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Abstract. We consider a pair of random variables (X,Y ) whose probability measure is the
sum of an absolutely continuous measure, a discrete measure and a finite number of absolutely
continuous measures on several lines. An asymptotically unbiased and consistent estimate of
the density of the continuous part is given in [13]. In this work, we focus on the choice of these
parameters so that this estimate will be optimal and the rate of convergence will be better. we
as well as its rate of convergence. To achieve this we use the cross-validation technics.

1. Introduction
It has been studied in Sabre [13] the estimation of the bivariate density of the continuous part
of a certain mixture. More precisely, he considered a pair of the random variables (X,Y ) whose
probability measure is the sum of an absolutely continuous measure with respect to Lebesgue
measure, a discrete measure and a finite number of absolutely continuous measures on several
lines:

dµ = f(x, y)dxdy +
q∑

m=1

a′mδ(ω1m,ω2m) +
q′∑

k=1

φk(u1)δ(u1,aku1+bk), (1)

where δ is a Dirac measure, f and φi are nonnegative uniformly continuous integrable functions.
The motivation for the choice of such model is illustrated thought a concrete example in Sabre
[14], It concerns the study of structural fissuration of the agricultural soil. On a homogenous soil,
measure of the resistance variable X and the humidity variable Y are taken on serval locations
at a depth of 30 cm. The measurement values are distributed according to a continuous law,
except in certain locations where the experimentalist finds small galleries where measurement
values of resistance and humidity decrease (the presence of jumps). When the measures are
made in places where the passage of tractors is frequent, the variable Y becomes linear with
respect to the variable X and their measures follow a new distribution noted φi (the presence
of some measures continuous on the lines determined by frequent passage of tractors).

An asymptotically unbiased and consistent estimate of the density of the continuous part
”f” is given in Sabre [13].The estimate was based on the work of Sabre [12]. This estimate
uses some kernels with smoothing parameters. Our work is devoted to determining how to
choose the smoothing parameters for the best rate of convergence of bias and variance.To do
this we will use the method of cross validation allowing us to choose the smoothing parameters
of the kernel density estimators from data. This method was introduced by Rudemo [10] and
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Bowman [2], for choosing the smoothing parameter to minimize the mean integrated square
where the probability measure is absolutely continuous. Hardle and Marron [7] developed the
same technic for regression function estimation. Hall and Marron[6], [9]have shown, under
reasonable assumptions that the parameter given by the cross validation procedure is optimal.
Cross-validation method was used in several works including [1], [3] and [15]...

We briefly indicate the organization of this paper: the second section recalls the estimate and
its convergence given in Sabre [13]. The third section provides criteria for selecting parameters
by using cross validation method and estimation of integrated square error. In the forth section
we give the asymptotic optimality theorems. The last section is reserved to numerical results
and simulation.

2. Kernel estimate of the density function and amplitudes of jumps:
As Sabre[13], consider a pair of random variables (X,Y ) whose probability measure, µ, is defined
by (1). The numbers q and q′ are assumed nonnegative integers and known. f is the density
of the continuous variable which is assumed to be a nonnegative uniformly continuous function.
The real positive number a′j is the amplitude of the jump at (ω1j , ω2j) assumed unknown. The
densities φi are nonnegative uniformly continuous functions assumed unknown. The coefficients
of the lines ai, bi are real numbers assumed unknown. δ is the Dirac measure. Suppose that the
jump points don’t belong to the jump lines (ie. w2j ̸= aiw1j + bi for all i and j).

Sabre [13] has assumed, that any jump point (ω1j , ω2j) can be localized in a small block
[α1j , β1j ] × [α2j , β2j ]. Thus, the estimate of the density f(x, y) proposed is different according
to the position of (x, y):

ĥH(x, y) =

{
fn(x, y) if (x, y) /∈ A
gn(x, y) if (x, y) ∈ A .

with fn(x, y) =
n∑

i=1

1

nh2n
K

(
x− xi
hn

,
y − yi
hn

)
gn(x, y) =

∫
Sn(x− u1)Rn(y − u2)fn(u1, u2)du1du2 (2)

where A = ∪q
j=1([α1j , β1j ]× R) ∪ (R× [α2j , β2j ]) ∪ B

with B =
{
(x, y) ∈ R2 such as ∃i ∈

{
1, ..., q′

}
: y = aix+ bi

}
.

The kernel K is defined by K(u, v) = K1(u)K2(v) with K1 and K2 two continuous, even,
decreasing bounded function such that:∫ ∥∥∥y2∥∥∥Ki(y)dy < ∞ i = 1, 2. The smoothing parameter hn, converges to zero and nh2n

converges to the infinite, where

Sn(z) =
W

(2)
n (z)− M

(2)
n

M
(1)
n

W
(1)
n (z)

1− M
(2)
n

M
(1)
n

and Rn(t) =
W

(3)
n (t)− L

(1)
n

L
(1)
n

W
(4)
n (t)

1− L
(2)
n

L
(1)
n

(3)

The windows functions are defined as follows:

W (1)
n (t) = M (1)

n W (1)(tM (1)
n ); W (2)

n (t) = M (2)
n W (2)(tM (2)

n );

W (3)
n (t) = L(1)

n W (3)(tL(1)
n ) and W (4)

n (t) = L(2)
n W (4)(tL(2)

n )
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where M
(1)
n ,M

(2)
n , L

(1)
n and L

(2)
n are nonnegative real sequences satisfying:

M (r)
n → +∞; L(r)

n → +∞; M (r)
n hn → 0; L(r)

n hn → 0;
M

(2)
n

M
(1)
n

→ 0 and
L
(2)
n

L
(1)
n

→ 0

The function W (i) is a nonnegative, even, integrable function vanishing outside the interval
[−1, 1] such that

∫ 1
−1W

(i)(x)dx = 1, i = 1, 2, 3, 4. Moreover W (i) satisfying the following
equalities:

W (2)
(
M (2)

n θ
)
−W (1)

(
M (1)

n θ
)

= 0 ∀θ ∈
]

−1

M
(1)
n

,
1

M
(1)
n

[
. (4)

W (4)
(
L(2)
n θ

)
−W (3)

(
L(1)
n θ

)
= 0 ∀θ ∈

]
−1

L
(1)
n

,
1

L
(1)
n

[
. (5)

We assume that
1

hn
K1

(
1

hnM
(1)
n

)
and

1

hn
K2

(
1

hnL
(1)
n

)
converge to zero, for example

K1(x) =
1

(2π)
1
2

exp(
−x2

2
). The estimator ĥ depends to the smoothing parameters

M
(1)
n ,M

(2)
n , L

(1)
n , L

(2)
n , 1

hn
. In the following we denote ĥH instead ĥ. Let H the vector of

smoothing parameters : H =
(
M

(1)
n ,M

(2)
n , L

(1)
n , L

(2)
n , 1

hn

)
. The goal of the following sections

is to gives the best vector H for having the optimal quadratical convergence of the estimator.
To simplify without lost the generality we consider in the following of this paper that:

dµ = f(x, y)dxdy +
q∑

m=1

a′mδ(ω1m,ω2m) and A = ∪q
j=1([α1j , β1j ]× R) ∪ (R× [α2j , β2j ]).

3. Estimation of integrated square error
In this section we use the method of cross validation to select smoothing parameters to
have the optimal rate of convergence. First, we study the estimation of integrated square
error. In deed, our gaol is to give the vector H, minimizing the integrated square error
(ISE =

∫
(ĥH(x, y) − f(x, y))2w(x, y)dxdy) where w(x, y) is a nonnegative bounded weight

function.

ISE = Q1(ĥH)− 2Q2(ĥH , f) +

∫
f2(x, y)w(x, y)dxdy,

where Q1(ĥH) =
∫
ĥ2H(x, y)w(x, y)dxdy and Q2(ĥH , f) =

∫
ĥH(x, y)f(x, y)w(x, y)dxdy.

Since the last term of the expression of ISE is independent of H, to minimize ISE is equivalent
to minimize Q(ĥH , f) = Q1(ĥH) − 2Q2(ĥH , f). According to the cross-validation method used

in [9], we propose the following estimator of Q2

(
ĥ, f

)
:

Q̂2

(
ĥ, f

)
=

1

n

n∑
j=1

ĥ−j (xj , yj)w (xj , yj) where ĥ−j (x, y) =

{
f̂−j (x, y) if (x, y) /∈ A
ĝ−j (x, y) if (x, y) ∈ A

withf̂−j (x, y) =
1

(n− 1)h2n

n∑
i̸=j

K

(
x− xi
hn

,
y − yi
hn

)
and ĝ−j (x, y) =

∫
Sn(x−u)Rn(y−v)f̂−j(u, v)dudv

where Sn and Rn are defined in (3).
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Theorem 3.1 We have

• i) EQ̂2

(
ĥ, f

)
− EQ2

(
ĥ, f

)
−→ 0.

• ii) The variance of Q̂2

(
ĥ, f

)
converges to zero:

V ar
(
Q̂2

(
ĥ, f

))
= O

(
1

nh4
n

[
sup

{
K1

(
1

hnM
(1)
n

)
K2

(
1

hnL
(1)
n

)
;K1

(
1

hnM
(1)
n

)
;K2

(
1

hnL
(1)
n

)}]2)
.

4. Asymptotic optimality theorem
The least squares method used above consists in choosing H which minimizes LS(H) where

LS(H) =

∫
ĥ2(x, y)w(x, y)dxdy − 2

n

n∑
j=1

ĥj−(xj , yj)w(xj , yj).

Before starting the asymptotic optimal theorems we define the following distances:

• Average square error: dA(ĥH , f) = n−1∑n
j=1

[
ĥH(xj , yj)− f(xj , yj)

]2
f(xj , yj)

−1w(xj , yj).

• Integrated square error: dI(ĥH , f) =
∫ [

ĥH(x, y)− f(x, y)
]2

w(x, y)dxdy = ISE.

• Mean integrated square error: dM (ĥH , f) = E
∫ [

ĥH(x, y)− f(x, y)
]2

w(x, y)dxdy =

MISE.

In the following we give some notations that we will use afterwards:

R =
1

n

n∑
j=1

f(xj , yj)w(xj , yj) + E [f(xj , yj)w(xj , yj)]

S =
2

n

n∑
j=1

f(xj , yj)w(xj , yj) [1− log f(xj , yj)]−R

T = −
∫

f2(x, y)w(x, y)dxdy − 2R

P = LS(H)− dI(ĥH , f)− T

BH(x, y) =


∫ 1

h2
n
K
(
x−u
hn

, y−v
hn

)
f(u, v)dudv − f(x, y) if (x, y) /∈ A∫

Sn(x, u1)Rn(y, u2)
(∫ 1

h2
n
K
(
u1−v1
hn

, u2−v2
hn

)
dv1dv2

)
du1du2 − f(x, y) if (x, y) ∈ A

As in [9], we assume the following assumptions. These assumptions are verified by the examples
given in [6]and [7].

• a) limn−→∞ supH∈Λn

∣∣∣∣dA(ĥH ,f)−dM (ĥH ,f)

dM (ĥH ,f)

∣∣∣∣ = 0 a.s.,

• b) limn−→∞ supH∈Λn

∣∣∣∣dI(ĥH ,f)−dM (ĥH ,f)

dM (ĥH ,f)

∣∣∣∣ = 0 a.s., where Λn is a finite subset of R5 whose

cardinality grows algebraically fast, with card(Λn) ≤ nC , C is some nonnegative constant,
and every vector H = (H1,H2, H3,H4,H5) ∈ Λn verifies the fact that:
C−1nδ ≤ Hk ≤ Cn1−δ, k = 1, 2.., 5; δ is a constant satisfying 0 < δ < 1,
0 < H2 < n−βH1 and 0 < H4 < n−β′

H3 where β and β′ are some nonnegative constants.

• c) w(x, y) ≤ C ∀(x, y) ∈ R2
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• d) f(x, y) ≤ C, ∀(x, y) ∈ S, where S denotes the support of the weight function w.

• e) BH(x, y) ≤ Cn−δ, ∀H ∈ Λn, ∀(x, y) ∈ S.
• f) For all i ∈ {1, 2, ...n > Q}

lim
n→∞

sup
λ∈Λn

∣∣∣∣
∫
V ar [KH,i(x, y)]w(x, y)dxdy

C ′Hk
− 1

∣∣∣∣ = 0, k = 1, 2, ..., 5

where K̂H,i (x, y) =


1
h2
n
K
(
x−xi
hn

, y−yi
hn

)
if (x, y) /∈ A∫

Sn(x, u1)Rn(y, u2)
1
h2
n
K
(
u1−xi
hn

, u2−xi
hn

)
du1du2 if (x, y) ∈ A

• g)
∫
...
∫
KH(xi1 , xj1)...KH(xik , xjk)dx1dx2...dxm ≤ Ck (inf(Hk))

k−m
2 , where i1, j1, ...ik, jk =

1...m subject to i1 ̸= j1, ..., ik ̸= jk.

Theorem 4.1 Under the assumptions a)- g)

lim
n−→∞

sup
H∈Λn

∣∣∣∣∣LS(H)− dI(ĥH , f)− T

dM (ĥH , f)

∣∣∣∣∣ = 0 a.s.,

The immediate consequence of this theorem is the following corollary

Corollary 4.1 Under the assumptions a)- g), if ĥH is the minimizer of LS(H) over Λn, then

lim
n−→∞

dI(ĥH , f)

infλ∈Λn dI(ĥH , f)
= 1 a.s.

5. Proofs
5.1. Proof of the theorem 3.1

We have E
[
Q̂2

(
ĥH , f

)]
= F1 + F2 where

F1 =
1

n

1

(n− 1)h2n
E

n∑
j=1

n∑
i̸=j

[
K

(
xj − xi
hn

,
yj − yi
hn

)
w (xj , yj)1Ac (xj , yj)

]

F2 =
1

n

1

(n− 1)h

n∑
j=1

n∑
i̸=j

ρ(i, j)

where

ρ(i, j) = E

∫
1A (xj , yj)Sn(xj − t1)Rn(yj − t2)K

(
t1 − xi
h2n

,
t2 − yi
hn

)
w(xj , yj)dt1dt2

and Ac is the complementary of A.

F1 =
1

(n− 1)h2n

n∑
i ̸=j

[∫
K

(
u− x

hn
,
v − y

hn

)
w (u, v)1Ac (u, v) f(u, v)dP(xi,yi)(x, y)dudv

+

∫ q∑
m=1

1Ac (λ1m, λ2m) amK

(
λ1m − x

hn
,
λ2m − y

hn

)
w (λ1m, λ2m) dP(xi,yi)(x, y)

]

As (λ1m, λ2m) /∈ Ac, the second term is null.

F1 =
1

h2n

[∫
K

(
u− x

hn

v − y

hn

)
w (u, v)1Ac (u, v) f(u, v)f(x, y)dydxdudv

+

∫ q∑
m=1

1Ac (u, v) amK

(
u− λ1m

hn
,
v − λ2m

hn

)
w (u, v) f(u, v)dudv

]
.
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The second term of the last equality tends to
∑q

m=1 am1Ac(λ1m, λ2m)f(λ1m, λ2m) = 0, because
(λ1m, λ2m) /∈ Ac. For F2, we use the fact that dP(xj ,yj)(u, v) = f(u, v)dudv+

∑q
m=1 amδ(λ1m,λ2m)

for all (xj , yj) and interchanging the integrals, we have

F2 =
1

(n− 1)h2n

n∑
i̸=j{∫ [∫ (∫
K

(
t1 − x

hn
,
t2 − y

hn

)
Sn(t1 − u)Rn(t2 − v)1A (u, v) f(u, v)w(u, v)dudv

)
dP(xi,yi)(x, y)

]
dt1dt2

+

∫ [∫ q∑
m=1

am1A (λ1m, λ2m)K

(
t1 − x

hn
,
t2 − y

hn

)
Sn(t1 − λ1m)Rn(t2 − λ2m)w(λ1m, λ2m)

dP(xi,yi)(x, y)
]
dt1dt2

}

Thus F2 = F2,1 + F2,2 + F2,3 + F2,4, where

F2,1 =

∫ [∫
Sn(t1 − u)Rn(t1 − v)

(∫
1

h2n
K

(
t1 − x

hn
,
t2 − y

hn

)
f(x, y)dxdy

)
dt1dt2

]
1A (u, v)w(u, v)f(u, v)dudv

F2,2 =
1

h2n

∫ ∫ [ q∑
m=1

amK

(
t1 − λ1m

hn
,
t2 − λ2m

hn

)
×

Sn(t1 − u)Rn(t2 − v)1A (u, v)w(u, v)f(u, v)dudv] dt1dt2

F2,3 =
1

(h2n)

∫ [ q∑
m=1

am

∫
Sn(t1 − λ1m)Rn(t2 − λ2m)w(λ1m, λ2m)

K

(
t1 − x

hn
,
t2 − y

hn

)
dt1dt2

]
f(x, y)dxdy

F2,4 =
1

h2n

q∑
m=1

am

q∑
m′=1

am′R(m,m′), where

R(m,m′) =

∫
Sn(t1 − λ1m)Rn(t2 − λ2m)w(λ1m, λ2m)K

(
t1 − λ1m′

hn
,
t2 − λ2m′

hn

)
dt1dt2.

Let us now show for (x, y) ∈ A and (z, t) ∈ R2, that 1
h2
n

∫
Sn(u − x)Rn(v −

y)K
(
u−z
hn

, v−t
hn

)
dudv converges to zero Indeed,

1

h2n

∫
Sn(u− x)Rn(v − y)K

(
u− z

hn
,
v − t

hn

)
dudv

=
M

(2)
n

1− M
(2)
n

M
(1)
n

L
(2)
n

1− L
(2)
n

L
(1)
n

∫ {
W (2)

[
M (2)

n (u− x)
]
−W (1)

[
M (1)

n (u− x)
]}

×
{
W (4)

[
L(2)
n (v − y)

]
−W (3)

[
L(1)
n (v − y)

]} 1

h2n
K

(
u− z

hn
,
v − t

hn

)
dudv.

Putting s = M
(2)
n (u− x) and r = L

(2)
n (v − y). Using the fact W (1) is vanishing outside [−1, 1],

we get ∫
Sn(u− x)Rn(v − y)K

(
u− z

hn
,
v − t

hn

)
dudv
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=
1

1− M
(2)
n

M
(1)
n

1

1− L
(2)
n

L
(1)
n

∫ 1

M
(2)
n

M(1)

∫ 1

L
(2)
n

L(1)

W (2)(s)W (4)(r)K

x+ s

M
(2)
n

− z

hn
,
y + r

L
(2)
n

− t

hn

 dsdr

If x ̸= z and y ̸= t, since
∫
W (2)(x)dx = 1 and M

(2)
n

M
(1)
n

; L
(2)
n

L
(1)
n

tend to zero, we have

∫
Sn(u− x)Rn(v − y)K

(
u− z

hn
,
v − t

hn

)
dudv = O

(
K

(
1

hn
,
1

hn

))
.

If x = z and y ̸= t since 1
M(1) < s

M
(2)
n

< 1

M
(2)
n

, K2 is bounded and and the function K1 is

decreasing, we obtain

∫
Sn(u− x2)Rn(v − y2)K

(
u− x1
hn

,
v − y1
hn

)
dudv = O

(
K1

(
1

hnM
(1)
n

))
. (6)

If x = z and y = t, it is easy to show that
∫
Sn(u − x2)Rn(v − y2)K

(
u−x1
hn

, v−y1
hn

)
dudv =

O

(
K1

(
1

hnM
(1)
n

)
K2

(
1

hnM
(1)
n

))
. Thus from the sum of the first term of F1 and the first term

of F2, we have E
[
Q̂2(ĥH , f)

]
is asymptotically equal to E

[
Q2(ĥH , f)

]
.

ii) Let us show that the variance of Q̂2

(
ĥH , f

)
tends to zero. V ar

(
Q̂2

(
ĥH , f

))
= V1 + V 2,

where

V1 =
1

n2

n∑
j=1

1

(n− 1)2 h4n

E

1Ac (xj , yj)
n∑

j ̸=i

K

(
xj − xi
hn

,
yj − yi
hn

)
w(xj , yj)

2

−

E
1Ac (xj , yj)

n∑
j ̸=i

K

(
xj − xi
hn

,
yj − yi
hn

)
w(xj , yj)

2


V2 =
1

n2
V ar

 n∑
j=1

1A (xj , yj)

∫
Sn (u− xj)Rn(v − yj)f̂−j (u, v) dudv

 .

We can write V1 =
1
n2

∑n
j=1

1
(n−1)2h4

n
(T1 − T2) . Since (λ1m, λ2m) /∈ Ac, we get

T1 = (n− 1)2
∫

1Ac (x2, y2)K
2
(
x2 − x1

hn
,
y2 − y1
hn

)
w(x2, y2)f(x2, y2)f(x1, y1)dx1dy1dx2dy2

+(n− 1)2
q∑

m=1

am

∫
Ac

K2
(
x− λ1m

hn
,
y − λ2m

hn

)
w(x, y)f(x, y)dxdy.

Let D(a, b) =
∫
K2

(
x−a
hn

, y−b
hn

)
f(x, y)dxdy. Putting x−a

hn
= u and y−b

hn
= v, we haveD(a, b) =

h2n
∫
K2 (u, v) f(a+ uhn, b+ vhn)dudv. Using the Taylor’s formula we obtain

D(a, b) ≃ h2nf(a, b)

∫
K2 (u, v) dudv + h3n

df

da
(a, b)

∫
uK2 (u, v) dudv

+ h3n
df

db
(a, b)

∫
vK2 (u, v) dudv,
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with
∫
uK2 (u, v) dudv < ∞. Thus, we obtain the following inequality

T1 ≤ (n− 1)2 h2n

∫
f2(x2, y2)dx2dy2

∫
K2 (u, v) dudv

+ (n− 1)2 h3n

∫
df

dx2
(x2, y2)f(x2, y2)dx2dy2

∫
uK2 (u, v) dudv

+ (n− 1)2 h3n

∫
df

dy2
(x2, y2)f(x2, y2)dx2dy2

∫
vK2 (u, v) dudv

+ (n− 1)2
q∑

m=1

amh2nf(λ1m, λ2m)

∫
K2 (u, v) dudv

+ (n− 1)2
q∑

m=1

amh3n
df

dx
(λ1m, λ2m)

∫
uK2 (u, v) dudv

+ (n− 1)2
q∑

m=1

amh3n
df

dy
(λ1m, λ2m)

∫
vK2 (u, v) dudv.

Since the function w is bounded, we get 1
n2

∑n
i=1

1
(n−1)2h4

n
T1 = O

(
1

nhn

)
. Similarly, we show that

1
n2

∑n
i=1

1
(n−1)2h4

n
T2 = O

(
1
n

)
. Thus, V1 = O

(
1

nhn

)
. On the other hand,

V2 =
1

n2
V ar

 n∑
j=1

1A (xj , yj)

∫
Sn (u− xj)Rn(v − yj)f̂−j (u, v) dudv


Putting Oj = 1A (xj , yj)

∫
Sn (u− xj)Rn(v − yj)

∑n
i̸=j K

(
u−xi
hn

, v−yi
hn

)
dudv we have

V2 =
1

n2

1

(n− 1)2
1

h4n

n∑
j=1

E (Oj − E(Oj))
2

=
1

n2

n∑
j=1

E

(∫
1A (xj , yj)Sn (u− xj)Rn(v − yj)f̂−j (u, v) dudv

)2

− (E(Oj))
2

= R1 −R2, where

R1 =
1

n

1

h4n

∫ ∫ (∫
1A (x2, y2)Sn (u− x2)Rn(v − y2)K

(
u− x1
hn

,
v − y1
hn

)
dudv

)2

f(x2, y2)dx2dy2dP(xi,yi)(x1, y1)

+
1

n

1

h2n

∫ q∑
m=1

am

(∫
1A (λ1m, λ2m)Sn (u− λ1m)Rn (v − λ2m)K

(
u− x1
hn

,
v − x2
hn

)
dudv

)2

dP(xi,yi)(x1, y1)

=
1

n

1

h4n

∫ (∫
1A (x2, y2)Sn (u− x2)Rn(v − y2)K

(
u− x1
hn

,
v − y1
hn

)
dudv

)2

f(x2, y2)dx2dy2f(x1, y1)dx1dy1

+
1

n

1

h4n

∫ q∑
m=1

am

(∫
1A (x2, y2)Sn (u− x2)Rn(v − y2)K

(
u− λ1m

hn
,
v − λ2m

hn

)
dudv

)2

f(x2, y2)dx2dy2
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+
1

n

1

h4n

∫ q∑
m=1

am

(∫
Sn (u− λ1m)Rn(v − λ2m)K

(
u− x1
hn

,
v − y1
hn

)
dudv

)2

f(x1, y1)dx1dy1

+
1

n

1

h4n

q∑
m′=1

am′

q∑
m=1

am

(∫
Sn (u− λ1m)Rn(v − λ2m)K

(
u− λ1m′

hn
,
u− λ2m′

hn

)
dudv

)2

.

Using (6), we get

R1 = O

 1

nh4n

[
2

sup

(
K1

(
1

hnM
(1)
n

)
K2

(
1

hnL
(1)
n

)
;K1

(
1

hnM
(1)
n

)
;K2

(
1

hnL
(1)
n

))]2 .

Since R2 = O
(
1
n

)
, we obtain

V2 = O

 1

nh4n

[
sup

{
K1

(
1

hnM
(1)
n

)
K2

(
1

hnL
(1)
n

)
;K1

(
1

hnM
(1)
n

)
;K2

(
1

hnL
(1)
n

)}]2 .

5.2. Proof of the theorem 4.1
LS(H) can be written as follows

LS(H) =

∫ (
ĥ(x, y)

)2
w(x, y)dxdy − 2

n

n∑
j=1

ĥj−(xj , yj)w(xj , yj).

Let P = LS(H)− ⌈I(∧⟨H, {)− T , from the definition of dI(ĥH , f , P becomes

P = − 2

n

n∑
j=1

ĥj−(xj , yj)w(xj , yj)

+2

∫
ĥH(x, y)f(x, y)w(x, y)dxdy

+
2

n

n∑
j=1

f(xi, yi)w(xi, yi)− 2E [f(xi, yi)w(xi, yi)]

It is easy to show that |P| = 2n−1(n− 1)−1
∣∣∣∑n

j=1

∑n
i̸=j Uij

∣∣∣, where
Uij = − 1

h2n
K

(
xj − xi
hn

,
yj − yi
hn

)
1Ac (xj , yj)w(xj , yj)

− 1

h2n

∫
Sn (xj − u)Rn(yj − v)K

(
u− xi
hn

,
v − yi
hn

)
dudv1A (xj , yj)w(xj , yj)

+
n− 1

nh2n

∫
Ac

K

(
x− xi
hn

,
y − yi
hn

)
w (x, y) f(x, y)1Ac (x, y) dxdy

+
1

nh2n

∫
K

(
x− xj
hn

,
y − yj
hn

)
w (x, y)1Ac (x, y) f(x, y)dxdy

+

∫
A

n− 1

nh2n

(∫
Sn (u− x)Rn(v − y)K

(
u− xi
hn

,
v − yi
hn

)
dudv

)
w (x, y) f(x, y)1Ac (x, y) dxdy

+

∫
A

1

nh2n

(∫
Sn (u− x)Rn(v − y)K

(
u− xj
hn

,
v − yj
hn

)
dudv

)
w (x, y) f(x, y)1Ac (x, y) dxdy

+ f(xj , yj)w(xj , yj)−
∫

f2(x, y)w(x, y)dxdy +
q∑

m=1

amf(λ1m, λ2m)w(λ1m, λ2m).
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For i ̸= j, define Vij = Uij − E (Uij/(xj , yj)) Observe that

E [Vij/(xi, yi)] = 0 and E [E (Uij/(xj , yj))] = 0.

To finish the proof of the theorem 4.1 it enough to prove that

sup
H∈Λn

n−2

∣∣∣∣∣∣
n∑

j=1

n∑
i ̸=j

Vij

∣∣∣∣∣∣ d−1
M

(
ĥH , f

)
→ 0 a.s (19)

and that sup
H∈Λn

n−1

∣∣∣∣∣∣
n∑

j=1

E (Uij/(xj , yj))

∣∣∣∣∣∣ d−1
M

(
ĥH , f

)
→ 0 a.s. (20)

To verify (20), note that by the Borel-Cantelli lemma, it is enough to show that for ε > 0

∞∑
n=1

card (Λn) sup
H∈Λn

P

∣∣∣∣∣∣n−1
n∑

j=1

αj

∣∣∣∣∣∣ > εdM
(
ĥH , f

) < ∞

E (Uij/(xj , yj)) = B(xj , yj)w(xj , yj)− E [B(xj , yj)w(xj , yj)] +Qm.

where Qm =
∑
m′

am′
1

h2n

∫
Sn(u− λ1m′)Rn(v − λ2m′)

[∫
K

(
u− x

hn
,
v − y

hn

)
f(x, y)dxdy

−
∑
m

amK

(
u− λ1m

hn
,
v − λ2m

hn

)]
dudv

Therefore V ar (E (Uij/(xj , yj))) = V ar (B(xj , yj)w(xj , yj)− E [B(xj , yj)w(xj , yj)]) .

V ar (E (Uij/(xj , yj))) = E
[
B2(xj , yj)(w

2 (xj , yj))
]
− (E [B(xj , yj)w(xj , yj)])

2

≤
∫

B2(x, y)w2(x, y)f(x, y)dxdy +
q∑

m=1

amB2(λ1m, λ2m)w2(λ1m, λ2m)

From the assumptions (c), (d) and (e) we get

V ar (E (Uij/(xj , yj))) ≤ C2n−2δ

(∫
w2(x, y)f(x, y)dxdy +

∑
m

amw2(λ1m, λ2m)

)
≤ cte n−2δ.

From Berstein’s inequality(see [8]), we have

P

∣∣∣∣∣∣n−1
n∑

j=1

αj

∣∣∣∣∣∣ > εdM (ĥH , f)

 ≤ exp


−nε2d2M (ĥH , f)

2

(
V ar (E (Uij/(xj , yj))) +

cn−δεdM (ĥH ,f)
3

)

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Since dM (ĥH , f) =
∫
Bias2(x, y)dxdy +

∫
V ar(ĥH(x, y))dxdy, from b), f),e)and g), we have

nδ ≤
∫
V ar

(
ĥH(x, y)

)
dxdy ≤ n1−δ. From (e), we have 0 ≤ B2(x, y) ≤ n−2δ and nδ ≤∫

V ar
(
ĥH(x, y)

)
dxdy ≤ n1−δ, we obtain nδ ≤ dM (ĥH , f) ≤ cte(n1−δ + n−2δ). Therefore

2V ar (E (Uij/(xj , yj))) +

(
cn−δεdM (ĥH , f)

3

)
≤ cte

(
n−2δ + n−δ

(
n1−δ + n−2δ

))

Then P
[∣∣∣n−1∑n

j=1 αj

∣∣∣ > εdM (ĥH , f)
]
≤ exp

{
−Constant n4δ

}
.

Thus
∑∞

n=1 card (λn) supλ∈Λn
P
[
n−1∑n

j=1 |αj | > εdM
(
ĥ, f

)]
< ∞.

As in Marron [9], to verify (19), using the proof of (20) and the chebyshev inequality, it is enough
to show that there is a constant γ > 0, such that for k = 1, 2, ... there are constants Ck such
that

sup
λ∈Λn

E

n−2
∑
i̸=j

VijdM (ĥH , f)−1

2k ≤ Ckn
−γk. (21)

where cumk is the kth order cumulant and
∑

denotes the summation over i1, j1, ..., ik, jk =
1, ..., n subject to i1 ̸= j1, ..., ik ̸= jk. From the inequality (7.5) in Marron [9] and the cumulant
expansion of the 2kth centred moment [see, for example, Kendall an Stuart [5], we obtain the
inequality (21). This completes the proof of the theorem.

6. Example and application
A concrete application of this work to the one-dimensional case deals with the process of filling
bottles of a 33cl volume each. To control the quality of this process, we check that this process
is evenly distributed according to gaussian distribution. The experimenter has taken a sample
of 115 bottles and measured the quantity of liquid contained in these bottles. The measures
normally stand at around of 33cl. But on account of an abnormal disfunction due to a random
slowing or acceleration of the motion of the rolling band. Thus the measure randomly increases
to reach a value around of 37cl or decrease to a value around of 29cl. But apart from the problem
of the disfunction of the rolling band, we would also like to verify whetter the process of filling
bottles respects the norm of 33cl with a standard deviation of 1cl.

We consider the random variable Y representing the quantity of liquid in the bottle. Let
X = Y−µ

σ where µ = 33cl and σ = 0.8. testing if Y is gaussian variable is equivalent to tests
if X is a standard gaussian variable. By using the histogram and density of the variable X
we find that we have two points of discontinuity of the density: two peaks one in the interval
[α1, β2] = [−2.8,−2.5] and the second in the interval [α2, β2] = [1.8, 2.2]. We propose the model:

dµ = f(x)dx+ a1δλ1 + a2δλ2 ,

where λ1 ∈ [α1, β1] and λ2 ∈ [α2, β2].

The kernels K1 and K2 are chosen as follows: K1(x) = K2(x) =
1√
2π

exp{−x2

2 }, and n = 1000 .

First, choosing W (1) as a nonnegative, even and integrable function. We propose:

W (1)(t) =


64
63 t+

64
63 if t ∈ [−1,−1/8[

8/9 if t ∈ [−1/8, 1/8]
−64

63 t+
64
63 if t ∈ ]1/8, 1]

0 otherwise
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It is easy to show that
∫
W (1)(t)dt = 1. Choosing now a nonnegative, even and integrable

function W (2) such that W (1) and W (2) satisfying (4) and (5). We propose:

W (2)(t) =


W (1)

(
M

(1)
n

M
(2)
n

t

)
if t ∈ [−1/8, 1/8]

4/7

(
1− M

(2)
n

M(1)

)
if t ∈ [−1,−1/8[∪]1/8, 1]

0 if otherwise

∫
W (2)(t)dt =

∫ −1/8

−1
W (2)(t)dt+

∫ 1/8

−1/8
W (2)(t)dt+

∫ 1

1/8
W (2)(t)dt.

∫
W (2)(t)dt =

(
1− M

(2)
n

M (1)

)
+

∫ 1/8

−1/8
W (2)(t)dt

From the definition of W (2), we have
∫ 1/8
−1/8W

(2)(t)dt = 2
∫ 1/8
0 W (1)

(
M

(1)
n

M
(2)
n

t

)
dt. Putting u =

M
(1)
n

M
(2)
n

t, we have
∫ 1/8
−1/8W

(2)(t)dt = 2

(
M

(2)
n

M
(1)
n

) ∫ 1/8
(

M
(1)
n

M
(2)
n

)
0 W (1) (u) du. Since M

(1)
n

M
(2)
n

→ ∞, for n large

enough we have M
(1)
n

M
(2)
n

> 1. Thus, we obtain
∫ 1/8
−1/8W

(2)(t)dt = 2

(
M

(2)
n

M
(1)
n

) ∫ 1
0 W (1) (u) du. W (1)

being even and
∫
W (1)(t)dt = 1, we deduce

∫ 1/8
−1/8W

(2)(t)dt =

(
M

(2)
n

M
(1)
n

)
. Thus,

∫
W (2)(t)dt = 1.

Let us show that (3) and (5) is satisfied. Indeed, let t a reel number belonging to

]
− 1

M
(1)
n

, 1

M
(1)
n

[
,

since M
(2)
n

M
(1)
n

converges to zero, for n large enough, we have −1/8 < −M
(2)
n

M
(1)
n

≤ M
(2)
n t ≤ M

(2)
n

M
(1)
n

< 1/8.

Therefore, W (2)(M
(2)
n t) = W (1)

(
M

(1)
n

M
(2)
n

M
(2)
n t

)
= W (1)

(
M

(1)
n t

)
. We calculate the parameters

which minimize LS(H) (cross-validation) by the function ”fmins” implemented in Matlab with
a respect the constraints and assumptions a)-f) given in the section 4. We calculate the estimate

, ĥH(x), of the density function f . The graphics of the estimate ĥH(x) and the kernel density
of the variable X:

−4 −3 −2 −1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45
graphics of the distribution for the application treated

− asteriksed line is the density of the mixed measure

− continuous line is the estimate proposed for the part continous of the mixed measrue
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7. Conclusions
We have presented in this paper some results about cross-validation method for choosing the
smoothing parameters of density estimate when the measure has certain mixture. A criterion for
find the smoothing parameter was given in order to have better convergence of the estimator of
the density of the continuous part. The proposed methods can be extended to other applications
in several sectors. Indeed, the control of the quality for a product manufactured in the auto
industry use the measure of two variables: the consumption of diesel and the pollution. Their
joint distribution can follow a continuous law except some observations which are taken when
there is fog and reached the constant value (point of the jump). One example in economics,
it is the observation of the variables: taxes on income and purchasing power can have a joint
distribution contains some point of jumps due to exemption (disabled, former soldier, ...). In
oceanography when we observe, by using a camera placed at a certain depth in water, two
variables: the length of the fishes and their movement speed. The joint distribution may
represent some jumps due to the acceleration of movement during the passage of a predator. In
Astronomy the repeated passage of an object preventing the vision of stars (cloud, bird, ...) can
create a jump of data.
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