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Abstract. We study the effects of electronic interactions on transport through parallel
quantum dots connected symmetrically to leads, focusing on the case of an intermediate value
of the on–site Coulomb interaction at each quantum dot. We apply both the mean-field (MF)
approximation and the functional renormalization group (fRG) approach with using the Litim
regularization scheme in frequency space to treat the effect of interaction and calculate the
energy levels, the magnetization, the square of local spin as well as the linear conductance as
a function of gate voltage. Already for intermediate values of the Coulomb interaction, the
system exhibits a quantum phase transition from the parallel aligned (high spin state) to the
paramagnetic (low spin) regime. This phase transition is accompanied by the appearance of the
step discontinuities in the conductance, which can be observed in the experiment.

1. Introduction
A quantum dot is formed by a nanostructure that restricts the motion of electrons in all three
directions. The Coulomb interaction can play a crucial role in the electron transport through
quantum dots. Even in the simplest system consisting of a single quantum dot at sufficiently low
temperatures, the Coulomb interaction can lead to the Kondo plateau in the total conductance
[1, 2].

Especially interesting cases are those in which electrons can pass through the mesoscopic
system following different paths, which can result in quantum interference effects [3, 4]. In the
article [5] within the numerical renormalization group [6] it has been shown that the strong
Coulomb interaction in such geometries leads to the parallel spin alignment state as the ground
state of the systems in some range of gate voltages. Moreover, it has been found that this phase
transition is accompanied by the appearance of the resonance in conductance. On the other
hand, in the non-interacting case the non-magnetic state is realized. Therefore, the problem of
influence of the intermediate Coulomb interaction on the spin alignment and electron transport
is not trivial.

In this paper, we consider the simplest ring configuration, namely parallel quantum dots
connected to two common leads. We focus on the case of an intermediate value of the on-site
Coulomb interaction U in each quantum dot, and introduce a weak magnetic field H. The local
Coulomb interaction is treated within the functional renormalization group (fRG) approach [2,
7–9] with using the Litim regularization scheme [10]. As a result, via fRG we calculate the
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energy levels, the magnetization, the square of local spin as well as the linear conductance as
function of the gate voltage.

2. The model
The system of two quantum dots coupled in parallel, which are connected to common leads, can
be described by the following Hamiltonian:

H = Hl +Hd +Hc. (1)

Here Hl is the part of the Hamiltonian that describes the leads. We assume that the left and
the right leads are equivalent and described by a non-interacting Hamiltonian. The next term
in (1) is the Hamiltonian of the quantum dots:

Hd =
∑
σ

2∑
j=1

εj,σd
†
j,σdj,σ +

∑
σ

2∑
j=1

Uj
2

(
d†j,σdj,σ −

1

2

)(
d†j,σ̄dj,σ̄ −

1

2

)
, (2)

where d†j,σ(dj,σ) denote creation (annihilation) operators for an electron with spin σ ∈ {↑, ↓}
localized on the j-th (j ∈ {1, 2}) quantum dot. The index σ̄ is the complement of σ (σ̄ =↑ if σ =↓
and vice versa). In general, each quantum dot level εj,σ consists of a constant part ε0j and the
part which includes the gate voltage Vg, as well as the magnetic field H:

εj,σ = ε0j + Vg − σ
H
2
. (3)

Therefore, the level positions can be shifted by applying a gate voltage or a magnetic field.
The second term in Hd accounts for the two–particle interaction between electrons, where the
parameter Uj is the on–site Coulomb repulsion of spin up and down electrons. Finally, the last
terms in H take into account the coupling between dots and leads. It is given by:

Hc = −
∑
σ

∑
l=L,R

∑
j

(tljc
†
0,σ,ldj,σ + H.c.), (4)

with leads creation (annihilation) operators c†0,σ,l (c0,σ,l) for an electron with spin direction σ

on the first lattice site of the left or right lead (l=L or l=R respectively). Here tlj is the tunnel
matrix element between a lead l and a quantum dot j.

In this paper we focus on the symmetric coupling case with equal local interaction Uj =
U (j ∈ {1, 2}) in quantum dots. In this case, the inverse of the noninteracting propagator reads
as [2]

G−1
0 (iω, σ) =

iω − Vg + σ
H

2
+ i

Γ

2
sgn(w) i

Γ

2
sgn(w)

i
Γ

2
sgn(w) iω − Vg + σ

H

2
+ i

Γ

2
sgn(w)

 , (5)

where we have introduced the frequency independent hybridization function

Γ =
∑
j,l

Γlj = π
∑
j,l

|tlj |2ρlead, (6)

ρlead is the local density of states of the leads at the quantum dot site 0.
The full Green function G is given by the Dyson equation G−1 = G−1

0 − Σ, where Σ is a
self-energy of the system.
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3. The method
In this section we will briefly review the recently proposed method of the functional
renormalization group [2, 7-9, 11]. It inherits the basic ideas of the Wilsonian RG [12] and allows
to express the Wilson mode elimination in terms of an exact functional differential equation for
the generating functionals.

In our case, primary quantities of interest are the irreducible vertex functions. More precisely,
we are mainly interested in the self-energy (one–particle vertex), since it allows us to obtain
directly the Green function of the interacting quantum dots system in the presence of the
contacts, which is our main goal. The one–particle irreducible (1PI) scheme [8] is a suitable
choice for this purpose. The RG equations in the 1PI scheme are obtained by inserting G0 (Λ) in
the generating functional of the one-particle irreducible vertex functions. An infinite hierarchy of
differential equations for 1PI vertex functions is obtained by taking the derivative of generating
functional with respect to Λ and then expanding it in powers of the external fields.

We write down the explicit equations for the first two vertex functions, namely for the self–
energy (one-particle vertex) ΣΛ:

∂ΛΣΛ(k
′
; k) = −

∑
q′q

eiω20+SΛ(q, q
′
)ΓΛ

4 (k
′
, q

′
; k, q) (7)

and the effective two-particle interactions (two-particle vertex) ΓΛ:

∂ΛΓΛ
4 (k

′
1, k

′
2; k1, k2) =

∑
s,s′ ,q,q′

GΛ(s, s
′
)SΛ(q, q

′
)

×
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ΓΛ
4 (k

′
1, k

′
2; s, q)ΓΛ

4 (s
′
, q

′
; k1, k2)

−
[
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4 (k
′
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′
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Λ
4 (s

′
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′
2; q, k2) + (s� q, s

′
� q

′
)
]

+
[
ΓΛ

4 (k
′
2, q

′
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Λ
4 (s

′
, k

′
1; q, k2) + (s� q, s

′
� q

′
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]}

−
∑
k,k′

SΛ(k, k
′
)ΓΛ

6 (k
′
1, k

′
2, k

′
; k1, k2, k), (8)

where the indices ki(k
′
i) collect all quantum numbers (in our case they are dot indices {i, j . . . },

frequencies w, and spin indices σ) and SΛ denotes the so-called single-scale propagator:

SΛ = GΛ∂Λ

(
GΛ

0

)−1 GΛ. (9)

In order to solve this infinite set of coupled differential equations, it must be truncated in
some manner. For this, in the following, we completely neglect the flow of the vertex functions
ΓΛ

2m for m > 3. Thus, the three-particle contributions ΓΛ
6 vanish and we have a closed system

of the RG equations for ΣΛ and ΓΛ
4 .

Now we need to specify the explicit dependence of the GΛ
0 on parameter Λ, which will be

used in our calculations. It is important because due to the truncation of the infinite hierarchy
of RG equations different cutoff schemes are not equivalent. For this reason, an incorrect choice
of the cutoff can lead to unphysical divergences of the vertex functions. For example, it was
noted that the most frequently used cutoff function – sharp multiplicative cutoff may lead to
unphysical behavior of the vertex functions.

In order to avoid this problem, in this article we introduce another regularization method for
bare propagator, namely[

GΛ
0

]−1
= [G0]−1 + i (Λ− |ωn|) Θ (Λ− |ωn|) sgn(ωn), (10)
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which is analogous to proposed by Litim [10]. This smooth additive cutoff has the undoubted
advantage, compared with sharp cutoff, since it smoothly switched off the propagator at low
frequencies.

4. Results and discussion
At first we consider the effect of the intermediate electron–electron interactions on the position

of the energy levels εjσ = Vg − σ
H

2
+ Σσ

j , where the self-energy Σ can be extracted from the

functional renormalization group calculations. These quantities are important because their
position relative to the Fermi level greatly determines the conductivity of the system. Note that
due to the symmetry of the system, ε1σ = ε2σ. In figure 1 (a) the energy levels of quantum dots
εjσ are plotted as a function of the gate voltage Vg. There are two major regions of the gate
voltage in which energy levels are split differently.

For |Vg| > |V c
g | the energy difference between spin up and spin down states is of the order of

magnitude of the applied field H. This results in the difference between the average occupation
numbers of spin up and down electrons which is also proportional to the magnetic field. One
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Figure 1. (a) The energy levels εjσ as a function of the gate voltage. Solid up (down) line:
εj↓ (εj↑) in the fRG. Dashed up (down) line: εj↓ (εj↑) in the MF. (b) Gate voltage dependence
of the average of the square of the total spin 〈S2〉 and the total magnetization m = m1 + m2.
Upper solid (black) line: 〈S2〉 in the fRG. Upper dashed (blue) line: 〈S2〉 in the MF. Lower solid
(red) line: m in the fRG. Lower dashed (green) line: m in the MF. The parameters are U/Γ = 1
and H/U = 0.08.

can see that this energy level splitting increases with decreasing the gate voltage up to |V c
g |.

Consequently, magnetization mj =
1

2
(〈nj↑〉 − 〈nj↓〉) on each quantum dot begins to grow for

|Vg| → |V c
g | (figure 1 (b)).

In the range of voltages |Vg| < |V c
g | the Coulomb interaction leads to the strong splitting of

the εj↑ and εj↓ energy levels in an external magnetic field. Now, the energy of the spin up state
is much lower than that of the spin down state. Therefore, the occupancy of the spin-up state
becomes energetically favoured over the spin-down state. This results in 0 < mj ∼ 1, 〈S2〉 ∼ 1
and a formation of a high spin state on each quantum dot. In this case the RG calculation
predicts a very weakly expressed decrease in both the magnetization and the average of the
square of the total spin for |Vg| → |V c

g |.
At the point |Vg| = |V c

g |, when the above two regimes change into one another, the phase
transition take place and all the discussed above physical quantities show the jump behavior.
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Figure 1 shows the gate voltage dependence of the average of the square of the total spin
〈S2〉. It shows a sharp increase in 〈S2〉 as |Vg| falls below |V c

g |. That is a direct indication of the
phase transition. Thus, accounting for the intermediate value of the interaction enables us to
conclude that in this case we have the same type of phase transition as in the case of the strong
Coulomb interaction in quantum dots. Comparison between fRG and mean-field approximation
depicted in figure 1 shows qualitative agreement. In the mean-field approximation the phase
transition is also accompanied by a jump–like change of the occupation number and the energy
of levels. But, one sees that the results of the two methods lead to the different behavior of the
curves of the energy levels, as well as the different estimates of the square of the total spin 〈S2〉
and the total magnetization m for voltage Vg near half-filling.

Knowing the renormalized energy levels and renormalization of the hopping parameter allows
us to calculate the quantity of our main interest: the linear-response conductance G as a function
of the gate voltage. For the present setup, the linear conductance G = dI/dVsd of an interacting
system can be computed as [2]:

G = G0
Γ2

8

∑
σ

∣∣∣∣∣∣
∑
j,j′

Gσ
j,j′

(0)

∣∣∣∣∣∣
2

, (11)

where G0 =
2e2

h
is the conductance quantum.

First we consider the non-interacting case, U = 0. After replacing G → G0 in (11) we have:

G(Vg) =
e2

h

∑
σ

Gσ(Vg) =
e2

h

∑
σ

Γ2(
Vg − σ

H

2

)2

+ Γ2

, (12)

which is a superposition of two Lorentzians with peak positions at Vg = σ
H

2
.

If we include the interaction between spin up and spin down electrons on both quantum
dots, the transport properties of the system changes greatly. Even at the level of mean field
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2G
/G

0

Figure 2. Conductance 2G/G0 as a function of Vg/U of the parallel double dot with U = Γ
and H = 0.08U . Solid black line: fRG approach with the Litim cutoff. Dashed blue line: MF
approximation.
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approximation, the dependence of the conductance on the gate voltage changes its lineshape,
the transition between the phases of the different spin symmetries is accompanied by a jump in
the conductance (figure 2). We also observe a sharp drop of the conductance in the high spin
state. These features of the G(Vg) can be explained via the position of the double quantum dots
system energy levels with respect to the Fermi level.

Next, we calculate the gate voltage dependence of the linear conductance using the functional
renormalization group scheme. As shown in figure 2, the phase transition is manifested by the
appearance of the step discontinuities in the curve of the conductance. Importantly, the drop
of the conductance in the high spin state is smaller than in the case of the mean-field approach.
Furthermore, even in the low spin (paramagnetic) regime one can see a notable difference in
the linear conductance. In this case, the fRG gives higher value of the conductivity at the same
gate voltage. We also note that in this case, the conductivity is not completely determined
by the position of the εjσ levels. This is due to the fact that the off-diagonal components
of the self-energy are also renormalized in a non trivial way. They have a two-fold effect on
the conductivity: modify renormalization of εjσ (and vice versa) and explicitly enter into the
expression for G(Vg). Thus, the individual contributions of the self-energy to the conductivity
are mixed in the obtained results.

5. Conclusion
We found that in the case of an intermediate value of the on-site Coulomb interaction the
fRG with the Litim cutoff reproduce correlation effects. The system exhibits a quantum phase
transition between the high spin state and a low spin state that is driven by the gate voltage. This
phase transition is accompanied by the appearance of the step discontinuities in the conductance,
which can be observed in the experiment. In the phase transition region, the magnetization and
the energy of levels of the quantum dots computed in the fRG also show a jump–like behavior.

Comparison between fRG and mean-field approximation shows that although they are in
qualitative agreement and give the same estimate for the gate voltage of the phase transition,
they yield to significantly different behavior of conduction and other considered variables in the
spin ordered phase.
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