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Abstract. In this paper we study the solvability of the Fredholm partial integral equations of
second type with degenerate kernels.

1. Introduction

Various problems of quantum mechanics [1], quantum field theory [2], partial differential
equations [3], mathematical physics [4], and a number of other problems are reduced to special
cases of the following integral equation

f(xay) = 0 kl(az,s,y)f(s,y)dm(s) + 0 k2($7t7y)f(x7t)du2(t)

b [ ks (s, O (5)dial) + (. ) (1.1)
Q1 JQo

where €7 and €y are sets with a finite Lebesgue measure in R** and R"2, respectively and
kllg%XQQ—)C, k2:QlXQ%—>C, kQ%XQ%—)C, g:leQQ%Caregiven
measurable functions, u1(+), u2(-) are the Lebesgue measures on o— algebras of subsets 21 and
s, respectively.

The equation (1.1) contains a partial integrals, i.e. integrals in which an unknown function
f(z,y) is integrated by parts of variables. Therefore, this kind of equations are called partial
integral equations (PIE).

Solvability and properties of the solutions of PIE (1.1) depend on the spaces in which it is
considered. The solvability of PIE (1.1) on the space of continuous functions were investigated
in [5]-[8].

In 1975, Likhtarnikov and Vitova [9] studied spectral properties of partial integral operators.
In [9], the following restrictions were imposed: ki(z,s) € La(Q1 x Q1), ka(y,t) € La(Q2 x Q2)
and Ty = K = 0. In [10], spectral properties of partial integral operators (PIO) with positive
kernels were studied (under restriction 7y = K = 0)). In [11] spectral properties of PIO with
kernels of two variables in Ly, p > 1 are studied. In [8], [12]-[14], for more general PIO’s with
continuous kernels or kernels in C'(L1), spectral properties of the PIO and solvability of partial
integral equations in the space of C([a,b] X [c,d]) were studied. In [3] some applications of
partial integral equations and operators in solving problems of continuous mechanics, elasticity
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problems and other problems were considered. Until now, a solvability of PIE in the space Lo
is left open. The present paper is devoted to this problem. Namely, we investigate a solvability
of problem for PIE with degenerate kernels from L.

Let (2,e,u) be a measurable space with a finite measure, Lo(f2) be the - algebra of
equivalence classes of all complex measurable functions on Q2 and Lo (2) C Lo(£2) be a subalgebra
of equivalence classes of all bounded measurable functions on 2. By [f] we denote an equivalence
class containing a function f € Lo(Q).

By Loo[L2(£21), Q2] we denote the set of all complex measurable functions f(x,y) on € x Q9
satisfying the following condition: the integral

coly) = /Q (@ y) P (2)

exists for almost all y € Q9 and o € Loo(Q22).
In the Loo[L2(21), Q2] we define Lo (€2) - valued inner product (f,g) by

(fra)=(fr9)w) = [ [flx,y)g(z,y)dui(x).

Q1

Let ¢;,10; € Loo [L2(21), %], i=1,m and

Fi(z,s,y) = Y @i, y)ti(s,y), (2,5,y) € Q] x Q.

=1

Then the partial integral operator (PIO) T3 defined by

Tlf(xvy) = / kl(xvs’y)f(s’y)d:u’l(s)

Q1

is linear and bounded on Ly(1 x Qs).
In this paper we study the solvability of the partial integral equation

in space La(21 x Qg), where g = g(z,y) € La(21 X £2) is a given function.

2. Solvability of nonhomogeneous partial integral equation with degenerate kernel
If g(x,y) # 0, then PIE (1.2) is called nonhomogeneous Fredholm PIE (NPIE) of second type
with degenerate kernel. The homogeneous partial integral equation (HPIE) corresponding the
NPIE (1.2) has the following form

h—Tyh = 6. (2.1)

We define measurable functions 7;; on {22 by

TZ](OJ) = ¢i(57w)@j(3)w)dﬂl(5)y ) Z7] = 1) ey M.
Q1
One can see that 7;; € Loo(£22).
Let e be an identity element of the algebra Lo (£22), i.e. e(w) =1 for almost all w € Qa.
Now we define m x m matrices T and I, respectively, whose entries are elements of Ly(£22),
as follows

T =T(w) = (15 (w)); jetm: 1= 1Lw) = (6 (w)); j=Tm>
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where 0;;(w) = e(w) and 6;;(w) = O(w) at the i # j.
Let Dy (w) be a function on 9 given by

D (w) = det(T(w) — [(w)), w € Q.

Omne can see that Dj(w) is a measurable function. Moreover, we have Dy = D (w) € Loo(€2).
The function D; is called a determinant Fredholm of PIE (1.2).
Let ¢ € Lo(£2). We define its support by the equality s(¢) = sy = [x(¢-0)]-

Theorem 2.1. If s(Dy) = e (i.e. Di(w) # 0 for almost all w € Qy), then the HPIE (2.1) has a
trivial solution in La(Qq x Q2), and the NPIE (1.2) has a unique solution in Lo[L2(£21)].

Proof. Suppose that h(z,y) is a solution HPIE (2.1). Let us denote

bi(w) = A Yi(s,w)h(s,w)dur(s), i=1,...,m. (2.2)

Obviously, b; € La(22) and

h(z,y) = bi(y)ei(z,y). (2:3)
=1

From the equality (2.2) and (2.3) we obtain the following system of equations for the unknown
functions b1 (y),...,bm(y):

bi(y) = ZTij(y)bj(y), i=1,...,m.
j=1
Consequently,

( (111(y) — D)b1(y) + 1i2()b2(y) + - - + Tim(¥) b (y) = 0(y),
721(y)b1(y) + (T22(y) — Db2(y) + -+ + T2m(y)om (y) = 0(y),

............................................................................................. (24)
T (9)01(Y) + Tm2(y)b2(y) + -+ + (T (y) — Db (y) = 6(y)
We can rewrite the last system (2.4) in matrix form as follows:
(T—D)b =6, (2.5)
where b = b(w) columns of the matrix which consisting of functions b1 = b1(y),b21 =

ba(y), oy b1 = bin(y).
Let sp, = e. Then D;(w) # 0 for almost all w € Qy. It follows that, for almost all y € Qo
equations (2.4) has only a trivial solution, i.e. the equation (2.5) has only zero solution: b = 6.
An arbitrary solution of the NPIE (1.2) has the form

F@y) =g(z,y) + > biy)ei(z,y),
i=1
where b;(y) = le Yi(s,9) [ (s,y)dpa(s).
Let
ai(w) = 1/1i(37w)9(5,w)dll1(5)~

951
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It is clear that a; € L2(€2). For unknown functions b1(y), ..., bm(y) we obtain the system of
equations

(1 — Tll(w))bl(w) — Tlg(w)bg(w) — s — Tlm(w)bm(w) = al(w),
—T21(w)b1(w) — (1 = ma2(w))b2(w) + -+ + Tom (w)bm (w) = az(w),

Put D; (w) = det(I(w) — T(w)) = —D1 (w).

a) if s(a;) = 0 for all i € {1,...,m}, then g(x,y) = 6 is a solution of the HPIE (1.2) and there
is not another solution of the equation (1.2).

b) Assume that, for some ig € {1,...,m} one has s(a;,) # 0. We define measurable functions
A (w), Az(w), ...,An(w) on Q9 as follows: the elements in k& — th column of the determinant
det(I(w)—T(w)) we replace by the functions a1 (w), az(w), ..., am (w) and the resulting determinant
is denoted by Ag(w). For example,

al(w) —7‘12(&)) e —Tlm(w)

az(w) 1—m(w) ... —Ton(w)
Ar(w) =

am(W)  —Tma(w) ... 1= Tm(w)

It is easy to see that Ay € La(Q2), k€ {1,...,m}.
Let w € g is a fixed element. In La(€2;) we consider the Fredholm second type equation
30(‘/1;> - (ng0)<m) = g(xaw)v (26)
where

Kop(a) = | Fa(z,s,w)p(s)dpm(s).

The equation (2.6) for every w € Q9 has a unique solution

m
(w)
o(x) = pu(x) = g(z,w) Z o
=1
Clearly, the function
_ -~ Aily)
fo(z,y) = g(x,y) Z Nk (2.7)
belongs to Lo[L2(£21), Q2] and
fo—=Tifo=g,

i.e. fopis a solution of (1.2).
Now we prove the uniqueness of the solution fy for the equation (1.2). Let fi € Lo[L2(€2)]
be a solution of (1.2) and f; # fy. Then from the equality f1 — 71 f1 = g for a.e. w € Qs we get

fl(wi) - (Tlfl)(x7w) = g(wi)>



Algebra, Analysis and Quantum Probability IOP Publishing
Journal of Physics: Conference Series 697 (2016) 012021 doi:10.1088/1742-6596/697/1/012021

which means

filz,w) — (Kufi)(z,w) = g(z,w) a.e. w € Qo.

By the uniqueness of the solution of the Fredholm equation (2.6), we obtain

for a.e. w € Qo, ie. fi(z,y) = folz,y).

3. Solvability of homogeneous partial integral equation with degenerate kernel

We define linear operators Ay f(z,y) = Arr(y), k = 1,m, on the space La(; x Q2), here
Ay i(w) corresponds to the determinant, which instead of k-th column of the determinant
det(I(w) — T(w)) for the following functions:

af,l(w): 0 ¢1(5aw)f(5’w)dﬂl(s)7 R af,m(w): 0 Tl}m(&w)f(S,w)dm(S),

respectively.
By Theorem 2.1 and equality (2.7), we get the following theorem

Theorem 3.1. Let s(D1) = e. If D' € Loo(2), then the operator I — Ty (I is the identity
operator) is invertible and

(LT f(ay) = fla.y) + Dll(y)wlf)(x,y),

where
m

Slf(xay) = Zg@z(m,y)AZf(x,y), f € LZ(Ql X QQ)
=1

Remark 3.2. Note that each A; is a linear bounded operator on La(21 X Q9) and it is PIO as
well.

Theorem 3.3. Let s(Dy) # e. Then HPIE (2.1) has a nontrivial solution in the La(£21 X §2)
and moveover, any solution h(zx,y) of the equation (2.1) has the form

h(z,y) = (e(y) — sp, )b (v)@; (@, y),

m
j=1
where by, € Lo(Q2) is arbitrary, k € {1,...,m}.
Proof. Let h € La(1 x 3) be a solution of the equation (2.1). Then the function h has a form

m

h(z,y) =Y di(y)ei(z,y),

i=1

where d; € La(§2) is arbitrary. Let Dy = {w € Q2 : Dj(w) = 0} and D; = Qy \ Q. For each
w € Qg we consider the homogeneous Fredholm’s equation of the second type in Lo(21):

o(x) — (Kup)(z) = 6. (3.1)



Algebra, Analysis and Quantum Probability IOP Publishing
Journal of Physics: Conference Series 697 (2016) 012021 doi:10.1088/1742-6596/697/1/012021

By the Fredholm’s theorem for all w € D; the equation (3.1) has only a trivial solution
o(x) = @,(z) =6, and for all w € Dy the equation (3.1) has not trivial solution in L2(€2;). For
w € Dy the solution of the equation (3.1) has a form

p(r) = pu(r) =Y digi(x,y),
=1

where d;(w) € C is an arbitrary number.

Put .
h(z,y) =Y (e(y) = Di(y)bi(y)ei(z, y)- (32)
i=1
It is easy to verify that
0, if we Dy,

h(ac,y) = m )
S bi(w)i(z,w), if w € Dy.
=1

Hence, h(x,w) € La(21) is a solution of (3.1). It is easy to see that h(x,y) € La(Q21 x Q2)
and the function h(x,y) (3.2) is a solution of the HPIE (2.1). O
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