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Abstract. We study exactly the effect of an impurity in the interacting quantum spin chain
at low temperature by solving the integrable spin-1/2 XXZ periodic chain with an impurity
through the algebraic and thermal Bethe ansatz methods. In particular, we investigate how
the crossover temperature for the impurity specific heat depends on the impurity parameter,
i.e. the coupling of the impurity to other spins, and show that it is consistent with the analytic
expression that is obtained by setting the impurity susceptibility to be proportional to the
inverse of the crossover temperature. In the model, two types of crossover behavior appear: one
from the high-temperature regime to the low-temperature Kondo regime and another from the
N -site homogeneous chain to the (N − 1)-site chain with a decoupled free impurity spin, with
respect to the temperature and the impurity parameter, respectively.

1. Introduction
The Kondo effect was discovered experimentally in the 1930s [1] and was theoretically explained
first in the 1960s [2]. However, the Kondo problem and related subjects in many-body problem
still evoke considerable interest in various theoretical and experimental researches [3, 4, 5].
First, quantum impurity systems show universal critical behavior at low temperature, which is
characterized by the ratio of the impurity susceptibility χimp to the impurity specific heat cimp

divided by temperature T : r = (π2/3)χimp/(cimp/T ) [6]. We call it the Wilson ratio. It was
exactly shown by the Bethe ansatz that it is given by 2 for the Kondo model [7, 8]. Furthermore,
the effect of an impurity embedded in a one-dimensional interacting quantum system or in a
Tomonaga-Luttinger liquid [9] has been one of the topics evoking considerable interest during
the 1990s and during the last decade. It has been investigated by different methods such as
renormalization group techniques [10, 11, 12], conformal field theories (CFT) [13, 14], numerical
techniques with CFT [15, 16], and the Bethe-ansatz method [17, 18, 19, 20, 21, 22, 23, 24, 25, 26].
Recently, it is studied by functional renormalization group [27] and also experimentally in
a quasi-one-dimensional conductor [28]. However, it is still rare that the finite-temperature
thermodynamic behavior is explicitly and exactly shown by a theoretical method for a large but
finite lattice system without making any approximation or assumption.
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In this paper we study the finite-temperature behavior of an integrable model of the spin-
1/2 anti-ferromagnetic XXZ periodic chain with a spin-1/2 impurity and make an additional
report to Ref. [29]. In particular, we investigate how the crossover temperature Tc for the
impurity specific heat cimp depends on the impurity parameter x and show that the x-dependence
of crossover temperature Tc is consistent with the analytic expression derived by setting the
impurity susceptibility χimp to be proportional to the inverse of the crossover temperature:
1/Tc ∝ χimp(x). Here the impurity parameter x is related to the coupling strength between the
impurity spin and other interacting spins.

In the XXZ impurity model we can exactly study the effect of an impurity embedded in
the interacting quantum spins in one dimension, while in the Kondo model the effect of an
impurity coupled with itinerant electrons in three dimensions. The XXZ impurity model and
its variants have been investigated by many authors. Schlottmann studied the integrable spin-S
XXZ spin chain with one spin-S′ impurity [23] in association with the multi-channel Kondo effect
[18, 19, 25]. The spin-1/2 impurity in the open spin-1/2 XXX chain was studied by Frahm and
Zvyagin [21] and it was shown that the Kondo-like temperature exists, while the periodic XXZ
chain with an impurity was studied by Eckle et al. [20]. The thermodynamic behavior of the
spin-1/2 impurities in the spin-1/2 XXZ chain was shown in Ref. [24] for several distributions of
the impurity parameters. However, the analytic expressions of the impurity susceptibility and
the impurity specific heat at low temperature in Ref. [23] are not accurate enough to evaluate
the Wilson ratio correctly, in particular, when the impurity parameter is small.

The integrable model of the spin-1/2 XXZ periodic chain with a spin-1/2 impurity studied
in Ref. [29] corresponds to the case of S = S′ = 1

2 in the XXZ impurity model of Ref. [23]. The
finite-temperature behavior of the integrable XXZ impurity model is investigated by numerically
solving the truncated integral equations of the thermal Bethe ansatz [30, 31, 32, 33] and evaluate
the specific heat and the entropy numerically [29]. By plotting graphs of the impurity specific
heat cimp versus temperature T and those of the impurity entropy versus temperature T , it is
shown that the impurity spin gradually becomes a free spin through pseudo-decoupling from
other spins, while in low temperature it couples strongly to them such as the Kondo effect [29].
Here, we call it pseudo-decoupling, if the exchange coupling between the impurity spin and other
spins is very small but nonzero. It occurs in the present model when the absolute value of the
impurity parameter is very large.

It is shown that the Wilson ratio at low temperature is given by r = 2π/(π − ζ) for the spin-
1/2 anti-ferromagnetic XXZ periodic chain with a spin-1/2 impurity, where the XXZ anisotropy
parameter ∆ is given by ∆ = cos ζ ( 0 ≤ ζ < π) [29]. It is independent of the impurity
parameter x if its absolute value is small enough with respect to the given temperature. Thus,
the Hamiltonians of the XXZ impurity model with the same XXZ anisotropy parameter ∆ but
different values of impurity parameter x are classified in the same universality class [29].

The contents of the paper consist of the following. In section 2 we derive the expression of the
XXZ impurity Hamiltonian in terms of the local spin operators Sa

j . We show that the ground-
state energy evaluated by diagonalizing the XXZ impurity Hamiltonian expressed in terms of
the local spin operators is consistent with that obtained by solving the Bethe ansatz equations
numerically for several different values of the impurity parameter. In section 3 we review the
analytic expression of the impurity susceptibility at zero temperature derived by theWiener-Hopf
method in Ref. [29]. In section 4, after we briefly review the method for evaluating the specific
heat via the thermal Bethe ansatz in Ref. [29], we plot the graphs of the impurity specific
heat versus impurity parameter x for five different values of temperature T . We then show
numerically that the crossover temperature Tc as a function of impurity parameter x is derived
by setting the inverse of Tc to be equal to impurity susceptibility χimp(x): A/Tc = χimp(x) with
some constant A. Finally, in section 5 we give concluding remarks.
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2. Integrable model with an impurity
2.1. The XXZ Hamiltonian with an impurity
We now formulate the integrable spin-1/2 anti-ferromagnetic XXZ chain with a spin-1/2 impurity
through the algebraic Bethe ansatz. Let us denote by V0, V1, . . . , VN the two-dimensional vector
spaces over C. For the N -site chain we consider the quantum space V1⊗V2⊗· · ·⊗VN , where the
spin operators on the jth site act on Vj for j = 1, 2, . . . , N . We call V0 the auxiliary space. We
denote the transfer matrix of the XXZ spin chain by τ1···N (λ|ξ1, · · · , ξN ) acting on the quantum
space with the spectral parameter λ and inhomogeneity parameters ξ1, ξ2, . . . , ξN . We shall
define it shortly. The XXZ Hamiltonian with an impurity is given by the logarithmic derivative
of an inhomogeneous transfer matrix

HXXZ(x) =
sinh(iζ)

2

d

dλ
log τ1···N

(
λ
∣∣∣ iζ
2
− x,

iζ

2
, · · · , iζ

2

)∣∣∣∣
λ→ iζ

2

, (2.1)

where we call the parameter x the impurity parameter and we assume that it is real. The
impurity Hamiltonian HXXZ(x) in (2.1) becomes the standard XXZ Hamiltonian when x = 0.
We define the inhomogeneous transfer matrix τ1···N by the following product of the R-matrices

τ1···N (λ|ξ1, · · · , ξN ) = tr0R0N (λ− ξN ) · · ·R01(λ− ξ1) (2.2)

where inhomogeneity parameters ξ1, ξ2, . . . , ξN are arbitrary and the R-matrices of the XXZ
model acting on the tensor product V0 ⊗ Vn are given by

R0n(λ) =


1

b(λ) c(λ)
c(λ) b(λ)

1


[0,n]

. (2.3)

Here, suffix [0, n] means that the four-by-four matrix acts on the tensor product space V0 ⊗ Vn

and functions b(λ) and c(λ) are expressed as

b(λ) =
sinh(λ)

sinh(λ+ iζ)
, c(λ) =

sinh(iζ)

sinh(λ+ iζ)
, (2.4)

and parameter ζ is related to the XXZ anisotropy parameter ∆ by ∆ = cos ζ with 0 ≤ ζ < π.
Through straightforward calculation we obtain the following expression of the impurity

Hamiltonian HXXZ(x) in terms of local spin operators S±
j and Sz

j on the jth sites [29].

HXXZ(x) =

N−1∑
n=2

[
1

2
(S+

n S
−
n+1 + S−

n S
+
n+1) + ∆

(
Sz
nS

z
n+1 −

1

4

)]
+ c+c−

[
coshx

2
(S+

NS−
1 + S−

NS+
1 ) + ∆

(
Sz
NSz

1 − 1

4

)]
+ c+c−

[
coshx

2
(S+

1 S
−
2 + S−

1 S
+
2 ) + ∆Sz

1S
z
2

]
+ b+b−

[
∆

2
(S+

NS−
2 + S−

NS+
2 ) + ∆Sz

NSz
2

]
− ∆

4

+ b+c−

[
coshx(S+

NS−
2 − S−

NS+
2 )S

z
1

−∆(S+
NS−

1 − S−
NS+

1 )S
z
2

−∆(S+
1 S

−
2 − S−

1 S
+
2 )S

z
N

]
, (2.5)

XXIII International Conference on Integrable Systems and Quantum Symmetries (ISQS-23) IOP Publishing
Journal of Physics: Conference Series 670 (2016) 012054 doi:10.1088/1742-6596/670/1/012054

3



where symbols b± and c± are given by

b± = b(±x) =
sinhx

sinh(x± iζ)
, c± = c(±x) = ± sinh(iζ)

sinh(x± iζ)
, (2.6)

and the spin operators S±
j and Sz

j are expressed in terms of the Pauli matrices as

S±
j =

1

2
σx
j ± i

1

2
σy
j , Sz

j =
1

2
σz
j , for j = 1, 2, . . . , N . (2.7)

We confirm in the explicit expression (2.5) that the impurity Hamiltonian HXXZ(x) gives
the spin-1/2 anti-ferromagnetic XXZ chain if impurity parameter x vanishes. It also follows
from (2.5) that the impurity Hamiltonian HXXZ(x) is Hermitian for any real value of impurity
parameter x.

In the limit of sending the impurity parameter to infinity: x → ∞, the impurity Hamiltonian
(2.5) reduces to the following:

HXXZ(∞) =

N−1∑
n=2

[1
2
(S+

n S
−
n+1 + S−

n S
+
n+1) + ∆

(
Sz
nS

z
n+1 −

1

4

)]
+
∆

2

(
S+
NS−

2 + S−
NS+

2

)
+∆

(
Sz
NSz

2 − 1

4

)
+2

√
1−∆2

(
Sx
NSy

2 − Sy
NSx

2

)
Sz
1 . (2.8)

Furthermore, in the XXX limit: ∆ → 1 it becomes

HXXX(∞) =

N−1∑
n=2

[
Sx
nS

x
n+1 + Sy

nS
y
n+1 + Sz

nS
z
n+1 −

1

4

]
+

(
Sx
NSx

2 + Sy
NSy

2 + Sz
NSz

2 − 1

4

)
. (2.9)

Thus, the impurity spin operators Sa
1 (a = x, y, z) are decoupled from those of other sites.

2.2. The Bethe ansatz equations with an impurity
Let us define functions θn(z) for positive integers n = 1, 2, . . . , by

θn(z) = i log

[
−
sinh(z + inζ

2 )

sinh(z − inζ
2 )

]
. (2.10)

The Bethe ansatz equations (BAE) for the impurity Hamiltonian (2.1) in the M down-spin
sector are given by

(N − 1)θ1(zl) + θ1(zl + x) = 2πIl +
M∑

j=1;j ̸=l

θ2(zl − zj), for l = 1, . . . ,M. (2.11)

Here Il are called the Bethe quantum numbers, and they are given by integers or half-integers
according to the following rule:

Il ≡
N −M + 1

2
(mod 1), for l = 1, 2, . . . ,M. (2.12)

We note that functions θn(z) are expressed in terms of the arctangent function as follows.

θn(z) = 2 tan−1

(
cot

(
nζ

2

)
tanh z

)
. (2.13)
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By solving BAE (2.11) numerically we can evaluate the energy eigenvalues of the Bethe
ansatz eigenvectors with M down-spins. We call a solution of BAE {zℓ| ℓ = 1, 2, . . . ,M} the
Bethe roots. The energy E of a Bethe ansatz eigenstate with the Bethe roots {zℓ} is expressed
as

E = −
M∑
l=1

sin2 ζ

cosh 2zl − cos ζ
. (2.14)

We note that the energy depends on impurity parameter x, since the solution {zj} depends on
the parameter x through BAE in (2.11).

2.3. Ground state of the XXZ spin chain with an impurity
It is not clear how the Bethe quantum numbers {Ij} should depend on the impurity parameter
x for a given Bethe ansatz eigenstate of the XXZ impurity Hamiltonian. Here we recall that the
Bethe quantum numbers appear in BAE (2.11). It is therefore not trivial whether the Bethe
quantum numbers for the ground state with x = 0 also gives the Bethe quantum numbers for
the ground state with x ̸= 0.

We have a conjecture that the Bethe quantum numbers of the ground state do not change if
impurity parameter x is real even when x ̸= 0. By taking advantage of the explicit expression
(2.5) of the impurity Hamiltonian we can evaluate its eigenvalues through exact numerical
diagonalization, i.e. we can numerically diagonalize the impurity Hamiltonian through the
expression (2.5). We thus confirm that the set of the Bethe quantum numbers of the ground
state for x = 0 gives those in the case of x ̸= 0.

x 0 1 2 3 4 5

exact diagonalization -4.392695167 -3.961714971 -3.743119726 -3.680990863 -3.660728144 -3.653612539
Bethe ansatz -4.392695167 -3.961714971 -3.743119726 -3.680990863 -3.660728144 -3.653612539

Table 2.1. Ground-state energy of the XXZ impurity Hamiltonian (2.5) with N = 8 and
∆ = 0.6 for six values of impurity parameter (x = 0, 1, · · · , 5) evaluated by exact numerical
diagonalization and by the Bethe ansatz. Here we assume that the Bethe quantum numbers of
the ground state do not depend on impurity parameter x and are given by {±1/2,±3/2}.

We have thus confirmed that the lowest energy level of (2.5) is completely consistent with
the eigenvalue evaluated from BAE (2.11) in the cases of N ≦ 10 with respect to numerical
errors. For an illustration, some results for N = 8 are shown up to 10 decimal degits in Table
2.1. They are obtained by assuming the same set of the Bethe quantum numbers. We have
another conjecture that this correspondence is valid for any larger number of sites.

3. Impurity susceptibility through the Wiener-Hopf method
We now derive the analytic expression of the impurity magnetic susceptibility at zero
temperature. We add a small magnetic field h to the impurity Hamiltonian (2.5):

H
′
= HXXZ(x)− 2h

N∑
n=1

Sz
n. (3.15)

By taking the thermodynamic limit of BAE (2.11) through the Euler-Maclaurin formula, we
derive the following integral equation:

ρ(z, x) +

∫ B

−B
a2(z − z′)ρ(z′, x)dz′ =

1

N
{(N − 1)a1(z) + a1(z + x)} . (3.16)
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Here parameter B denotes the Fermi point determined by the magnetic field h, and ρ(z, x) the
density of the Bethe roots in the ground-state solution of BAE (2.11), where functions an(z) for
n = 1, 2, . . . , denote the derivatives of functions θn(z): an(z) = θ

′
n(z)/2π and they given by

an(z) = − i

2π

sinh(inζ)

sinh(z + inζ
2 ) sinh(z − inζ

2 )
. (3.17)

We note that we have the infinite Fermi point, B = ∞, for h = 0.
The magnetization per site sz(x) and the energy per site e(x) are written in terms of the

integrals of the root density ρ(z, x) as follows.

sz(x) =
1

2
−

∫
|z|<B

ρ(z, x)dz

=
π

2π − 2ζ

∫
|z|>B

ρ(z, x)dz, (3.18)

e(x) = π sin ζ

∫
|z|>B

σ0(z)ρ(z, x)dz, (3.19)

where the bulk root density σ0(z) is given by

σ0(z) =
1

2ζ
sech

πz

ζ
. (3.20)

Through the Wiener-Hopf method [29] the magnetization per site sz(x) is given by

sz(x) ≃ iπ

Nζ(π − ζ)
G+(0)

G−
(
− iπ

2

)
iπ
ζ

G+(0)hζ

(π − ζ) sin ζG+

(
iπ
2

) (N − 1 + cosh
πx

ζ

)
=

2ζh

Nπ(π − ζ) sin ζ

(
N − 1 + cosh

πx

ζ

)
. (3.21)

Here, function G+(k) (k = iπz) is expressed in terms of the gamma function Γ(z) by

G+(iπz) =

√
2π

(
1− 1

γ

)(
(γ − 1)γ−1

γγ

)z
Γ(γz + 1)

Γ(12 + z)Γ((γ − 1)z + 1)
, (3.22)

and γ is given by γ = π/ζ, and function G−(k) is determined by the following relation:

G−(k) = G+(−k) . (3.23)

In equation (3.21) we have assumed that magnetic field h is very small, so that we consider only
linear terms of h. The Fermi point B is determined as a function of h by the following condition:

∂

∂B
(e(x)− 2hsz(x)) = 0. (3.24)

We therefore have

exp

(
−πB

ζ

)
=

G+(0)ζh

(π − ζ) sin ζG+

(
iπ
2

) . (3.25)

Let us define the impurity magnetization szimp(x) at zero temperature by

Nsz(x) = (N − 1)sz(0) + szimp(x) . (3.26)

XXIII International Conference on Integrable Systems and Quantum Symmetries (ISQS-23) IOP Publishing
Journal of Physics: Conference Series 670 (2016) 012054 doi:10.1088/1742-6596/670/1/012054

6



Here, Nsz(x) gives the total magnetization of the impurity XXZ spin chain with impurity
parameter x. We also express it by Sz

tot. We then define the impurity susceptibility χimp(x) by

χimp =
∂ 2szimp(x)

∂h

∣∣∣∣
h=0

. (3.27)

The impurity susceptibility at zero temperature is therefore given by

χimp(x) =
4ζ

π(π − ζ) sin ζ
cosh

πx

ζ
. (3.28)

4. Impurity specific heat
4.1. Coupled integral equations of the thermal Bethe ansatz
We now evaluate the crossover temperature by numerically evaluating the specific heat per site
c(x, T ) of the impurity XXZ spin chain at temperature T . We first define the impurity specific
heat cimp(x, T ) at temperature T with impurity parameter x by [29]

Nc(x, T ) = (N − 1)c(0, T ) + cimp(x, T ) . (4.29)

Here, Nc(x, T ) gives the total specific heat of the impurity XXZ spin chain with impurity
parameter x at temperature T .

Let us consider the string solutions for the BAE at ζ = π/3. According to the string
hypothesis [30, 33], there are only three types of solutions: 1-string solutions with even parity

(i.e., real solutions) {z(1+)
j }, 2-string solutions {z(2)j ± iζ/2}, and real solutions of 1-string with

odd parity z
(1−)
j +iπ/2. Here we assume that all the three types of string centers, z

(1+)
j , z

(2)
j and

z(1−) are given by real numbers.
For the density functions of the three types of string solutions appearing at ζ = π/3 [30] a

set of coupled integral equations truncated at ζ = π/3 are derived through the thermal Bethe
ansatz, which will be formulated shortly. We express the free energy in terms of the solution
to the thermal Bethe ansatz equations. By taking the second derivative of the free energy with
respect to temperature we derive the integral expression for the specific heat of the model [32].
Thus, by solving the thermal Bethe ansatz equations numerically, we obtain the specific heat of
the impurity XXZ spin chain denoted by c(x, T ) as follows.

c(x, T ) =
1

N

∫ ∞

−∞
{α1v1 + α2 (2v2 + b1 ∗ v1 + 2b2 ∗ v2)} dz, (4.30)

where symbol ∗ denotes the convolution and functions αj(z) are given by

αj(z) = (N − 1)aj(z) + aj(z + x) for j = 1, 2. (4.31)

Here functions aj(z) and bj(z) are given by

aj(z) =
1

2π

2 sin ζqj
cosh 2z + cos ζqj

, q1 = 2, q2 = 1, (4.32)

b1(z) =
3 cosh (3z/2)√

2π cosh 3z
, b2(z) =

3

4π cosh (3z/2)
. (4.33)
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With κ = −π sin ζ, functions vj in (4.30) are given by the solutions of the following equations.{
v1 =

1
T 2

u1
2

eh1−1
+

(
1− e−h1

)
[−2b2 ∗ v1 − 2b1 ∗ v2]

v2 =
1
T 2

u2
2

eh2−1
+

(
1− e−h2

)
[−b1 ∗ v1 − 2b2 ∗ v2]

, (4.34){
u1 =

(
1− e−h1

)
[−κb1 − 2b2 ∗ u1 − 2b1 ∗ u2]

u2 =
(
1− e−h2

)
[−κb2 − b1 ∗ u1 − 2b2 ∗ u2]

, (4.35){
h1 = log

[
1 + exp

[
− κ

T b1 − 2b2 ∗ h1 − 2b1 ∗ h2
]]

h2 = log
[
1 + exp

[
− κ

T b2 − b1 ∗ h1 − 2b2 ∗ h2
]] . (4.36)

We can solve the thermal Bethe ansatz equations (4.34), (4.35) and (4.36) as follows. Firstly,
we solve the coupled integral equations (4.36) for h1 and h2. Secondly, we solve equations (4.35)
for u1 and u2 from the result of h1 and h2. Thirdly, we solve equations (4.34) for v1 and v2,
from which we have the estimates of specific heat c(x, T ) and then cimp(x, T ).

4.2. Crossover temperature for impurity specific heat versus impurity parameter

Figure 1. Impurity specific heat cimp versus impurity parameter x at five different temperatures

T . The data points for T = 10−4/3, 10−1, 10−2/3, 10−1/3 and 100 are depicted by filled circles,
open squares, filled upper triangles, open lower triangles and filled stars, respectively.

In Figure 1 the estimates of impurity specific heat cimp(x, T ) are plotted against impurity

parameter x for five fixed values of temperature T : T = 10−4/3, 10−1, 10−2/3, 10−1/3 and 100.
Two peaks are clearly seen in the graph of cimp versus x at the lowest temperature T = 10−4/3

(depicted by filled circles) in Figure 1. The positions of the two peaks are symmetric with respect
to the origin of the x-axis (x = 0): x = xpeak(T ) and x = −xpeak(T ). They are approximately
given by ±xpeak(T ) = ±1.1. It is clear in Figure 1 that as temperature T increases the two peak
positions ±xpeak(T ) become closer to the origin: x = 0, while the peak height becomes taller.
The peak height increases until the two peak positions ±xpeak(T ) merge to the origin (x = 0).
After the peak positions ±xpeak(T ) reach at the origin (x = 0), the peak height decreases rapidly.
The peak height of cimp at x = 0 decreases from 0.34 to 0.15 when temperature T increases from

10−1/3 to 100, as shown in Figure 1.
Over the most of the region between the two peaks at x = ±xpeak in the graph of impurity

specific heat cimp versus impurity parameter x at temperature T , as shown in Figure 1, we
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assume that the estimates of cimp as a function of x are consistent with the following expression

cimp(x, T ) =
2ζT

3 sin ζ
cosh

πx

ζ
. (4.37)

Here we recall that the consistency has already been shown in Figure 6 of Ref. [29]. Thus, at
a given temperature T impurity specific heat cimp(x, T ) as a function of impurity parameter x
is consistent with that of the low-temperature regime if the absolute value of x is smaller than
the peak position xpeak(T ) of the graph of cimp versus x at the given temperature T , i.e. if
|x| < xpeak(T ). If the absolute value of impurity parameter x is larger than the peak position at
temperature T , i.e. if |x| > xpeak(T ), we expect that the coupling between the impurity spin and
other spins is too weak with respect to thermal fluctuations at temperature T , so that impurity
specific heat cimp should almost vanish. In Figure 1 impurity specific heat cimp indeed becomes
small exponentially with respect to x in the region where we have |x| > xpeak(T ).

Based on the above observations, we now define the crossover temperature Tc (or Tc(x))
as a function of impurity parameter x for impurity specific heat cimp. For a given value of
impurity parameter x we define the crossover temperature Tc(x) by a temperature T such that
the peak position at the temperature T is equal to the given value of the impurity parameter:
xpeak(T ) = x. It thus follows that we have xpeak(Tc(x)) = x.

Figure 2. Peak position xpeak(T ) versus log10 T for temperature T .
The thick gray line is given by eq. (4.39) with ζ = π/3 and A = 0.435.

In Figure 2 the estimates of peak position xpeak(T ) in the graph of cimp versus x at
temperature T are plotted against log10 T . The linear behavior of the data plots in Fig. 2 with
lower temperatures is consistent with the inverse of the analytic expression (3.28) of impurity
susceptibility χimp(x). By setting x = xpeak(Tc) and χimp(x) = A/Tc with some constant A we
have

A

Tc
=

4ζ

π(π − ζ) sin ζ
cosh

πxpeak
ζ

. (4.38)

We express xpeak as a function of Tc as

xpeak =
ζ

π
cosh−1

(
A
π(π − ζ) sin ζ

4ζTc

)
. (4.39)

Here A denotes a constant to shift the graph of xpeak versus log T . As shown in Figure 2, the
graph of xpeak versus log10 T is consistent with the graph of (4.39) in lower temperatures such
as for log10 T < −1.0 .
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When x ≫ 1 we can approximate cosh (πx/ζ) by exp (πx/ζ) /2. By expressing xpeak as a
function of Tc we have

xpeak ≈ − ζ

π
lnTc +

ζ

π
ln

(
A
π(π − ζ) sin ζ

2ζ

)
. (4.40)

It is consistent with the linear part of the graph of xpeak versus log10 T for lower temperatures
such as log10 T < −1.0, as shown in Figure 2.

5. Concluding remarks
We have investigated how the crossover temperature Tc for the impurity specific heat cimp(x, T )
depends on the impurity parameter x. We have determined Tc through the two peak positions
±xpeak(T ) in the graph of cimp(x, T ) versus x at temperature T : For a given value of x we
define Tc by the condition: xpeak(Tc) = x. We have shown that the x-dependence of crossover
temperature Tc is consistent with the analytic expression derived by setting the inverse of Tc to
be proportional to impurity susceptibility χimp(x): 1/Tc ∝ χimp(x).
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