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Abstract. We give a condition of extemelity for translation-invariant Gibbs measures of
g—state Potts model on a Cayley tree. We’ll improve the regions of extremality for some
measures considered in [14]. Moreover, some results in [14] are generalized.

1. Introduction

The Potts model is a generalization of the Ising model. In [3], [4] the ¢-state Potts model
on a Cayley tree of order £ > 2 was studied, and it has been known for a long time that
at sufficiently low temperatures, there are at least ¢ + 1 translation-invariant Gibbs measures.
This measures can be considered as tree-indexed Markov chains. Such translation-invariant
tree-indexed measures are equivalently called translation- invariant splitting Gibbs measures
(TISGMs).

In [6] the uniqueness of the translation-invariant Gibbs measure of the antiferromagnetic
Potts model with an external field is proved. In [7] the Potts model with a countable number
of states and nonzero external field on a Cayley tree was considered. In that paper, it was
established that the model has a unique translation-invariant Gibbs measure.

In [13] all TISGMs (tree-indexed Markov chains) for the Potts model are found on the Cayley
tree of order k > 2, and it is shown that at sufficiently low temperatures their number is 29 — 1.
In the case k = 2 the explicit formulae for the critical temperatures and all TISGMs are given.
Further, in [14] by means of methods and results of [10], [21], [15] it has been found some regions
for the temperature parameter ensuring that a given TISGM is (non-)extreme in the set of all
Gibbs measures. In particular, it was shown the existence of a temperature interval for which
there are at least 29~! 4 ¢ extreme TISGMs. In case of the order of the tree is two, it was given
an explicit formulae and some numerical values of the critical temperature. Note that other
properties of the Potts model on a Cayley tree were studied in [1, 5, 8, 9, 11, 12],[17]-[20].

In this paper, we consider the g—state Potts model on the Cayley tree of order two. Some
results of [14] will be improved. Moreover, we will extend Theorem 6 of [14].

2. Definitions and known facts
A Cayley tree S* of order k > 1 is an infinite tree, i.e. a graph without cycles, such that exactly
k + 1 edges originate from each vertex. Let I* = (V, L,4), where V is the set of vertices 3%, L
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the set of edges and i is the incidence function setting each edge [ € L into the correspondence
with its endpoints xz,y € V. If i(l) = {«,y}, then the vertices z and y are called the nearest
neighbors, denoted by | = (z,y). The distance d(z,y),x,y € V on a Cayley tree is defined by

d(z,y) = min {d|3z = zg,z1,...,24-1,24 =y € V such that (xg,z1),...,(Ta—1,2Z4)}
For a fixed 2° € V we set W,, = {x € V | d(z,2") = n},
Vi=A{zeV | dz,2°) <n}, L,= {Il={(x,y) €L | z,y€V,}.

Put
S(z) ={y € Wyy1 :d(z,y) =1}, x € W,.

Namely, S(z) is the set of direct successors of .

We consider the model in which the spin variables take values in the set ® = {1,2,...,q},
(¢ > 2) and which are located at the tree vertices. For A C V a configuration o4 on A is an
arbitrary function o4 : A — ®. Note that Q4 = &4 is the set of all configurations. We denote
that Q = Qy and 0 = oy.

A Hamiltonian of the Potts model is defined as

H(U) =—J Z 50(z)a(y)u (21)
(z,y)EL

where J € R and §;; is the Kronecker symbol.
In this paper, we restrict ourselves to the case of ferromagnetic interaction J > 0.
Define a finite-dimensional distribution of a probability measure y in the volume V,, by

fin(on) = Z7 ' exp {—51{”(%) + > hg(xm}, (2.2)

QEEWn

where 8 = 1/T, T > O-temperature, Z, * is the normalizing factor, {hy; = (h14,...,hgz) €
R%,x € V} is a collection of vectors, and

Hn(an):_J Z 5o(x)a(y)
(x,y)ELn

is the restriction of Hamiltonian to V,.
The probability distributions (2.2) are called compatible if for all n > 1 and 0,1 € PVn-1.

Z Mn(an—l \ wn) = Mn—l(an—l)y (23)

wn €EPWn

here o,-1 V w, is the concatenation of configurations. In this case, by the well-known
Kolmogorov’s extension theorem, there exists a unique measure p on ®V such that, for all
n and o, € ®"»

1({o € Q: oly, = 0u}) = tal0n).
This measure p is called a splitting Gibbs measure corresponding to the Hamiltonian (2.1) and

vector-valued function hg,z € V. 3
The following statement describes conditions on h, guaranteeing compatibility of {,}.
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Theorem 2.1. (see [3], [19, p.106]) The probability distributions p,, n =1,2,..., in (2.2) are
compatible iff for any x € V' \ {2} the following equation holds:

> F(hy,0), (2.4)

y€S(z)
where F : h = (hy,...,hg—1) € RTY — F(h,0) = (F1,...,F,—1) € R"! is defined by

1 <(9—1)e’”+23 ie’”H)
n 1 5
94‘23 L€l

0 = exp(Jp), and hy = (hi gz, ..., hg—1.2) with

hi,x :;Li,x*hq,:(:a 1= 177q71 (25)

From Theorem 2.1 it follows that for any h = {h,, = € V} satisfying (2.4) there exists a
unique SGM p for the Potts model.

Note that a translation-invariant splitting Gibbs measure (TISGM) corresponds to a solution
hy of (2.4) with hy = h = (h1,...,hg—1) € RI71 for all z € V. Then from equation (2.4) we get

h = kF(h,0), and denoting z; = exp(h ),i =1,...,q — 1, the last equation can be written as
follows
O—1)z+3 241\
2= =1 L i=1,...,q— 1. (2.6)
0+ Zj‘:l Zj

From [13] the following facts are known:
1. By solving (2.6) the full set of TISGMs is described. It is shown that any TISGM of the
Potts model corresponds to a solution of the following equation

@+m—1Dz+q—m\F
= Jm = , 2.7
2= fml2) (mz+q—m—1+9 27)
for some m =1,...,[q/2].
2. Let Qm—l—i—QW ,oooyq—1.. If 8 < 07 then there exists a unique TISGM

for k > 2, J > 0. Moreover, each 9m is a critical value for the change of the number of TISGMs.

3. Extremity conditions
Following [14], to check the extremity of the Gibbs measure, we apply arguments of a
reconstruction on trees [2], [10], [16].

From [14] it is known that for each fixed m, the equation (2.7) has up to three solutions:
z0=1,2; = z(0,q,m),i = 1,2, with z; < 29 (see [13, Step 1 of the proof of Theorem 1]). Denote
by i = pi(6, m) the TISGM of the Potts model which corresponds to the solution z;.

For | = (z,2,...,2,1,1,...,1) a TISGM corresponding to a vector | € RY is a tree-indexed

m q—m

Markov chain with states {1,2,...,¢} and transition probabilities matrix P = (P;;) with

lj eXp(Jﬁ(Sij)

P = .
J Sd_ lexp(JBiy)

(3.1)
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From (3.1) we get

02/71, it i=j,ie{l,....m}

271, if i3] ije{l,...,m)

1Zy, if ief{l,...,m}je{m+1,....q)
2/Zy, if i€{m+1,...,q},7€{1,...,m}
0/Zs, if i=j,ic{m+1,...,q}

1/Zs, if %], i,j€{m+1,...q},

where
Zi=O@+m—-1z+q—m, Zy=mz+0+q—m—1.

Let us first give some necessary definitions from [15]. Considering finite complete subtrees
T that are initial points of Cayley tree I'*, i.e. share the same root; if 7 has depth d (i.e. the
vertices of 7 are within distance < d from the root) then it has (k%! —1)/(k — 1) vertices, and
its boundary 97 consists the neighbors (in I'* \ T") of its vertices, i.e., |07 | = k1. We identify
subgraphs of 7 with their vertex sets and write E(A) for the edges within a subset A and 0A
for the boundary of A, i.e., the neighbors of A in (T UJT) \ A.

For a given subtree 7 of I'* and a vertex x € T, we write 7, for the (maximal) subtree of T
rooted at z. When z is not the root of T, let 13- denote the (finite-volume) Gibbs measure in
which the parent of x has its spin fixed to s and the configuration on the bottom boundary of
Tz (i-e., on 07, \ {parent of z}) is specified by 7.

For two measures pq and pg on €, || — pel|z denotes the variation distance between the
projections of py and po onto the spin at z, i.e.,

i = rolle = 3 3" (o) = i) — (o (@) = ).
=1

Let % be the configuration n with the spin at z set to s.
Following [15] we define

Kk = K(p) = sup max ||uy. — p; [la;

zEDk ;8,8

y=7(u) = sup max |} —p}" |l
ACT*®
where the maximum is taken over all boundary conditions 7, all sites y € 0A, all neighbors
x € A of y, and all spins s,s" € {1,...,¢}.

We apply [15, Theorem 9.3], which says that for an arbitrary channel P = (Pij);{j:l on a
tree reconstruction of the corresponding tree-indexed Markov chain (splitting Gibbs measure)
is impossible if kxky < 1.

Note that x has the particularly simple form (see [15])

1
h= H;gle: | Py — Py (3.3)

and +y is a constant which does not have a clean general formula, but can be estimated in specific
models (as Ising, Hard-Core etc.). For example, if P is the symmetric channel of the Potts model

(i.e. corresponding to the solution z = 1) then v < g% [15, Theorem 8.1].
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Using (3.3) and (3.2) for i # j we get (see [14])

a, if 4,5=1,...,m
1< o
§Z|Pll_le’: ba if Z?]:m+17"'7q
=1

¢, otherwise,

where a and b are defined by

(O-1z ,_(0-1Yz

a = Zl y Zl ; (34)
Zi=0+m—-1)z4+q—m, Za=mz+0+q—m—1,
1
c:ﬁ(ZW—{“/E|+|1—9{“/§|+(z(m—1)+q—m—1)\1—\’“/E|>.
1
Clearly,
max{b,c}, if m=1
K= (3.5)
max{a,b,c} if m > 2.

We consider the case z # 1 (where z = 22 and x is a solution to (2.7)) and fix the solution
of (2.6), which has the form (z,z,...,2,1,...,1) and the corresponding matrix is P.
————

m
For p1,p2,u > 0, p1 + p2 + u < 1, define the following functions

0zp1 B Zp1 .
0—Dzpr+(1—2)u+z (0—1Dzpe+ (1 —2)u+2’

Ki(p1,p2,u) = (

Ka(p1,p2,u) = el - L ;
2\PL, P2, O—1zpr+(1—2)ut+z (@—pa+(1—2u+z’
K3(p1,p2, u) = D - H ;
T -+ (1—2u+z (0-Dzpa+ (1—2)(utp)+2

Op1 D1

Ky(p1,p2,u) = O@—2p+(1—2)u+z @—Dpa+(1—2)(u+tp)+z

Proposition 3.1. [14]

1) If z > 1 then
0—1

< K K < . .
RS pl,rzgixz& { 1<p17p27u)a 3(1717172:“)} =~ 0+1 (3 6)
p1+p2tusl
2) If 2z <1 then
f—1
Y < max {K2(p17p27u)7K4(p17p27u)} < —+F 1—2z. (37)
p1,p2,u>0: 0+1
p1+po+u<ll

Remark 3.2. The function Ki(p1,p2,u) (K3(p1,p2,u)) reaches its maximum for u = 0,p; =

po=1, de if K1 < f(0,2) (K3 < f(0,2)), then f(0,2) > 2% for z > 1.

The following Proposition improves the part 2) of Proposition 1.
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Proposition 3.3. If z <1 then

\/ )+ 0z —
TS max {Ka(p1,p2,u), Ka(p1,p2, ) %9 V2 (3.8)
P11+P22+u<1 T oz + f

Proof. We shall find maximum values of functions Ko (p1,p2,u) and K4(p1,p2,u). We consider

0zp1 3 zp1
O@—1zpr+(1—2u+z (OB—1)pa+(1—2)u+z’

KQ(ppra U) =

where p1,p2,u >0, p1+p2+u <1, z2>0, § >1. Let be p; +p2 +u =« < 1. Note that the
function Ko(p1,pe,u) is an increasing function of py. Then K (p1,p2,u) < Ko(p1,p2+1—a,u).
Hence, it is sufficient to find the maximum of function Ks(p1,p2,u) for a = 1.

Ks(p1,p2,u) = o1 - 1
Y Op1+ z1u+p2  [(0—1)21 + 1pa + z1u+p1’
wherez1:%,0<z§1.Letpl1: ,p—l—y Then
0 1
K ,D2,U) = — .
2(p1, P2, ) O+zix+y 14+zo+[(0—1)z +1]y
Denote L(z,y) = 9+Z19$+y 1+le+[(91_1)21+1]y. By inequalities (L(z,y)), <0 (resp.(L(z,y)), >

0) we obtain following inequalities
VO~ (1+(0+V0)z)y < 21z, (3.9)
(resp VO — (1+ (0 +V0)z1)y > z1) (3.10)
If (z,y) satisfies (3.9) for some 6 and z1, then

1
“f0+y 1+0—-Dzy+y

L(z,y) < = f(y) < max L(0,y).

If (3.10) holds then from 0 < y < —Y2___ it follows that

14+(04+V0) 21
Ly < I VO—(1+(0+vVh)z)y |\ _ Vo -1
T 2 ’ (VO+1)(1—21y)
Denote g(y) = #. It is easy to check that ¢'(y) > 0 for § > 1. Hence the function

(Vo+1)(1-21y)
g(y) is an increasing. Since y = ﬁ < % we have

VO — (14 (0+V0)z)y Vo
L( 21 ’y><L<O7 + (0 + V)=

> < max L(0,y).

Consequently, L(x,y) < max L(0,y). We consider

0 (0 —1)z +1
O+y2 A+ [0— 1)+ 1)

L'0,y) = — =0 &



Algebra, Analysis and Quantum Probability IOP Publishing

Journal of Physics: Conference Series 697 (2016) 012019 doi:10.1088/1742-6596/697/1/012019
Vo (6 —1)z +1 N N
O+y 1+[(0—1)z +1]y (0—1)z +1
Hence

Vo VIO -1)z+60-1
Dz +1) IO -1z +0+1

max L(0,y) = L <0, G

1

By 21 = ; we obtain

VOO —1)+0z—/z
VOO —1)+0z+/z

VOO —1)+ 0z~ /z
VOO —1)+0z+z

maXKQ(phpQ?u) =

Analogously, we get

max Ky (p1, p2,u) =

O]

Remark 3.4. The function Ka(p1,p2,u) (Ka(p1,p2,u)) reaches its mazimum for py + pa =
]-7 % = Z+\9/§_Z\fa u=20 (pl +p2 = ]-7 gi = \/% u = 0)’ i.e. ifKZ(plap27u) < f(@,z)

(Ka(pr.p2,u) < f(0,2)), then f(0,2) > ¢7VIZ+§ for z < 1.

Lemma 3.5. The following inequality holds

VOO -1 +02= vz _ 1 3.11
m+f 9+1+ =2 (3.11)

for0<z<1, 6>1.

Proof. Clearly, (3.11) is equivalent to

SNE _0-1
VOO —1)+0z+z 0+1

If z , then the inequality is hold. Let z > 0 +1 Then

25z (2= 4 ) (VI 6+ v3)

0+1

—Z.

From /6(0 — 1) 4+ 0z < 0 we get

<z 0+1> VOO —1)+60z+2z) < (0+1)z— (0 —1).
We will prove (§ + 1)z — (0 — 1) < 24/z. Indeed

02 —0+2+1<2Vz & (1-v2)? <001 —-V2)(1+V2).

As1—/z2<14+z2<0(1+/2) for0<z<1and# > 1, the last inequality is hold. The
equality in (3.11) is only right for z = 1. O

Theorem 3.6. [1/] If k=2, m =1 then
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(a) There exists 0** > 0. = q + 1 such that the measure ui(0,1) is extreme for any 0 €

142G 1,6, g>2,
(b) The measure p2(0,1) is extreme for any 0 > 1+ 2y/q—1, ¢ > 2.

From [14] it is known that if § > ., = ¢+ 1 then z; < 1.

Theorem 3.7. If m = 1,k = 2 then there exist 6>0,= q+ 1 such that the measure uq(0,1) is
extreme for any 0 € (1+2/q—1, 0), ¢ > 2.
0y/z1—1

0z14+q—1"
0 € [0.,+00)) we get b > c¢. Consequently, k = b. Hence by Proposition 3.3 we should check

2y < 2b ( VOO 1)+ 02 = ﬁ) <1, (3.12)

Proof. Let z; < 1. In this case independently on ¢ > 2 we get ¢ =

Using 21 < 1 (i.e.

\/9(9— 1)—1—02’14-\/2

here b = Y=IV2L 00 — 1 and 21 is a solution to z; — (6 — 1)y/z1 + ¢ — 1 = 0. Denote

0z14+q—1
_20-1yE VIO-D+0a-yE

0,q) =
10,9 Oz1+q—1 /00 —1)+ 0z + /21
It is easy to check
0—1
es 0 1
flOe,q) = g7 —1<0
Since 2 0
q_
V2= ,
P14 (012 —4(g-1)
we get

lim f(0,q) > 0.

6—+o00

Hence there exist ' € (0c, +00) such that f(#,q) =0,0 =min{f : f(6,9) = 0} Then
f(0,q) <0 for any 0 € [0.,0). Consequently the measure p1(6,1) is extreme for any 6 € [0, 0).

For ¢ = 3 (m = 1) a numerical analysis shows that 6* —6 = 6.243 —5.079 = 1.164 (see Fig.1),
where 6* = 1+ (v/2 + 1)q — 2m is the critical value of § above of which the measure (6, 1) is
not extreme (see [14]). O

0.4+

034

0.14

-0.1 6
-024
-03-]
-04-]

-0.54

Fig. 1. The graph of the function f(6,q) for ¢ = 3. The solution of f(6,3) =0 is § ~ 5.079.
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Remark 3.8. 1. In [14] for ¢ =3, z1 < 1 the measure p1(0,1) was extreme for 0 € (4,0™) and
it was non-extreme for 6 € (0*,2 + 3v/2). The difference is 0* — 0** = 2.0149. In our case this
difference is equal to 0% — 0 = 1.1636, i.e. it was reduced the interval where it is not known the
extremality of the measure p1(0,1).

Theorem 3.9. [1//

(i) If m = 2 then for each q = 4,5,6,7,8 there exists 6 > q + 1 such that the measure M1(9 2)
is extreme for any 0 € [02,0). Moreover, if ¢ = 9,10,11,12,13 then there exists 6 = 6(q)
such that 0y < 6 < g+ 1 and p1(0,2) is extreme for 6 € [6,6).

(i) If m = 2 then for each q = 4,5,6,7,8 there exists 6 = 9(q) such that 0 < 6 < g+ 1 and
112(0,2) is extreme for 0 € [02,0) (see Fig.7).

(iii) If ¢ < "t [Sm—i— 14+ vm?+6m+ 1|, m > 2 then the measure p1 (0, m) = pu2(0pm, m) is
emtreme.
The following theorem is the generalization of Theorem 3.9

Theorem 3.10. Let k=2, m > 2. Then )

1. If2m < q < mH 2[3m + 1+ vVm? 4 6m + 1], then there exists 0 > q + 1 such that the
measure f11(6,m) is extreme for any 0 € [0,,,6);

2. If ¢ > "EL[3m 4+ 1+ vVm?2 + 6m + 1], then there exists 0 € (0, 0.) such that the measure
p1(0,m) is extreme for any 0 € (0,0);

3. If2m < ¢ < m+ p=(m + 1+ Vm?+2m+17)% = ((m), then there ewists 0 € (B, +00)
such that the measure pz(0, m) is extreme for any 0 € [0, 5)

Proof. 1. Denote L [3m+14+v/m2 + 6m + 1] = a(m). We'll check extremality for the measure
p1(0,m) with z; > 1. In this case 6 € [0, 0.]. Then it is easy to check that k = a. Consequently

ony < 2051 <1
= a9+1 ’
Since 2 )
qg—m
Z = )
Ve 0 —14+/(0—1)2—4m(qg—m)
we get
02 — (2m +4)0 —2m +3 — (0 — 3)\/(0 — 1)2 — 4m(qg — m) < 0.
Consequently

u(f) = 0% — (¢ +3)6% + (8¢ — 10m — 1)0 — (9¢ — 8m — 12) > 0. (3.13)

We note that u(6,,) > 0 for ¢ < a(m). Moreover the function u(6) increases in [97(71), +o0],

g _ 43+ (g+3)7—33¢ —10m —1)

From [%] > m it follows that 07(71) < 0,,. Indeed,

q+3++/(g+3)?—3(8¢—10m —1) <1+2y/m(g—m)

3

which is equivalent to

q) = 2q/m(q—m)+5m+2—3q—6m(q—m) <0. (3.14)
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We compute the derivative

mq

' (q) = 2v/m(qg—m) + —3—6m.

m(q —m)

For m < [2] and ¢ < ZEL[3m + 1+ v/m? 4 6m + 1] the function {(¢) is increasing. By the last
inequality we get

2 1)?
q<(mm+)§2(m+3).

Hence £(q) < £(2(m+3)). For m > 2 we can see easily {(2(m+3)) < 0 and 6% < 0,,. Thus the
function u(f) increases on the segment [0y, 0., i.e. u(6) > 0 for any 6 € [0,,, 6.]. Consequently
the measure p1(0, m) is extreme for z; > 1 and 6 € [0,,,6.].

Case: z1 < 1. In this case we have, independently on the values of ¢ and m,

1
c=—(0yz1—1).
Al
It is easy to see that b > ¢ for z; < 1, i.e. for 8 > 0.. Consequently, x = b and we should check

_ — _
e < 200 - 1)yz VOO —1)+0x — vz o
0z1+q—1 /00— 1)+ 0z + /21

Denote
2(0 —1 660 —1 0z1 —
o(0,q,m) = 20DV VIOZ D108 =V
Oa1+q—1 /00— 1)+ 02+ /21
From 2 )
qg—m
21 = ,
va 0—1+4 /(0 —1)2—4m(q—m)
we have
g(ecvqam):m_1<ov 02?009<9,q7m)>0

Hence there exists 6" € (6, +00) such that g(0",q;m) =0, 6 = min{0" : ¢(0",q,m) = 0}.
Then ¢(0,q,m) < 0 for any 6 € [0.,0), i.e. the measure u1(6, m) is extreme for this condition.

Note that for ¢ = 6, m = 2 we have 6* = 3(1 + 2v/2) ~ 11.485 and a numerical analysis
shows that 6 ~ 8.22 (see Fig.2). So 0* — 0 ~ 3.265.

Fig. 2. The graph of the functions g(8, q, m) for ¢ = 6,m = 2. 0* — 6 ~ 3.265.



Algebra, Analysis and Quantum Probability IOP Publishing
Journal of Physics: Conference Series 697 (2016) 012019 doi:10.1088/1742-6596/697/1/012019

2. The case z1 > 1. If ¢ > 2L [3m + 1 + v/m2 + 6m + 1]], then u(6,,) < 0. We note
that u(6.) > 0. Moreover the function u(6) increases for [0,,,6.]. Hence there exists a unique
0 € (0, 0.] such that u(f) = 0. From the condition of extremality (3.13) we get the measure
p1(6,m) is extreme for (6,0.).

The case z; < 1 is similar to the proof of part 1 of the theorem. That’s why the measure
p1(0,m) is extreme for (6,0).

3. We have zo > 1 for 6 > 6,,,. We check the condition of extremality of the measure s (6, m)

0+1

2ky < 2¢ <1,

which is equivalent to

v(0) = 6% — (2m +4)0 —2m + 3+ (0 — 3)1/(0 — 1)2 — 4m(q — m) < 0. (3.15)

The inequality (3.15) has a solution if the inequality
0> — (2m +4)0 — (2m — 3) < 0,
has a solution. The solution of the last inequality has following form

0 <m+24+vVm?2+2m+T.
Since 6 > 0., = 1+ 2y/m(q — m) we obtain
142y/m(g—m) <m+2+Vm?+2m+T.

Hence

1
2m§q<m+4—(m+1+\/m2—|—2m+7)2.
m

For this condition it is easy to check that limg o, v(#) = +o0 for this condition. Consequently

there exist 6 € (6,,, +00) such that v(8) = 0. So the measure ua(6, m) is extreme for 6 € (6,,, ).
O

Remark 3.11. 1. If ¢ > m + ﬁ(m + 1+ vVm2+2m +T7)2, then the condition of extremality
(8.15) does not satisfy for any 0, i.e. in this case it is not known the extremality of the measure
M2(97 ’/TL) :

2. Using a graphs we can see that derivatives f'(0,q) > 0, ¢'(8,q,m) > 0 for finite ¢ and m
(see Fig 3.), i.e. functions f(0,q) and g(0,q,m) are increasing (by analytical method the proof
of this statement is very difficult). So values 0, 0" are uniquely determined by 6 =6, 0 =146".

1.x107°7 1.x10°6
8.x 1077 8.x10°74
6.x10774 6.x1074
4.x10774 4.%10-7

2.x10774 2.x10774

T T T 1 T T T 1
0 5000 10000 15000 20000 0 5000 10000 15000 20000
0 0

Fig. 3. The graph of the functions f'(6,q) for ¢ = 5,m = 1 (on the left). The graph of the functions
g’ (8,q,m) > 0 for ¢ = 8,m = 3 (on the right).
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