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Abstract. The system of one-dimensional shallow water equations above the rough bottom
is considered. All its hydrodynamic conservation laws are found, and a group classification is
performed. A new conservation law additional to the two basic conservation laws is found. It
is shown that the system of shallow water equations can be linearized by a point change of
variables only in cases of constant and linear bottom profiles.

1. Introduction
In dimensionless variables, the system of one-dimensional shallow water equations above the
rough bottom has the form [1]

U +uty + 1z =0,

ne+[(n+h)ul, =0. (1)

Here y = —h(x), h(x) > 0 is the bottom profile, u = u(z, t) is the average speed on the horizontal
depth, and n = n(z,t) is the deviation of the free surface.

It was observed in [2] that the system of shallow water equations with the bottom profile
h(x) = —z can be linearized in characteristic variables. Later in [3], it was shown that in this
case the original system (1) can be reduced to the following form via a point change of variables,

Ur+ Nx =0, @)
Nr—XUx —-U =0,

this form can be seen as formally discarding the nonlinear terms in the system (1). Classes of
exact solutions of linear system (2) are given in [4, 5].

In this paper, we find all hydrodynamic conservation laws for all bottom profiles, and solve
the problem of group classification.

2. Conservation laws
We will seek hydrodynamic conservation laws of system (1) as a pair of functions P(z,t,u,n),
Q(x,t,u,n) which satisfy the equation

Di(Q) + D2(P) =0 3)
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on solutions of the system (1). Here

i+ug+ 9 D—i+ua—+ 9
ot " ou T Moy *= 5z "9y Ty

are operators of the total derivative.

Comment 1. Note that both equations of the system (1) have the form (3). The
corresponding conservation laws,

D, =

02
= P = —
Q1 =u, 1 5 +n, )
Q2=1, Py = (n+ h)u,

have the meaning of the conservation laws of momentum and mass.

Comment 2. From (3), it follows that Q' = Q + f,, P"= P — f; and Q" = CQ, P" =CP
are also conservation laws for arbitrary function f = f(z,¢) and constant C. Our classification
is performed modulo this natural equivalence.

Using the expression (3) and the system of equations (1), one can obtain the following
overdetermined system for the unknown function P and @),

P:CZUh/Q’I]_Qta
P, =uQu+ (n+h)Qy, (5)
P, = Qu+u@y,.

Eliminating P from equations (5) one can get the system for the function @,

Quu = uh'Quy — uQuy — Quy
Qe = =B Quy + uh'Qun + (u* =1 = h) Quy + uQty , (6)
Quu = (1 + h)Qny .

The system (6) can be tested for consistency. Here are the results of this test.

2.1. The case of an arbitrary function h(z). In this case, the solution of system (5)
has the form

P=Ci(n+h) (u3+2un) + Cy <u22+77> + Csu(n+h), )

Q= C1 [u*(n+h) +n?] + Cau+ Can.
Here, (1, Cy, (3 are arbitrary constants. In view of comments 2 and 2, we find a new
conservation law from (7),

Q3 =u*(n+h)+n?, Py = (n+ h)(u® + 2un),
supplementing the basic conservation laws (4).

2.2. The case of a linear function h(x) = aix + az. In this case, the solution of the
system (5) has the form

3 1
P=0C <—a1xtﬁ —za(B + a2) + §a1t2a(5 +ag) + §t52 + azft +

1
+ §a12t3ﬁ + asta® + ta2ﬁ> + ai1tQ + Py,

Q=C (agta +taf —xf + ;a1t2ﬁ> + Q1.
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Here, « = u — ait, f = n+ ayx; C1 is an arbitrary constant; P, = Pi(«, ), Q1 = Q1(a, B) is an
arbitrary solution of the system

Py =aQi,+ (B8 +a2)Qis,

Pig=Q1, +aQig.

b
2.3. The case h(x) = Elwz + bax + bz, by > 0. In this case, the solution of the
system (5) has the form

P = Ci(n+ h(x)) (u® + 2un) + Cs (“22 + 77) + Csu(n + h(z)) +

+ CyeVoit [<\/b>1u2 + uh’(x)) (n+h(z))+ \/2577(17 + 2h(x))} +
+ eVt [(_\/@ﬂ + uh/(x)> (n+ h(z)) — \/2577(77 + 2h($))] ,

Q=0 (uQ(n + h(z)) + 772) + Cou+ Csn +
+ CaeV (VVbru(n + h(z)) +nl/ (2)) +
+ CseY™ (—y/bru(n + h(x)) + b (x)) .

Here, Cy, Cy, C3, Cy, C5 are arbitrary constants. From the solution (8) we find that in this case
there are two additional conservation laws,

Q1= e VI (Vbru(n + h(z)) + k' (z)),

Pu= 0| (Vo + (@) -+ (o)) + Yy -+ 20|

and
Qs = it (—\foruln + h(x)) + k' (2))
Py — Vo [(—JW b (@) 0+ hia)) — Ly + 2h<x>>} |

b
2.4. The case h(x) = Elmz + bax + bz, by < 0. In this case, the solution of the
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system (5) has the form

P = Ci(n+ h(z)) (u® + 2un) + Cs <UQ + n> + Csu(n + h(z)) +

2
V—b1
2

+c4[sin< =b1t) (V=B (n + Alw)) + Y En(n + 20(2))) +

+ cos(y/—bit) - uh'(x)(n + h(ac))] +Cs [— cos(y/—bit) (\/ —biu(n+ h(z)) +

V2Pt 2n) + s/ Tut) () + 1)) )

Q= C1 (u*(n + h(x)) +n%) + Cou+ C3n +
+ Cy (sin(y/=bit) - /=byu(n + h(z)) + cos(v/=bit) - nh'(x)) +

+Cs (— cos(\/—b1t) - /=bru(n + h(x)) + sin(+/—b1t) -nh'(aj)) .

_l’_

From the solution (9) we find that in this case there are two additional conservation laws,
Q4 = sin(y/—b1t) - v/=bru(n + h(x)) + cos(v/—bit) - nh'(z),

Py =sin(y/—bit) (\/ —bru?(n + h(z)) + \/?77(77 + 2h(:n))> +

+ cos(y/—bit) - ub’(z)(n + h(x)),

and
Qs = —cos(y/=bit) - /=biu(n + h(z)) + sin(y/—bit) - nh'(x) ,
Y+ 2na) ) +

Ps = — cos(+/—bit) < —bu?(n + h(z)) +
+ sin(y/—bit) - uh'(z)(n + h(z)) .

3. Group classification

The task of the group classification is to find Lie symmetries admitted by the considered system
of equations depending on the unknown function entering the system [6]. We seek symmetry
operators of the system (1) as

0 0 0 0
X = ﬁl(ffat»%n)% +£2($,t,u,’l7)a +771(x,t,u, 17)% +772($7t)u777)8777 .

Applying the criterion of invariance [6], we obtain the following overdetermined linear
homogeneous system of determining equations,

& —ubl+6,=0,

o —ubs+(n+h)& =0,

n' —u&y +uP — (m+h)ny — & +ug + i+ (n+h)E =0,

WE + 07+ (n+h) (ny — & +2u&l —np + & — 2ul'é)) =0,

2u&l — e+ &+ — & =0,

2(n + h)ny — 2m; +uh’ (& — & —u&) =0,

ully 1y g +uh' (& =) =0,

uh"€ + W't 4 (n+ h)ny 4 un + 07 + ub (u&l —np + & —uh'E)) =0.
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The system (10) can be tested for consistency. Here are the results of this test.
3.1. h(x) — arbitrary function.

0
X1 =—=.
Lot
This operator will be present for all bottom profiles.
3.2. h(x) = n2e™® 4+ ng, n1 # 0, na # 0. In this case, we obtain the additional
symmetry operator
1o} ny 0 ny 0 0
Xo=—— —t—+ —u— —.
T or 2 ot 2 u8u+n1(n+n3)877
3.3. h(x) = maln|x 4+ mq| + m3, ma # 0. In this case, we obtain the additional
symmetry operator
0 0 0

X2=($+m1)%+ta—m28—n.

34. h(x) =cs(x+c1)?+cqy c2#0, c2 #1, c2 # 2, c3 # 0. In this case, we

obtain the additional symmetry operator

0 0 0
X, =2 2 (e — 2t A 2z,
2 (90—1—61)8&7 (c2 —2) 5 Terugs T 02(77+C4)877
3.5. h(x) = byx?/2+bsx+bs, by > 0. In this case, we obtain the additional symmetry
operators

Ox ou
_ it (9 9 _ 9
Xz=¢e <8x + \/Eau (b1x—l—b2)an> ;

i (O 0 9
Xyi=e (81‘ \/aau (blx + b2)87]> .

ba\ O 0 by? 0
Xo= (24 2) 0 +u—+ (27— = +2b3 | =,
bl b] 877

3.6. h(xz) = bix%/2+bsx+ bz, by < 0. In this case, we obtain the additional symmetry

operators
ba\ O 0 by? 0
Xy = 2V ul (o — 2 pops) =
2 <x+b1> ax+“au+(” b ) oy
0 . 0 0
—b1t)— — \/—by sin( —blt)a— — (biz + b2) cos( —blt)a—?7 ,
U

8:1:
1 2 1 9 .

X3 = cos(

0 0
X4 = sin( —blt)% + \/—b1 cos( —blt)%
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3.7. h(x) = a2z . In this case, the basis of symmetry operators can be written as

Y—3(+)—§t 8+1 _ 3 6—+
1=t ta ") Ox 2" ) ot

+ 1u2+n+a2>8+u(n+a2>a,
4 ou on
Y2:%$g+% §+(n+a2)§n,
Y; —t%+§—u
Y4—x§—x—|—tg

d 0
Yoo = (u ’UJ1(’LL, 77) + w2(“ﬂ7))% + wl(“?ﬁ)a )
where wq (u,n), wa(u,n) are arbitrary solutions of the system
Wiy + W2y = 0,
wa,, + w1 + (0 + a2)wy, = 0.

Note that the symmetry operator Xi is contained in the operator Yo, if one puts w; = 1,
w9 = —U.

3.8. h(x) = a1x + a2, a1 # 0. In this case, the basis of the symmetry operators can be
written as

3 0
Y1:< daixt — ast — aq t3—|—2tu —3tn>8+<3tu—x—5a1t)gt+

1 0
+ ( 4da1tu — 3a1x — 3a12t2 — —u? - 2n ) — +
2 ou

3
+ <6a12xt + 3ajast + a13t3 — 2a1xUu — EaltuQ + ba1tn — 2au — 2un>

ot ) O (L) O
Yg—(q:+2a1t>a +t6t+alt8 (a1x+2a1t a—n,

877’] 9

Y3 —2xa—+ta—+ua——|—2( —}—ag)g—,
n

ox ot ou
0 0 0
Ya= 7t8x du + alt@n

0
Yoo :(u wy(u— art,n+ a1z) + wa(u — alt,n—l—alx))a + w1 — 825

+ a1 wig- + (a1u wy + ag we)—

on’
where wy (v — a1t,n + a1z), we(u — at,n + ajx) are arbitrary solutions of the system
Wig + Wog = 0,
Waq + w1 + (B4 az)wig =0.

Here, the situation is the same as in the search for conservation laws of the system of equations
with a linear bottom profile,

oa=1u—ayt,
B=n+ax.
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Comment 3. In paper [5], a point change of variables that links the systems with constant
and linear bottom profiles was found. Thus, the Lie algebras of symmetry operators of these
systems are isomorphic.

On the basis of group classification results, we can conclude that the system (1) can be
linearized by a point change of variables only in the case of constant and linear bottom profiles
(otherwise, the Lie symmetry algebra of the system is finite).

4. Conclusion

The main results of the paper are the new basic conservation law supplementing the laws
of conservation of momentum and mass, as well as the solution to the problem of group
classification. The results can be used for the construction of new exact solutions, as well
as for numerical modeling of shallow water motion over an uneven bottom.
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