (an analogous effect can be reached by using of periodically coupled 

waveguides [3, 4]). This system is also used for constructing optical delay line [5]. The property of the 
operator spectrum for the system allows one to use it for creation of biosensors having many 

advantages in comparison with another ones [6].  

One meets such systems in nanoelectronics too. An example of a chain of coupled conglobate 

quantum resonators (not unique but very interesting) is so-called nano peapod. It is a nanotube filled  
by a chain of fullerene molecules. There is a number of experimental works describing properties of 

such systems and the processes of its creation [7-12]. 

To describe the system, we use solvable model based on the operator extensions theory [13, 14]. It 
allows one to obtain the dispersion equation for the model operator in an explicit form. Particularly, 

our consideration is based on a variant of this approach known as a model of point-like window (zero-

width slit) [15 - 18]. We consider two-dimensional zigzag-like chain of coupled resonator (see Fig. 1) 

and describe its spectrum. Bands and gaps positions depend on zigzag angle. It gives an opportunity to 
control the gap position by geometrical parameters.  

 

                                                   
I.Yu.Popov is the corresponding author 

International Conference of Young Scientists and Specialists "Optics-2015" IOP Publishing
Journal of Physics: Conference Series 735 (2016) 012062 doi:10.1088/1742-6596/735/1/012062

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd 1



 

 

 

 

 

 

 
Fig. 1. Geometry of the system 

 

2. Model construction and spectral analysis 

First, consider two coupled two-dimensional identical resonators 0 1,   (disks) having common 

boundary point 01x . Let    be the orthogonal sum of the Laplace operators with the Neumann 

boundary conditions in 2 0( )L   and 2 1( )L  . Restrict the operator on the set of smooth functions 

vanishing at point 01x . We obtain symmetric non-self-adjoint operator with deficiency indices (2,2) . 

Its self-adjoint extension gives us the model of resonators coupled through point-like opening. The 

self-adjoint extension is a restriction of the adjoint operator. The domain of the adjoint operator 

consists of elements 0 1( , )u u  such that  

 0,1 0,1 01 0 0,1 0,1( ) ( , , ) ( ),u x a G x x k u x x   ,  

where 01 0( , , )G x x k  is the Green function for the resonator, 0k  is some imaginary number, 0,1( )u x  is 

an element from the domain of the Fridrichs extension, 0,1 01 0,1( ) bu x   . To construct the self-adjoint 

extension we should restrict the adjoint operator, i.e. to establish a relation between 1 1, ,b ,bo oa a . We 

choose the following (natural, see [17]) condition  

 1 1,o oa a b b     (1) 

As for the periodic system in question, we use the transfer-matrix approach (see, e.g., [19]) To find the 

transfer-matrix, let us consider one of the resonators (they are identical), say, 1 . A non-trivial 

solution corresponding to a value of the spectral parameter 
2k   has the form  

    01 01 11 11, , , ,G x x k G x x k   .  

Here plus and minus mark the right and left coefficients for the common boundary point. 

Correspondingly, 
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For the next point, one has (we take into account conditions (1)): 
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Hence, 
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Thus, one gets 
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Here M  is the transfer-matrix. Let us find its eigenvalues by solving the equation 
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The eigenvalues of the transfer-matrix are as follows. 
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It is known (see, e.g., [20], [21]) that  
2k  belongs to the continuous spectrum (band) of the model 

operator if  

1,2 1  .  

In our case, it means 
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or 

 
2 21 4g g G  .        (2) 

One can see that the left hand side of (2) does not depend on the form of the zigzag line. In contrast, 

the right hand side depends on the position of the disks touching points, i.e. on the form of the zigzag 

line  (zigzag line angle).  
 

Acknowledgments 

This work was partially _nancially supported by the Government of the Russian Federation (grant 
074-U01), by Ministry of Science and Education of the Russian Federation (GOSZADANIE 

2014/190, Projects No 14.Z50.31.0031 and No. 1.754.2014/K)), by grant MK-5001.2015.1 of the 

President of the Russian Federation. 

 

References 

[1] Heebner J E, Boyd R W, and Park Q-H, 2002 SCISSOR solitons and other novel propagation 

effects in microresonator-modified waveguides, J. Opt. Soc. Am. 19, 722–73 
[2] Popov I Yu, Trifanov A I and Trifanova E S 2010 Coupled dielectric waveguides with photonic 

crystal properties. Comput. Math. Math. Phys. 50 (11) 1830-1836 

[3] Melnichuk O P and Popov I Yu, 2005 Coupled dielectric waveguides: Variational estimations, 
J. Math. Phys. 46, 073501 

[4] Popov IYu 2002  Asymptotics of bound states and bands for laterally coupled waveguides and 

layers, J. Math. Phys. 43 (1), 215–234 

[5] Lenz G, Eggleton B J, Madsen C K, and Slusher L E, 2001 Optical Delay Lines Based on 
Optical Filters, IEEE J. Quantum Electron. 37, 525–532 

International Conference of Young Scientists and Specialists "Optics-2015" IOP Publishing
Journal of Physics: Conference Series 735 (2016) 012062 doi:10.1088/1742-6596/735/1/012062

3



 

 

 

 

 

 

[6] Boyd R W and Heebner J E, 2001 Sensitive disk-resonator photonic biosensor, Appl. Opt. 40, 

5742–5747 

[7]      Rotkin S V, Subramoney Sh 2006. Applied Physics of Carbon Nanotubes: Fundamentals 

of Theory, Optics and Transport Devices. (Berlin: Springer) 
[8] Wang Y, Zhang H J, Lu L, Stubbs L P, Wong C C and Lin J. 2010 Designed Functional 

Systems from Peapod-like Co@Carbon to Co3O4@Carbon Nanocomposites. ACS Nano, 4 (8), 

4753-4761 
[9]      Yang Y, Li L and Li W 2013. Plasmon Absorption of Au-in-CoAl2O4 Linear Nanopeapod 

 Chains. J. Phys. Chem. C  117 (27), 14142-14148 

[10]    Enyashin A N,. Ivanovskii A L 2010 Nanotubular composites: modeling of capillary 

filling of nanotubes of disulfide of molybdenum by molecules of TiCl4. Nanosystems: 
 Phys. Chem. Math. 1 (1) 63-71 

[11]    Krivanek O L, Dellby N,.Murfitt M F Chisholm M F, Pennycook T J, Suenaga K and 

Nicolosi V. Gentle STEM:ADF imaging and EELS at low primary energies. Ultramicroscopy. 
 110, 935-945 

[12] Abou-Hamad E. Kim Yo, Talyzin A.V., Goze-Bac Ch., Luzzi D.E., Rubio A. and Wagberg T. 

2009. Hydrogenation of C60 in Peapods: Physical Chemistry in Nano Vessels. J. Phys. Chem. 
C, 113, 8583-8587 

[13] Albeverio, S., Gesztesy, F., Hoegh-Krohn, R. and Holden, H. 2005 Solvable Models 

in Quantum Mechanics. 2nd ed., with an appendix by P. Exner. (Providence (RI): AMS 

Chelsea) 
[14] Pavlov, B. S. 1987 Extension theory and explicitly solvable models. Uspekhi 

 Mat.Nauk. 42 (6), 99 - 131 

[15] Popov I.Yu. 1992 The resonator with narrow slit and the model based on the operator 
 extensions theory. J. Math. Phys. 33 (11) 3794-3801 

[16] Popov I.Yu.. 2012 Operator extensions theory model for electromagnetic field-electron 

interaction. J. Math. Phys. 53 (6) 063505 

[17] Popov, I. Yu. 1990 Extensions theory and localization of resonances for domains of 
 trap type. Mat. Sbornik. 181 (10), 1366-1390 

[18] Popov I.Yu 2013 Model of point-like window for electromagnetic Helmholtz resonator. 

Zeitschrift Anal. Anwend. 32, 155 - 162 
[19] Anikevich A.S.. 2013 Negative eigenvalues of the Y-type chain of weakly coupled ball 

resonators. Nanosystems:Phys. Chem. Math. 4 (4) 454-549. 

[20] Duclos P., Exner P., and Turek O. 2008 On the spectrum of a bent chain graph, J. Phys. A: 
Math. Theor. 41, 415206. 

[21] Popov I. Yu. and Smirnov P. I., 2013 Spectral problem for branching chain quantum graph, 

Phys. Lett. A 377, 439–442 

 
 

 

 

International Conference of Young Scientists and Specialists "Optics-2015" IOP Publishing
Journal of Physics: Conference Series 735 (2016) 012062 doi:10.1088/1742-6596/735/1/012062

4


