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Abstract. Equilibrium problems for a 2D elastic bodies with thin Euler-Bernoulli and
Timoshenko elastic inclusions are considered. It is assumed that inclusions have a joint point,
and a junction problem for these inclusions is analyzed. Existence of solutions is proved, and
different equivalent formulations of problems are discussed. In particular, junction conditions
at the joint point are found. A delamination of the elastic inclusions is also assumed. In this
case, inequality type boundary conditions are imposed at the crack faces to prevent a mutual
penetration between crack faces. A convergence to infinity of a rigidity parameter of the elastic
inclusions is investigated. Limit problems are analyzed.

1. Setting of the problem

Let Q C R? be a bounded domain with Lipschitz boundary I'. Denote v, = (0,1) x {0}, 7 =
(1,2) x {0}, v = 1 U~y U{(1,0)} assuming 7 C €, see Figure 1 Denote by v = (0,1) a unit
normal vector to v; 7 = (0,1), , = Q\ 7.

The domain €2, represents a region with an elastic material, 7;, and «y; are thin elastic Euler-
Bernoulli and Timoshenko inclusions, respectively, incorporated in the elastic material. This
means that a behavior of the inclusions is described by the Euler- Bernoulli and Timoshenko
equations.

Let B = {bijm},%,J,k,1 = 1,2, be a given elasticity tensor with the usual properties of
symmetry and positive definiteness,

bijki = bjirt = briij, 0,5,k 1 = 1,2, by € L>(Q),
bijriij€r > col€)® V& = &;j, co = const >0 .
Summation convention over repeated indices is used; all functions with two lower indices are
assumed to be symmetric in these indices. Let f = (f1, fo) € L?(£2)? be a given function.

We first provide a variational formulation of the equilibrium problem for the elastic body
with thin inclusions 7y, . A space is introduced

W = {(u,v,w,¢) |u € Hy(Q)? (v,w) € H'()*,v € H* (),
Y E Hl(%); v =1y, w=1u;onvy; vy(l—)+p(l+) =0}

with the norm
[ (w, v, w, )5 = HUHE&(Q)Q + 11w W) 1 F 2 + 10112y + 100 F (-
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Figure 1. Elastic body with thin inclusions

Here, u = (u1,us), u, = uv, u; = ur. The standard notations Hg(Q), H!(y), etc., are used
for Sobolev spaces. We identify functions defined on v with functions of the variable z; x = x1,
hy = %, (x1,22) € Q. For a simplicity, we write o(u)e(u) = 045(u)e;;(u).

The identity is considered

(u,v,w,p) € W, (1)
/ o(u)e(u) — / fu+ / Vga Uz + / W,y + (2)
. Qy eC g

+ [+ 90+ 9+ par) =0 V(@,0,0,9) €W
Yt
Theorem 1. The problem (1)-(2) has a unique solution.

We are able to provide a differential formulation of the problem (1)-(2). It is necessary to
find functions u = (u1,u2),v,w, , 0 = {0;},1,7 = 1,2, as follows

—dive=f,0—-Be(u) =0 in Q,,
Vpzxxr = [UV] on vp, —Wgyx = [OT] on 7,

_Ux:c_%c:[au], _Sozx+vg;+§020 on Ve,
(u, v, w, ) € Wi Vgpy = Vpp = wy, =0 forz =0,

Ot = W

J

we(1=) = we(14); vz + @ = Yz = w, =0 for z = 2,
—Vgzz(1=) = (vp + ©)(14); vaz(1—) = —pz(14).

~ o~~~ —~
D
e DD DD

oo

Here, ¢;;(u) = %(u” +uj;), 0y = 04jV;Vi, 07 = 04jVjT;, and [h] = kT —h~ is a jump of a function
h on 7, where h* are the traces of h on the faces y=. The signs 4 correspond to positive and
negative directions of v.

The function u = (uq, uz) describes a displacement field of the elastic body; functions w, v fit
to displacements of the inclusions v, v; along the axis x1 and axis xo respectively; the function
p describes a rotation angle of the inclusion ~;. Observe that a part of boundary conditions for
functions u, v, w, ¢ is included in the condition (u,v,w, p) € W.

Relations (3) are the equilibrium equations for the elastic body and Hooke’s law; (4)-(5)
are the Fuler-Bernoulli and Timoshenko equilibrium equations for the inclusions 7, and ~.
According to the condition (u,v,w,p) € W, the vertical (along the axis z3) and tangential
(along the axis x1) displacements of the elastic body coincide with the inclusion displacements
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at . The right-hand sides [o,], [0;] in (4), (5) describe forces acting on 7 from the surrounding
elastic media.

Theorem 2.  Problem formulations (3)-(8) and (1)-(2) are equivalent provided that the
solutions are smooth.

By (8) and the first relations of (6), (7), we can write a complete system of junction conditions
at the joint point (1,0):

w(l—) = w(l+), v(1-) =v(1+), vz(1-) = —p(1+),
Wy (1=) = wy(14), —vzz2(1=) = (Vs + ©)(1+), v2z(1=) = —pz(1+).

2. Delaminated elastic inclusion

Assume that the Euler-Bernoulli part 73 of the inclusion «y is delaminated, please refer to Figure
1. This means that a crack is located between 7, and the elastic matrix. To fix a situation,
the delamination is assumed to be at the positive side of 7. In this case, displacements v, w
of the inclusion 7, should coincide with displacements of the elastic body at 7, . In our model,
inequality type boundary conditions are considered at the crack faces to prevent a mutual
penetration between the faces.

Denote €, = Q\ 9, and introduce a set of admissible functions

K = {(U7ana 90) | u e Hll(Qb)Qa (an) € H1(7)27’U S H2(7b)7
© e H (y), uly- = (w,v), [u,] >0ony; va(1-) + o(1+) = 0},

where HL () = {¢ € H'(%) | ¢ = 0 on I'}. Notice that the inequality [u,] > 0 included
in the definition of K provides a mutual nonpenetration between the crack faces vbi. An
equilibrium problem for the elastic body with the delaminated Euler-Bernoulli inclusion -,
and the Timoshenko inclusion 7; can be formulated as follows. We have to find functions
u = (ur,u2),v,w,p, 0 ={045},4,j = 1,2, as follows

—dive = f,0—-Be(u) =0 in Q,, 9)

Vrsas = [0] 00 Y, gy = o] om 7, (10)

—Vze — Vo = [00], —Poz + Ve + =0 on 7, (11)
(u, v, W, ) € K Ugpy = Vg = w, =0 forz =0, (12)
we(1=) = w(14); vz + @ = Y = w, =0 for z = 2, (13)
of <0,05 =0, 0, [u,] =0o0nny, (14)

—Vgzz(1=) = (Vo + @) (14); vaa(1-) = —pa(14). (15)

As before, a part of boundary conditions is included in the relation (u,v,w,¢) € K .
Remark that the problem (9)-(15) admits an equivalent variational formulation. Indeed, a
solution (u,v,w, ) satisfies a variational inequality

/J(u)e(ﬁ —u) — /f(a —u) + /Uxm<77$z — Vgg)t+ (16)

Qp Qp b

—i—/wx(wx—wx) >0 V(u,v,w,)€K; (u,v,w,p) € K.

~
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3. Rigidity of Euler-Bernoulli beam goes to infinity

In practice, a solution of the problem (9)-(15) should depend on the rigidity parameters of the
elastic inclusions. In the model (9)-(15), these parameters were taken to be equal to 1. In this
section we introduce a rigidity parameter § > 0 in the Euler-Bernoulli equations of the problem
(9)-(15) and analyze its passage to infinity. For a fixed parameter §, we have to solve the
following problem: to find u?, v, w?, ¢°, o = {ij},i,j = 1,2, such that

—divo® =f,0° —Be(u’) =0 in Q,, (17)
51}2:{:3@17 - [O’i] on vy, — diV(CL(S’U}g) - [J?'] on 7, (18)
0 08— o0 O ) 5 _

Tx (1017_[ ] ngx—F’Um‘{'gD =0 on Yt (19)
u‘s,v‘s w‘s, € K, v =0 —wé—Oforxzo 20

( ()0 rxax xrx
Swd(1—) = wl(14); v2 + ¢® = @0 = wd =0 forz =2, (21)
ot < 0,027 =0, 05 [ul] = 0 on 7, (22)
_57):?::1:9:(1_) = (Ug + 805)(1+), 61}21(1_) = —goi(l—i-) (23)

Here, a’(x) = 1 on 74, and a®(x) = § on ;.
The problem (17)-(23) admits an equivalent variational formulation. A unique solution of
the variational inequality (with o(u®) = %) exists

(w00, w, %) e K, (24)
[otuheta—ud) - [ fa-u)+s / T (25)

+ [(60a = 98+ (084 )oa = 0l = )1
6. .0/ — ) o
—I—/a w) (g —wy) >0 V(u,v,w,p) € K.
v

Our aim is to justify a passage to the limit as 6 — oo in the problem (24)-(25).
Introduce a set of infinitesimal rigid displacements

R(w) ={p = (p1,p2) | plz1,32) = d(—22,21) + (d', d?),
(z1,22) € W}, d,d',d* € R,

and a set of admissible functions

u"}’t = (U},’U), u|7b_ = (PlaPZ) € R(’Yb)a p2:v(1) + @(1) = 0}

It can be proved that § — +o0,

u’ — uweakly in HE ()2, 0% — ¢ weakly in H'(v), (26)
v? — v weakly in HY(v), weakly in H*(y), vge = 0 in 7, (27)
w® — w  weakly in H'(v), wy =0 in 7. (28)
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Moreover,

(u,v,w,p) € Ky, /a(u)e(u—u) —/f(u—u)+ (29)
Qp

Qp

+ / {02(@s — 02) + (Vs + @) (B + & — v — Q)+

Fwy(Wy —wyz)} >0 Y(u,v,w,p) € K,.

The problem (29) admits an equivalent differential formulation: find displacements u =
(u1,u2), v, w, a rotation angle ¢, a stress tensor o = {0;},7,j = 1,2, and p° € R(v) as follows

—divo=f,0—Be(u) =0 in Q,, (30)

Vg — Pz = [Uu]a —Qpx TV + @ = 07 —Wgx = [O-T} on 7y, (31)
u” = p°, o <0,05 =0, 0 [u,] =0 ony, (32)
(u,v,w,0) € Kpj vy + @ = = w, =0 for x =2, (33)
o7+ (o)1) = (papa) 1)+ (31)

Yo
+((vz +©)p2)(1) =0 Vp = (p1, p2) € R(7)

Thus, the following statement can be proved.

Theorem 3. The solutions of the problem (24)-(25) converge to the solution of (29) in the
sense (26)-(28) as § — oc.

The model (30)-(34), or (29), describes an equilibrium state for the elastic body with the
rigid inclusion v, and elastic Timoshenko inclusion 7. The identity (34) provides equilibrium
conditions for the rigid inclusion 74, i.e. a principal vector of forces and a principal vector
of moments acting on ~;, are equal to zero. Indeed, denoting (ov)* by (¢!, 0?)* on fygt, the
condition (34) can be rewritten in the following form:

[1o'1= =00, [0 =~ + )0, (35)

Mo o

(0%~ (0"122) = (0. (36)

Yo

We can also write junction conditions included in the definition of K.:

w(l) = pY(1), v(1) = p3(1), p(1) + p3,(1) =0 (37)

and consider (35)-(37) as a complete system of junction conditions at the joint point (1,0).
Consequently, nonlocal condition (34) can be seen as a part of junction conditions at the joint
point (1,0).
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