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Abstract. The pasta phase in core-collapse supernova matter (finite temperatures and fixed
proton fractions) is studied within relativistic mean field models. Three different calculations are
used for comparison, the Thomas-Fermi (TF), the Coexisting Phases (CP) and the Compressible
Liquid Drop (CLD) approximations. The effects of including light clusters in nuclear matter and
the densities at which the transitions between pasta configurations and to uniform matter occur
are also investigated. The free energy and pressure, in the space of particle number densities
and temperatures expected to cover the pasta region, are calculated. Finally, a comparison with
a finite temperature Skyrme-Hartree-Fock calculation is drawn.

1. Introduction

The complex structure of nuclear matter in the density region approaching pg ~ 0.16 fm=3
(central density of heavy nuclei) at finite temperature (T < 20 MeV) critically affects many
astrophysical and nuclear physics phenomena. At low densities, the frustrated system called
“pasta phase”, caused by the competition between the Coulomb interaction and the strong
force, appears, and is constituted by different geometrical configurations, as the density increases
1,2,3,4,5,6,7,8,9].

The main interest in the pasta phase in core-collapse supernovae (CCSN) is that the
neutrino opacity, which plays an important role in the development of a shock wave during
the supernova collapse, is affected by its presence [2, 10, 11]. At very low densities (up to 0.001
times the saturation density), light nuclei (deuterons, tritons, helions, a-particles) can appear
[12, 13, 14, 15, 16, 17], and, like the pasta phase, can modify the neutrino transport, which will
have consequences in the cooling of the proto-neutron star [18, 19].

Following our previous works (see e.g. [9] and references therein), we use the Thomas-Fermi
(TF) approximation, where the surface effects are treated self-consistently, in the framework of
relativistic mean field (RMF) models, to calculate the pasta phase for a fixed proton fraction,
several temperatures and densities. Besides TF, we use the coexisting-phases (CP) method,
which is numerically much faster than the TF one, and where the Gibbs equilibrium conditions
are used to get the lowest free energy state, and the surface and Coulomb terms are added “by
hand” (see e.g. [17]). Within this method, we also include the effect of light clusters. The
compressible liquid drop (CLD) model is also considered. Unlike the CP approximation, this
method takes into account both the Coulomb and surface terms in the minimization of the total
energy of the system. For more details on the present work, the reader should refer to Ref. [20].

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd 1



XIII International Workshop on Hadron Physics IOP Publishing
Journal of Physics: Conference Series 706 (2016) 042007 doi:10.1088/1742-6596/706/4/042007

2. Formalism
We consider a system of baryons, with mass M interacting with and through an isoscalar-scalar
field ¢ with mass mg, an isoscalar-vector field V# with mass m, and an isovector-vector field
b# with mass m,. When describing npe matter we also include a system of electrons with mass
me. Protons and electrons interact through the electromagnetic field A*. We use the FSU
parametrization [21], expected to describe well the crust [9], even if it does not describe a 2 M,
neutron star. This parametrization also includes a nonlinear wp coupling term, which affects
the density dependence of the symmetry energy. We consider the mean field approximation,
where the thermodynamic quantities of interest are given in terms of the meson fields, which
are replaced by their constant expectation values. We also consider matter with fixed proton
fraction that is neutrino free, and hence the neutrino pressure and energy density are zero [22].
We use the same prescription as in [17] to include light clusters (d =2H, ¢t =H, a =*He,
h =3He) in the model. The « particles and the deuterons are described as in [12]. More realistic
parametrizations for the couplings of the light clusters have been proposed in [12, 15], which
should be implemented.

2.1. Thomas-Fermi, Coexisting Phases and Compressible Liquid Drop approrimations

We use the Thomas-Fermi (TF) approximation to describe the nonuniform npe matter inside
the Wigner-Seitz unit cell, that is taken to be a sphere, a cylinder or a slab in three, two, and
one dimensions [22, 23, 9]. In this approximation, npe matter is assumed locally homogeneous
and at each point its density is determined by the corresponding local Fermi momenta. In 3D
we consider spherical symmetry, in 2D we assume axial symmetry around the z axis, and in
1D reflexion symmetry is imposed. In the TF approximation, fields are assumed to vary slowly
so that baryons can be treated as moving in locally constant fields at each point [4]. In this
approximation, the surface effects are treated self-consistently. Quantities such as the energy
and entropy densities are averaged over the cells, when shown in figures, see e.g. Ref. [20]. The
free energy and pressure are calculated from these two thermodynamical functions, using the
usual expressions, see e.g. Ref. [24].

In the Coexisting Phases (CP) method, matter is organized into separated regions of higher
and lower density, the higher ones being the pasta phases, and the lower ones a background
nucleon gas. The interface between these regions is sharp. Finite size effects are taken into
account by a surface and a Coulomb terms in the energy density [17].

In this approximation, the Gibbs equilibrium conditions are imposed to get the lowest energy
state, and, for a temperature T = T! = T!! are written as

P = (1)
pho= 1
P[ — PII

where I and I label the high- and low-density phases, respectively. When clusters are present,
there are equilibrium conditions for them too [17].

In the Compressible Liquid Drop model [25, 26, 18, 27|, the equilibrium conditions of the
system are derived from the minimization of the total free energy [25], including the surface
and Coulomb terms. This minimization is done with respect to four variables: the size of
the geometric configuration, r4, the baryonic density in the high-density phase, p!, the proton
density in the high-density phase, p{,, and the volume fraction in the high-density phase, f. The
equilibrium conditions become:

Ly = !, (2)
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Note that there is an extra term in both the proton chemical potential and in the mechanical
equilibrium conditions, as compared to the ones obtained in the CP approximation, Eqgs. (1).
These terms arise from the inclusion of the surface and Coulomb terms in the minimization
of the total energy. The Coulomb repulsion induces an extra positive term while the surface
tension reduces the cluster internal pressure.

3. Results

For reference and to help the discussion, we show in Table 1 the symmetric nuclear matter
properties for all the models we are using in this study to compare with our calculations with
the FSU interaction: another RMF parametrization, TW [28], with density-dependent couplings,
and four Skyrme interactions, SkM* [29], SLy4 [30], NRAPR [31], and SQMC700 [32], chosen
based on their overall performance in modelling a wide variety of nuclear matter properties [33].

Table 1. Symmetric nuclear matter properties at saturation density py (energy per particle
B/A, incompressibility K, symmetry energy Esy, and symmetry energy slope L) for the FSU
parametrization, and five other parameter sets for comparison. All the quantities are in MeV,
except for pg, given in fm=3.

Model 00 B/A K Eg, L
FSU 0.148 -16.3 230 32.6 60.5
TW 0.15 -16.3 240 33 55

NRAPR 0.16 -15.85 226 33 60
SQMC700 0.17  -15.49 222 33 59
SkM* 0.16  -15.77 217 30 46
SLy4 0.16 -1597 230 32 46

In Figure 1, we show the free energy per particle, F//A, as a function of the density.
As expected, F'/A is lowered when nonhomogeneous matter is present, making these states
more stable. A second effect is the disappearance of the negative curvature that the EOS of
homogeneous matter presents below saturation density. This effect is present in all the three
methods considered. The light clusters are only present for very small densities, and will start
melting for p > 0.001 fm~3. However, their presence lowers the free energy of the homogenous
matter EOS and of the CP calculation, as can be seen in the inset panels. The CP approach,
which does not take into account in a consistent way the surface tension and Coulomb energy,
overestimates the effect of the clusterization, mainly at low densities. This problem is solved
within the CLD approach, which, taking into account finite size effects in the phase equilibrium
conditions, gives results closer to the TF calculation. However, there is still some overestimation
of the free energy reduction with respect to the TF calculation, possibly due to the approximate
description of the surface energy. Close to the crust-core transition, all approaches, TF, CP and
CLD, give similar results, and predict a first-order phase transition to uniform matter.

In Figure 2, we show the chemical potential pp as defined in Ref. [34], up = (1 — yp)pn +
Yp(tp + pe), as a function of the density on the left panel, and on the right panel, we show
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Figure 1. Free energy per baryon as a function of the density for the FSU interaction, y, = 0.3,
for T'= 4 MeV. Results with pasta (within CP, CLD and TF approaches) and for homogeneous
matter, and including (for homogeneous matter and pasta within CP) or not clusters, are shown.
The effect of these aggregates are only seen for very small densities (inset panel).
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Figure 2. (Left) Chemical potential, pp, as a function of the density, p, and (right) pressure as
a function of p, for the FSU interaction, y, = 0.3, and 7' = 4 MeV. Results with pasta (within
CP, CLD and TF approaches) and for homogeneous matter, and including (for homogeneous
matter and pasta within CP) or not clusters, are shown.

the total pressure as a function of up. We can observe that for all the three calculations, TF,
CP, and CLD, the negative curvature of up is removed, just like the free energy case, shown
in Fig. 1. Close to the crust-core transition, all the methods give similar results. Looking at
the right panel, the pressure does not show any discontinuity when plotted against the chemical
potential, pp, for the CLD and TF calculations. The CP method, on the other hand, presents
a very large discontinuity at the onset of the pasta phase, if we look at the left panel, and at
both the onset and the crust-core transition (right panel), due to the non-consistent treatment
of the surface energy.

In Figure 3, we plot the entropy per particle, S/A, as a function of the density, p. We can
see that this thermodynamical quantity is lowered with the inclusion of the pasta phases. At
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very low densities, the same effect is observed when we include light clusters in the calculation
for homogeneous matter.
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Figure 3. Entropy per particle, S/A, as a function of the density, p, for the FSU interaction,
yp = 0.3, and T = 4 MeV. Results with pasta (within CP, CLD and TF approaches) and
for homogeneous matter, and including (for homogeneous matter and pasta within CP) or not
clusters, are shown.

In Figure 4, we show the pasta phases that we obtained, within the three calculations, TF,
CP, and CLD, for the FSU interaction, a fixed proton fraction of 0.3 and a temperature of 4
MeV. The slab geometries are absent in the TF calculation, except for T'= 4 MeV, where they
briefly appear. However, these heavy clusters occupy the widest density range, when performing
the CP and CLD calculations. Another feature we can observe is that the density range of each
shape decreases with increasing temperature. For the CLD calculation, the pasta shapes melt
at T =10 MeV.

It is important to stress that the appearance and density range of the different geometries
is model dependent and sensitive to properties such as the symmetry energy [20]. Stable
geometries depend on the parametrizations used, and the properties which influence them should
be investigated.
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Figure 4. Pasta phases for the FSU interaction within the (left) TF, (middle) CP, and (right)
CLD calculations for several temperatures. The proton fraction is fixed at 0.3.
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Figure 5. Crust-core transition densities, normalized to the nuclear saturation density, pg,
as a function of the temperature, for the 3D-HFEOS (upward triangles) calculation and the
SkM* (green), SLy4 (pink), SQMC700 (blue), NRAPR (yellow) models, and the Thomas-Fermi
(diamonds) calculation for the FSU (red) and TW (gray) models, and the CP (circles), and
CLD (squares) results for the FSU (red) model. The proton fraction is fixed to 0.3.

In Figure 5, we show the crust-core transition densities, normalized to the nuclear saturation
density, po, as a function of the temperature, for the 3D-HFEOS (upward triangles) calculation
and the SkM* (green), SLy4 (pink), SQMC700 (blue), NRAPR (yellow) models, and the
Thomas-Fermi (diamonds) calculation for the FSU (red) and TW (gray) models, and the CP
(circles), and CLD (squares) results for the FSU (red) model. The proton fraction is fixed to
0.3. We observe that the TF, CP and CLD calculations are almost coincident. The difference to
the non-relativistic calculations, 3SDHFEOQS, is about 0.015 fm ™3, and decreases with increasing
temperature.

4. Conclusions

In this work, we studied the pasta geometries that appear in core-collapse supernova events and
in the inner crust of neutron stars within three different approximations: the Thomas-Fermi, the
coexisting phases, and the compressible liquid drop calculations, all within the single-nucleus
approximation. We also introduced light clusters into our system to understand their effect on
the EoS. We observed that their effect is very weak and only noticeable at very low densities. To
characterize the transition to uniform matter, we plotted the free energy, pressure and chemical
potential, and we reached the conclusion that the density range of the pasta phase and the
crust-core transition densities decrease with increasing temperature, as expected. The stable
geometries that we found depend on the parametrizations considered, and the properties that
influence them should be investigated more carefully. Within the CP method, the description
of the heavy clusters gives unrealistic results, as compared to the TF calculation, though it
predicts concordant transition densities to uniform matter. On the other hand, the TF and
CLD calculations give very similar results in the whole range of densities and temperatures
considered. All the methods considered in this study show a very good agreement with respect
to the transition density to homogeneous matter.
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