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Abstract. An equilibrium problem for a two-dimensional homogeneous linear elastic body
containing a thin elastic inclusion and an interfacial crack is considered. The thin inclusion is
modeled within the framework of Euler-Bernoulli beam theory. An explicit formula for the first
derivative of the energy functional with respect to the crack perturbation along the interface
is presented. It is shown that the formulas for the derivative associated with translation and
self-similar expansion of the crack are represented as path-independent integrals along smooth
contour surrounding one or both crack tips. These path-independent integrals consist of regular
and singular terms and are analogs of the well-known Eshelby—Cherepanov—Rice J-integral and
Knowles—Sternberg M-integral.

1. Formulation of the problem

Let Q be a bounded domain in R? with smooth boundary 0, and let v be the straight-line
segment (0,2) x {0}, 7 C . Denote by g the set (0,1) x {0}, and consider the domain Q, = Q\7.
The geometrical setup is shown in Figure 1.

The domain 2, is occupied by an elastic material that obeys the linear Hooke law, and ~
corresponds to a thin elastic inclusion. We model a thin inclusion as a beam governed within the
framework of Euler—Bernoulli beam theory. The inclusion is delaminated on ’yar so that there
is a crack on the interface between two media, while the part 7 \ 7o is adhered perfectly to the
elastic body.

The equilibrium problem reads as follows [5]. We want to find a displacement field
u = (u1,ug), astress tensor o = {0y}, i,j = 1,2, defined in €, and thin inclusion displacements
v, w defined on  such that

—dive=f, o—Ae(u)=0 in Q,,
V1111 = [022] on 7,
—w711 = [0’12] on -,
u=0 on 99,
vt =v111 =w1 =0 for x1=0,2,
[ul] =0 on 7\,
V=1Uy, W=U; On v,

+ +
099=0,0/5=0 on 7.
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Figure 1. Geometrical setup of the problem.

Here, ¢ = {e;j(u)} is the infinitesimal strain tensor, e;;(u) = 1/2(u;; + u;j;). The elasticity
tensor A = {a;;i} is assumed to be symmetric and positive definite, i.e.
ikl = Gjikl = Qklijs

aijki&ij€p > caij&ij,  &ij = &ji, ca = const > 0.
For simplicity, we assume that a;;,; are constants, and summation over repeated indices is
employed. We identify functions defined on v with the functions of variable x;. In accordance
with the positive and negative directions of the x5 axis, there are positive face v and negative
v~. Then the quantity [p] = p™ — p~ denotes the jump of p across v, and p* are the traces
of p on 4. Finally, f = (f1, f2) € C1(Q)? is the density of the applied body forces. The first
relations in (1) are the equilibrium equations for the elastic body €2, while the second relations
are the linear Hooke law. Equations (2) and (3) are the Euler-Bernoulli governing equations for
the inclusion «y. The right-hand sides of equations (2) and (3) represent the forces acting on =y
from the surrounding elastic media. The inclusion displacements coincide with the vertical and
the tangential displacements of the elastic body on v~ in conformity with (7).

The problem (1)—(8) admits a variational formulation. Indeed, let us introduce the space

Hb(9) = {u€ HY(@,,) | u=00n 00},
and the set of admissible displacements
K° = { (u,v,w) € Hjo()? x H*(v) x H'(y) |[v=1uy, w=uj on~y}.
Then problem (1)—(8) is equivalent to minimization of the energy functional
I(u,v,w) = % / oij(u)eij(u) de — / fiu; dx + ;/v?n dx1 + ;/wi dxq
Qv Qv ¥ v
on the set K° and can be written in the form of the Euler equation

(u,v,w) € KO, /Jij(u)sij(a) dr — / fitl; dx
Q'YO

2y
+ /U,llﬁ,ll dxri + /U}JU_}J dr1 =0 V(’L_L,l_),w) € K°. (9)
Y Y

Since the functional II is coercive and weakly lower semicontinuous on the set K°, equation (9)
has a (unique) solution.
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2. Regularity of the solution
We discuss local higher regularity of the solution (u,v,w) to the Euler equation (9). First
it should be noted that the H?-regularity of v inside 2, and near Jf) follows from standard
regularity theory for uniformly elliptic differential operators (see, e.g. [4]). We prove the following
statement.

Theorem 1. Let 20 € v\ {(1,0)} be any fixed point. Then there exists a neighborhood
S(z°) of the point x° such that the solution of (9) satisfies

ue H*(S(°) N Q)% ve HY (S Ny), and we H*(S(z%) N~).
The proof of Theorem 1 relies upon difference quotient approximations for weak derivatives.

3. Derivative of the energy functional

In this section, we present a formula for the first derivative of the energy functional with respect
to the perturbation of the crack ~g. The first goal of further considerations is to introduce
a small perturbation parameter into the problem (9), i.e. to consider a family of perturbed
problems depending on the parameter §. Let the transformation of independent variables

y="T5(z), x€Qy, ye,, (10)

describe the perturbation of the domain 2., where T5(z) = z + 6V (x), V(z) = (Vi(z), Va(x)),
and V € Wh(Q)2NW?2>(v)2. The perturbed domain Q, = T5(€,,) containing the perturbed
crack v5 = T5(o) for each fixed 6. The vector field V' is supposed to be compactly supported in
2 and such that v = T5(7y) and 75 C 7. Consequently, we have Q,; = Q\ 75.

We define the set of admissible displacements associated with the perturbed problem as
follows:

K% = {(u,v,w) € Hjo ()2 x H2(y) x H'(y) |v=uy, w=uj ony}.

As before, a unique solution of the Euler equation exists

(u‘s,vé,w‘s)GK‘s, /Uij(u‘s)eij(u)dy— /fluldy

s s

+ /’Ufsnﬁn dy1 + /wﬁw,l dy1 =0 V(’L_L,I_},Ui) S K(S. (11)
v Y

For the solution (u®,v°,w?) to equation (11), we can find the potential deformation energy

1 1 2 1 2
H5(uf5’ U(S’ w5) = 5 / Oij (u‘s)gij (ué) dy — / fzuf dx + 5 / <U§11> dyr + 5 / (wi) dy;.
Qs Qs ¥ ¥

The main question in this section is as follows: does the first derivative of the energy functional
with respect to the crack perturbation exist? More precisely, we refer to the existence of the
limit

H5 6 0 ,,0\ II
DyIl(u,v,w) = 5lim0 (0% w ()5 (u,v,w).
-+

and an explicit representation for it. The following theorem gives a positive answer to this
question.
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Figure 2. The integration path 95 surrounding the crack tip.

Theorem 2. The first derivative of the energy functional with respect to the crack
perturbation exists and equals

DyTl(u, v, w) = / (;diVVUij(u)aij(u)—Uij(u)Eij (g‘;;u>> d — / div(V f)us do

Y0 Y0

3 1
- / (2V1,1U,211 +Vinvnva + 2V1,1w,21) dxy, (12)
5

where the components of the transformed strain tensor F;; have the form

av 1 N
B <8x’u> =3 (wi Vi +uikVii), 4,5=12.

4. Singular path-independent integrals
Let us now consider some particular cases of choosing the vector field V' which will yield singular
path-independent integrals by means of transformations of formula (12). In all cases, we will
have to choose neighborhoods S and S; with smooth (Lipschitz) boundaries 9S and 0S;. In
what follows, we assume that the boundaries of the domains (57 \ S) N €, also satisfy the
Lipschitz condition and f = 0 in SN(2,. The path-independent integrals are meaningful due to
the regularity result from Section 2.

Let the support of a smooth function # lie in a small neighborhood S; of the point (1,0) and
6 = 1 in a neighborhood S of the point (1,0), S C S;. The path 0S intersects the axis 1 at
the points with the abscissae a and b as shown in Figure 2. Denote by n = (n1,n2) the outward
normal vector to 05. We choose the coordinate transformation (10) in the form

y1 = x1 + 60(x1,22), Yo = 2, (13)

where (z1,22) € Q, and (y1,y2) € Q,,. The vector field V is determined by the formula
V(z) = (6(x),0), and formula (12) can be rewritten as

1
D(970)H(u,v,w) = / (20710@(11)61']'(71) —aij(u)ui,ﬁ,j) dr — /(QfZ)J’U,Z dx
Y0 Y0
1
_ 5 / (39711),211 + 297111)7111)71 + 97110’21) dxry. (14)
v
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The formula (14) is an analog of the well-known Griffith formula for the energy release rate
associated with crack extension.
Let the map Jp : (0,2) — R be given by

1 1
Jp(z1) = 5’0,211(361) —v11v1(r1) + §w?1 (z1).

Integrating by parts in (14) and taking into account (1)—(8), we obtain the singular .J-integral

u7tip = / <—;Jij(u)aij~(u)n1 + aij(u)ui71nj> ds + JB(b) - JB(CL). (15)

a8

It is immediate from the construction that [Jip, does not depend on the integration path
0S (and hence on the points a and b). In other words, the singular J-integral (15) has the
same value for all closed curve surrounding the crack tip. The J-integral obtained consists of
two parts. The first is a regular part that coincide with the classical Eshelby—Cherepanov—Rice
J-integral, and the second is a singular part that depends on the displacement field (v, w) of the
inclusion at the points where the path 05 intersects the segment ~.

Let the coordinate transformation (10) have the form

y1 =21(1+00(x1,22)), 2 = x2(1 +60(z1,22)), (16)

where (z1,22) € Q,, and (y1,y2) € Q,,. In this case, the vector field V' is determined by the
formula V(x) = (210(x), 220(z)), and formula (12) can be rewritten as

ngﬂ(u,v,w) = / (;(xle)ylaij(u)sij(u) —Uij(u)ui,l(xlﬁ),j) dx — /(mlﬁfi),lui dx
Y0 Q’YO
1

-3 / (3(1’19)71’1)7211 + 2(3319)’111)7111)71 + (xlﬁ),lw?l) dzry. (17)

5

Let the map Mp : (0,2) — R be given by

3 1
Mg(w1) = 5 (@1 = Do (z1) + va(van = van)(@1) + Szaw] (@),
Integrating by parts in (17), we obtain the singular path-independent M-integral in the
equilibrium problem (1)—(8):

Mip = / <—;(mx1)0ij(u)5i]~(u) + Uij(u)ui’la:mj> ds + Mp(b) — Mgp(a). (18)
oS

The M-integral (18) consists of two parts. The first is a regular part coinciding with the
classical Knowles—Sternberg M-integral, please refer to [7], and the second is a singular part
depending on the displacement field (v, w) of the inclusion ~.

In spite of the fact that transformations (13) and (16) are different, the perturbed domains Q.
coincide for each fixed 6. Since the solution (u’, v, w?) € K? is unique, it follows that the values
of the potential deformation energy for the perturbed problems IT°(u%, v°, w?) are both equal
to each other. Consequently, the corresponding derivatives Dy oyII(u,v,w) and Dyyll(u, v, w)
and therefore two singular path-independent integrals Jijp, and My, are related through the
relationships

D(@,O)H(ua v, ’LU) = DJ:GH(U’ v, ’LU), \-7tip = Mtip-
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Figure 3. The integration path 95 surrounding the whole crack.

The next step is to discuss a situation when the integration path surrounds the whole crack.
Indeed, let a n be a smooth function with support located in a small neighborhood S; of the
segment 9. Moreover, = 1 in a neighborhood S of the segment ~g, S C S;. We assume
that the path 0S intersects the straight-line segment v \ 7y at the point with the abscissa d as
depicted in Figure 3. As previously, if f = 0in SN, then we can obtain the path-independent
M-integral in the form

1
Merack = Dopll(u, v, w) = / (—2(711961)@;'(“)82‘;‘(“) + Uz’j(u)ui,zﬂﬁmj> ds + Mg(d).  (19)
8

In this case, the path 0S is taken around the whole crack, and n is the outward normal to 0S.
The following interesting observation can be made in relation to (15) and (19):

u7tip = Mcrack .

In other words, one quantity Mg ;qc connected with the whole crack is related to another one,
namely Jiip,, associated with the crack tip only. A similar relation between the classical M- and
J-integrals was firstly found in certain special cases by Freund in [3].
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