ICMAME 2015 IOP Publishing
Journal of Physics: Conference Series 693 (2016) 012001 doi:10.1088/1742-6596/693/1/012001

Legendre Wavelet Operational Matrix of fractional
Derivative through wavelet-polynomial
transformation and its Applications in Solving
Fractional Order Brusselator system

Phang Chang and Abdulnasir Isah

Department of Mathematics and Statistics
University Tun Hussein Onn Malaysia

E-mail: pchang@uthm.edu.my, abdulnasir.isah@gmail.com

Abstract. In this paper we propose the wavelet operational method based on shifted Legendre
polynomial to obtain the numerical solutions of nonlinear fractional-order chaotic system
known by fractional-order Brusselator system. The operational matrices of fractional derivative
and collocation method turn the nonlinear fractional-order Brusselator system to a system of
algebraic equations. Two illustrative examples are given in order to demonstrate the accuracy
and simplicity of the proposed techniques.

1. Introduction

Fractional calculus has gained an increasing popularity due to its wide range of applications
in the fields of engineering, chemistry, finance, physics, aerodynamics, electrodynamics,
polymer rheology, economics, biophysics, control theory and so on.[1]-[6]. The development
of fractional calculus is being investigated by numerous researchers in different ways through
modelling and simulation of systems and processes, based on the description of their
properties in terms of fractional derivatives which naturally lead to the formulation of
fractional differential equations (FDEs). In most cases, the solution of the FDEs does not
exist in terms of a finite number of elementary functions, it is therefore fundamental to
device numerical methods in order to practically evaluate approximated solutions by means
of different schemes and approaches, as such several methods for solving FDEs are available
in open literature, Adomian decomposition method [6], variational iteration method [7],
homotopy perturbation method [8], predictor-corrector method [9] are some of the few
examples. Recently, the idea of approximating the solution of FDEs by orthogonal family of
basis functions have been widely used and the most frequently used orthogonal function are
sine-cosine functions, block pulse functions, Legendre polynomials, Chebyshev polynomials
and Laguerre polynomials. The main idea of using an orthogonal basis is that the problem
under consideration reduces to a system of linear or nonlinear algebraic equations [10]. This
can be done by truncated series of orthogonal basis function for the solution of the problem
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and using the operational matrices [11]
Wavelets are localized functions, which form the basis for L?(IR), so that localized pulse
problems can easily be approached and analysed [12]. They are successfully applied in system
analysis, optimal control, signal analysis and many more areas see [13]. However, wavelets
are just another basis set which offers considerable advantages over alternative basis sets
and allows us to tackle problems not accessible with conventional numerical methods, these
main advantages are discussed in [14]. Legendre wavelets as a specific kind of wavelets has
been widely applied for solving FDEs, for example see [10, 13, 15, 16, 17], at this juncture,
it is worth mentioning that Legendre wavelets has mutual spectral accuracy, orthogonality
and other useful properties of wavelets. The main purpose of this paper is to apply Legendre
wavelets operational method to obtain the numerical solution of the nonlinear fractional-order
Brusselator system given by

D*y1(x) = a = (p+ Dy (x) + i (x)ya(x) M

DPys(x) = pya (%) = v (x)y2(x)
subject to y;(0) = d, fori =1,2.
wherea >0, # >0, w«, B € (0,1] and d; are constants.
The equation (1) have been studied by many authors, for example, Gafiychuk and Datsko
investigate the stability of fractional-order Brusselator system in [18]. In [19], Wang and
Li proved that the solution of fractional-order Brusselator system has a limit cycle using
numerical method. Jafari et al. used the variational iteration method to investigate the
approximate solutions of this system [20], in [21] Bernstein polynomial operational matrix
of fractional order integration was used for the approximate solution of the system (1),
polynomial least squares method was also used to obtain the approximate solution of (1)
in [22]. The paper is organised as follows. Section 2 introduce some basic definitions
and mathematical preliminaries of fractional calculus, in section 3 we first defined shifted
Legendre polynomial then, described the basics of wavelets and Legendre wavelets ,in section
4 we introduce the shifted Legendre operational matrix of fractional order derivative and
Legendre wavelet operational matrix of fractional order derivative , in section 5 application
of the Legendre wavelets operational matrix of fractional order derivative together with
collocation method on Brusselator system is shown. In section 6 two numerical examples
are considered to demonstrate the accuracy of the scheme.

2. Preliminaries
2.1. Fractional derivative and integral
Here, we recall some basic definitions and properties of fractional calculus that are used in
this article. There are various definitions for fractional differentiation [2]. The Riemann-
Liouville definition has certain disadvantage when we try to model a real-world phenomenon
[2]. However, the Caputo’s definition is more reliable in application and so we use this
definition for fractional derivatives. But, the most frequently encountered definition of an
integral of fractional order is the Riemann-Liouville integral, in which the fractional integral
operator I of a function f(t) is defined as:
Definition 2.1 By refering to [1] (page 69), the Riemann-Liouville integral I of fractional order o of
f(t) is given by

% _ 1 ! a—1

F0) = Fy ) O (@,

t>0,0 € RT

(2)
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Where I'() is the gamma function, its fractional derivative of order & > 0 is given by

0@ = (1) @),

(>0, m—1<a<m)

Some properties of I* are as follows:

1P f(t) = I*"Pf(t), « >0, B>0 3)
ayp r(:B + 1) Bt+a
It F(,B+zx—|—1)t @

Definition 2.2 By refering to [1] Theorem 2.1,The Caputo fractional derivative D* of a function f(t)
is defined as:

wppy 1 t ()
Df (1) = £ )/0< it (5)

n—a t—T)antl
n—1<a<mn néelN.

The following are some properties of Caputo fractional derivatives
D*C =0, (C is constant) (6)

D“tﬁ—{o’ BENU{0} and B< [a]

B s, BEINU{O} and B> [a] orBEN and p> |af, )

Where [a| denote the smallest integer greater than or equal to « and |« denotes the largest
integer less than or equal to &

Similar to the integer order differentiation, the Caputo fractional differential operator is a lin-
ear operator, since,

D*(Af(x) + ug(x)) = AD*f(x) + pDg(x) ®)
where A and y are constants.

3. Legendre Polynomial and Legendre Wavelets

3.1. Shifted Legendre polynomial

The well known Legendre polynomials of degree m are defined on the interval [—1,1] and can
be determined with the aid of the following recurrence formulae

2m+1 m
Liyy1(t) = Ml Ly (t) — mi—i—lefl(t)'
m=12--,

where Lo(t) = 1 and L;(t) = t. For one to use these polynomials on the interval [0,1], we
define the so called shifted Legendre polynomials by using the change of variable t = 2x — 1.
Let the shifted Legendre polynomials L, (2x — 1) be denoted by P, (x). Then P, (x) can be
obtained as follows:

Py = B2 2L g () o

_mi—i_lpmfl(x), m = 1,2,...,
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where Py(x) =1 and P;(x) = 2x — 1. The analytical form of the shifted Legendre polynomials
Py (x) of degree m is given by:

m k
B o \mk (m+k)lx
Note that P, (0) = (—1)" and Py (1) = 1. The orthogonality condition is
1 1 _
_ | for m =n,
/0 Py (x) Pa(x)dx { et (11)

3.2. Wavelets and Legendre Wavelets

Wavelets are family of functions constructed from dilation and translation of a single function
called the mother wavelet. When the dilation parameter a and the translation parameter b
vary continuously we have the following family of continuous wavelets as [?]

Pos(t) = la] T (“”) LbER a£0

If we restrict the parameters a and b to discrete values as a = a;, ko p= nboa, koag>1, by >

1, where n and k are positive integers, the family of discrete wavelets are defined as

k
Puk(t) = a0l (a5t — nbo)
where 1, ; form a wavelet basis for L2(IR).
Legendre wavelets ¢,,,,(t) = (k,n,m,t) have four arguments: k can assume any positive
integer, m is the order for Legendre polynomials and t is the normalized time. They are
defined on the interval [0, 1] by

k+1 1 k+1gp n ntl
P () = 27 \fm4 5L, (2t — (2n+1)), K <t< (12)
0, otherwise.

where m = 0,1,---,M and n = 0,1,---,2f — 1. The coefficient y/m + % is for the
orthonormality and the L, (f) is the well known Legendre polynomial defined in section 3.1
Using shifted Legendre polynomial P, (t) as defined in section 3.1 one can write the Legendre
Wavelets as

e (13)

k1 1 k +1
wn,mu):{ 25 ymt g Pu(@t =), <<t

0, otherwise.

with the same range of m and n as in (11).

3.3. Function approximations
Any function f(t) which is square integrable in the interval [0,1) can be expanded into
Legendre wavelet series as [16]

f(t) = Z Z Cn,mlljn,m (14)

n=o m=0

where the coefficient C,, ;,; is given by

Com = (f(£), Pum(t))
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The convergence of the Legendre wavelet series (13) is established in [17]. If the infinite series
in (13) is truncated, then it can be written as

k1 M
f(t) ~ 2 Z ComW¥nm = CTT(t) (15)
n=o0 m=0

where C and ¥ are 25(M + 1) x 1 matrices given by
C = [€0,0, 0,1, -+ CO,M, €10, €11, "+, CLM, " ** 5 C(2k—1),0/ C(2k 1)1/ " " ,C(qu),M]T (16)
‘{[(t) = [’,DO,O/ 1100,1/ weey IPO,M/ lPl,O/ l;bl,l/ ] I;Dl,M/ Tty 170(21(_]),0/ lp(zk_]),]/ g IP(Zk_l),M]T (17)

4. Legendre Wavelet Operational Matrix of Fractional Order Derivative

In this section, we derive the Legendre wavelet operational matrix of the fractional derivative
by first transforming the wavelets to shifted Legendre polynomials, we then make use of the
shifted Legendre operational matrix of the fractional derivative derived in [23], and finally we
derive the Legendre wavelet operational matrix of the fractional derivative.

4.1. Transformation matrix of the Legendre wavelets to Legendre polynomials
An arbitrary function y(t) € L?[0,1] can be expanded into shifted Legendre polynomials as

M
y(x) = ) rmPu(x) = R¥'(x)

m=0

where the shifted Legendre coefficient vector R and the shifted Legendre vector ¥'(x) are
given by
R = [70/ 1, /rM] (18)

¥'(x) = [Po(x), Pr(x), -, Pr(x)]" (19)
The Legendre wavelet may be expanded in to (M + 1)-terms shifted Legendre polynomials as
TZk(M+1)><1(t) = q’zk(M+1)x(M+1)T/(M+1)x1 (20)

where @ is the transformation matrix of the Legendre wavelet to Legendre polynomial. E.g
when M = 2 and k = 1 we have

Y (1) = [Poo(t), Yo (t), Po2(t), Yro(t), pr1(t), Pr2(t)]"
¥ (x) = [Po(x), Pi(x), Pa(x)]"

where
poo(t) = V2 = V2Py(t)
Po1(t) = V6(4t — 1) = V6Py(t) +2V6P; (1) 0<t<l
o2 (t) = V10(241% — 12t +1) = 2/10Py(t) + 6V10P; (£) + 4v/10Py(t)
Pro(t) = V2 = V2Py(t)
P11(t) = V6(4t —3) = —V6Py(t) +2V6P; (1) I<t<1
¥12(t) = V10(241% — 36t + 13) = 3v/10Py(t) — 6v/10P; (t) + 4V 10P,(t)
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Thus, in this case

o — { D = [a;j]oxs, 0<t<3
Dy = [bijlexs, 5 <t<1
where,
V2 0 0 1 [0 0 0 1
V6 2v/6 0 0 0 0
®, = 3v/10 6\/ﬁ 44/10 @y — 0 0 0
0 0 0 V2 0 0
0 0 0 —v6 2v6 0
0 0 0 3V10 —6v10 4V10 |

4.2. Shifted Legendre operational matrix of fractional order derivative
The fractional derivative of order «a of the vector ¥’(t) as shown in [23] can be expressed by

D*¥'(t) = F9¥/ (), (21)

where F®) is the (m + 1) x (m + 1) operational matrix of fractional derivative of order «
defined as:

0 0 0

0 0 0

pHEIN" o v 0

k=[x [a],0,k k] [a],1,k ko] [a],m,k
F®) — :

Y Oiok Y Otk Y Oimk

k=[] =[a] k=[]

m m

Z Gm,O,k Z Om,l,k Z Gm,m,k

k=Ta] fa] k=Ta]

where 0; j is given by:

e I (=1) R (4 k)1 + )
ijx = 27 +1) lg (i—K)KT(k—a+1)G—DI(IN2(k+1—a+1)

(22)

Check [23] for more details on F*

4.3. Legendre wavelet operational matrix of fractional order derivative
Now, we derive Legendre wavelet operational matrix of fractional order derivative.
Let
D*¥(x) = H¥¥(x) (23)
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where H®) is the Legendre wavelet operational matrix of fractional derivative. Using
Eq.(19) and (20) we get

D*¥(x) = D*®Y'(x) = ®PDYY'(x) = GF WY/ (x) (24)
from Eq. (22) and (23) we have
HWY¥(x) = HYVDY (x) = GFWY(x) (25)
Thus, the Legendre wavelet operational matrix of fractional derivative H® is given by

H® = oF @1 (26)

5. Applications of Legendre Wavelet Operational Matrix of Fractional Order Derivative on
Fractional Order Brusselator System
To solve problem (1) we first approximate y1(x), y2(x), D*yi(x), DPy,(x) as

21 M
yi(x) = ) Y. cumtpum = CT¥(x) 27)
n=0 m=0
2*k_1 M
v2(x)~ Y. Y sumpum =ST¥(x) (28)
n=0 m=0
where S = [500,501, -, S0O,M, 51,0, 511, ** /STM,* " * /S (2k—1),0/S(2k—1)17 " " ,S(zk_l),M]T and C as

defined in (16) are the unknown vector.
Now, using (23), (27) and (28) we get

D*yy(x) ~ CTD"¥(x) ~ CTHW¥ (x) (29)

DPy,(x) ~ STDPY¥(x) ~ STHA ¥ (x) (30)

Substituting these equations in (1) we get

CTHWY(x) =a— (u+1)CT¥(x) + (CT¥(x))?ST¥(x)

31)
STHAY (x) = uCT¥ (x) — (CT¥(x))?ST¥ (x)
Also, by substituting initial conditions of (1) in to (27) and (28) we have
0) ~C'Y(0)=d
y1(0) ) (0) =dy (32)
y2(0) ~S¥(0) =d;

Now to find the solution y;(x) and y2(x), we collocate (31) at 2(M + 1) — 2 points. For
suitable collocation points we use the first 2(M + 1) — 2 shifted Legendre polynomial roots
Py (p1)(x), these equations together with (32) generates 2K(M + 1) non-linear equations
which can be solved using Newton'’s iterative method. Consequently y; (x) and y»(x) given in
(27) and (28) can be calculated
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6. Illustrative Examples
In this section, we demonstrate the effectiveness of the proposed method by solving two
numerical examples.

Example 6.1 We consider fractional-order Brusselator system given in [21] by
D*y1(x) = —2y1(x) + 7 (¥)y2(x)
DPy>(x) = y1(x) = yi(x)y2(x)
n0) =1 y(0) =1

We use the technique described in section 5 to solve this problem with M = 3 and k = 0, first,
we approximate the equation with Legendre wavelet as follows

CTHW¥ (x) = —2CT¥(x) 4 (CT¥(x))?ST¥(x)
STHA ¥ (x) = CTY¥ (x) — (CT¥(x))?ST¥ (x)
For the case « = B = 0.98.

By collocating (33) at the first three roots of P4(x) we obtain six nonlinear algebraic equations.
we also approximate the initial condition as in (32) as,

coo — V/3co1 + Ve — V7co3 = 1
s00 — V/3s01 + V5502 — V7503 = 1

solving these nonlinear equations together with (34) we obtain the unknown values of C and
S Hence the solutions

(33)

(34)

y1(x) = 1—1.0791x + 0.2711x* — 0.0638x°

y2(x) = 14 0.0151x + 0.4185x% — 0.2624x>
Fig.1 and Fig.2 shows the comparison of this solution with the solution obtain as equation (18)
in [22].

For the case o« = f = 1.
The six nonlinear algebraic euations obtained after collocating (33) are solved together with
(34) and we have the solution as

y1(x) =1 —1.0120x + 0.1211x% + 0.1517x>
ya(x) = 1+ 0.0096x + 0.4069x> — 0.2461x°

Fig.4 and Fig.3 shows the comparison of this solution with the solution obtain as equation (19)
in [22]

Example 6.2 We consider the following Brusselator system solved in [20]
D*y1(x) = 0.5 — L.1y1(x) + y7(x)y2(x)
DPya(x) = 0.1y1(x) — yi (x)y2(x)
n (0) =04, yz(O) =15

We use the same technique described in section 5 as utilized in the first example. Fig.5
and Fig.6 shows the comparison of the solutions y;(x) and y»(x) with the solution obtain
as equation (19) in [20]
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7. Conclusion

A general formulation for the Legendre wavelet operational matrix of fractional order
derivative has been derived through wavelet-polynomial transformation, the procedure is
easy to use and yet obtain a very good result. This matrix is used to approximate numerical
solution of fractional order Brusselator system. Our numerical findings are compared with
previous results and it illustrates the accuracy of the method.

Acknowledgements
This work was supported in part by FRGS Grant Vot 1433. we also thank for financial support
from UTHM through GIPS U060.



ICMAME 2015 IOP Publishing

Journal of Physics: Conference Series 693 (2016) 012001 doi:10.1088/1742-6596/693/1/012001

] 7

0.7 /
/ 15T~ __
// \\\
0.64 S g \\
V% N
S ) N
// 0.5 \\
/ AN
/ A
1 2 AN 3
) N\
\

0.4+ ; ; . . , -0.5- N\

0 02 04 0.6 0.8 1

Oury, - VIMy,

Figure 6. Comparison of y, and

Figure 5. Comparison of y; and VIM y> when & = f = 0.98 for
VIM y; when @ = B = 098 for  example 6.2
example 6.2

8. References

[1] Kilbas A. Anatolii Aleksandrovich, Hari Mohan Srivastava, and Juan J. Trujillo. Theory and applications of
fractional differential equations. Vol. 204. Elsevier Science Limited, 2006.

[2] Podlubny I., Fractional Differential Equations, Academic Press, New York, 1999.

[3] Agarwal PP, Andrade B. Cuevas C., Weighted pseudo-almost periodic solutions of a class
of semilinear fractional differential equations. Nonlinear Anal Real World Appl. 11, 3532-3554
(2010).d0i:10.1016/j.nonrwa .2010 .01.002

[4] Samko, Stefan G., Anatoly A. Kilbas, and Oleg I. Marichev. Fractional integrals and derivatives. Theory and
Applications, Gordon and Breach, Yverdon 1993 (1993).

[5] Podlubny I, Fractional Differential Equations, vol. 198 of Mathematics in Science and Engineering. Academic
Press Inc.,San Diego, CA (1999)

[6] Ray S. Saha, Chaudhuri K. S., and Bera R. K., Analytical approximate solution of nonlinear dynamic
system containing fractional derivative by modified decomposition method. Applied mathematics and
computation 182, no. 1 (2006): 544-552.

[7] Yang S., Xiao A., and Su H. (2010). Convergence of the variational iteration method for solving multi-order
fractional differential equations. Computers and Mathematics with Applications, 60(10), 2871-2879.

[8] Odibat Z. On Legendre polynomial approximation with the VIM or HAM for numerical treatment of
nonlinear fractional differential equations. Journal of Computational and Applied Mathematics 235, no.
9 (2011): 2956-2968.

[9] Diethelm K., Neville J. Ford, and Alan D. Freed. A predictor-corrector approach for the numerical solution of
fractional differential equations. Nonlinear Dynamics 29, no. 1-4 (2002): 3-22.

[10] Rehman M. and Kh R., A, The Legendre Wavelet method for solving fractional differential equations,
Communications in Nonlinear Science and Numerical Simulation, vol. 16(11), pp. 4163-4173, 2011

[11] Biazar J. and Ebrahimi H., Chebyshev wavelets approach for nonlinear systems of volterra integral equations,
Computer and Mathematics with applications, vol. 63, pp. 608-616, 2012.

[12] Heydari M.H., Hooshmandasl M.R., Mohammadi F.,, Cattani C., Wavelets method for solving systems of
nonlinear singular fractional Volterra integro-differential equations, Communications in Nonlinear Science
and Numerical Simulation (2013), doi:http://dx.doi.org/10.1016/j.cnsns.2013.04.026

[13] Razzaghi M.and Yousefi S., Legendre wavelets operational matrix of integration, International Journal of
Systems Science, vol. 32(4), pp. 495-502, 2001.

[14] Goedecker S., Wavelets and their application for the solution of poissons and schr ILodingers equation,
Multiscale Simulation Methods in Molecular Sciences, vol. 42,pp. 507-534, 2009.

[15] Jafari H., Yousefi S.A., Firoozjaee M.A., Momani S., Khalique C.M., Application of Legendre wavelets for
solving fractional differential equations, Comput. Math. Appl. 62 (3) (2011) 1038-1045.

[16] Ali Yousefi S. Legendre wavelets method for solving differential equations of Lane-Emden type. Appl Math



ICMAME 2015 IOP Publishing
Journal of Physics: Conference Series 693 (2016) 012001 doi:10.1088/1742-6596/693/1/012001

Comp 2006;181:417-1422.

[17] Liu N, Lin En-Bing. Legendre wavelet method for numerical solutions of partial differential equations. SIAM
] Math Anal 1998;29:1040-65.

[18] Gafiychuk V. and Datsko B., Stability analysis and limit cycle in fractional system with Brusselator
nonlinearities, Physics Letters A: General, Atomic and Solid State Physics, vol. 372, no.29, pp. 4902-4904,
2008.

[19] Wang Y. and Li C., Does the fractional Brusselator with efficient dimension less than 1 have a limit cycle?
Physics Letters A: General, Atomic and Solid State Physics, vol. 363, no. 5-6, pp. 414-419, 2007.

[20] Jafari H., Kadem A., and Baleanu D., Variational iteration method for a fractional-order Brusselator system,
Abstract and Applied Analysis, vol. 2014, Article ID 496323, 6 pages, 2014.

[21] Khan H., Jafari H., Khan R.A., Tajadodi H., Sarah ].J., Numerical Solutions of the Nonlinear Fractional-Order
Brusselator System by Bernstein Polynomials, The Scientific World Journal Volume 2014, Article ID 257484,
7 pages http://dx.doi.org/10.1155/2014 /257484

[22] Bota C. and Caruntu B. Approximate Analytical Solutions of the Fractional-Order Brusselator System Using
the Polynomial Least Squares Method, Advances in Mathematical Physics Volume 2015, Article ID 450235,
5 pages http://dx.doi.org/10.1155/2015/450235

[23] A. Saadatmandi, M. Dehghan, A new operational matrix for solving fractional- order differential equations,
Comput. Math. Appl. 59 (2010) 1326-1336



