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Abstract. By the universal integrability objects we mean certain monodromy-type and transfer-
type operators, where the representation in the auxiliary space is properly fixed, while the
representation in the quantum space is not. This notion is actually determined by the structure of
the universal R-matrix. We call functional relations between such universal integrability objects,
and so, being independent of the representation in the quantum space, the universal functional
relations. We present a short review of the universal functional relations for the quantum
integrable systems associated with the quantum groups of loop Lie algebras.

1. Introduction
The discovery of the so-called Hidden Grassmann Structure in the state space of the XXZ model
[1–5] opened principally novel perspectives in the study of correlation functions in quantum
integrable systems. At the same time, it raised fundamental questions about the algebraic
origin of the fermionic basis in the XXZ model and its possible generalizations. Trying to
give any adequate response to this and other related problems, we came to the conclusion
that we need a better understanding of Baxter’s TQ-relations [6, 7], with all their ingredients
and possible generalizations. Then, at certain point of our study, we came across an earlier
series of remarkable papers on integrable structure of conformal field theory [8–11]. For us, the
main idea of these pioneer works was that the objects describing the model and related to its
integrability should be constructed on the basis of the universal R-matrix, which is an element of
the tensor product of two copies of the quantum group [12]. Traditionally, the first factor in this
tensor product is regarded as the auxiliary space, and the second one as the quantum space. But
their roles can certainly be interchanged, giving rise to various interesting relations between
different integrable structures. The functional relations, supposed to be a substitute and
generalization of the famous Bethe Ansatz [13], should follow from the characteristics of the
appropriate representations of the underlying quantum group. Altogether, our deliberations
over the contents of these papers made clear that, in the theory of quantum integrable systems,
the functional relations are too important to treat them superficially. And so, we have carefully
reconsidered the whole quantum group approach to quantum integrable systems. Essential
part of this revision is actually what we are presenting here in a short review based mainly on
our publications [14–19].
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By L(g) we denote the loop Lie algebra of a finite-dimensional Lie algebra g and by L̃(g) its
standard central extension [20]. The corresponding quantum group is denoted by adding the
symbol Uq, as appropriate for the q-deformation of the universal enveloping algebra of a given
Lie algebra. It is assumed here that q is not a root of unity. To construct integrability objects one
uses spectral parameters. They are introduced by means of a Z-gradation of the quantum group
under consideration. In the case of our interest, the quantum group Uq(L(sln)), a Z-gradation
is determined by n integers si, i = 0, . . . , n − 1, and we use the notation s = s0 + . . . + sn−1
for their total sum. Hence, the functional relations are certain difference equations for the
integrability objects considered as functions of the spectral parameters. When the Bethe Ansatz
is not applicable anymore, the functional relations can serve to diagonalize the transfer matrix
of such models. However, they can also be studied independently to elucidate certain algebraic
structures of quantum integrable systems. In particular, they can help in understanding the
group-theoretic background of the Hidden Grassmann Structure and see ways to extend it to
other models. It turns out here that it is justified to fix the auxiliary space by an appropriate
representation, while keeping the quantum space free. Possible advantage of such an approach
was mentioned earlier in different contexts, see, for example, [21, 22]. In our recent works
[16–19], we have developed and elaborated this idea and have given the complete proof of
the functional relations in the form independent of the representation of the quantum group
in the quantum space. We have also described the specialization of the universal functional
relations to the case when the quantum space is the state space of a discrete spin chain. In
this presentation we consider only the first part of the program, the universal integrability
objects and the corresponding universal functional relations without their specialization in the
quantum space.

We use the notation κq = q− q−1, so that the definition of the q-number can be written as

[ν]q =
qν − q−ν

q− q−1 = κ−1
q (qν − q−ν), ν ∈ C.

2. Quantum groups in general
Here we recollect basic definitions of a well-known object and fix the corresponding notations.
The object in question, denoted here by A, is nothing but the quantum group, being actually
the main tool for the whole construction. We generally follow the definitions proposed by
Drinfeld [23, 24] and Jimbo [25]; for a review see [26]. Hence, it is a unital associative algebra
obtained by a deformation of the universal enveloping algebra of a given Lie algebra. The
quantum group is thus an algebra, and if the initial Lie algebra is an affine Kac–Moody Lie
algebra, then one deals with a quantum affine algebra. This is the case of our consideration.

It should be noted here that, depending on the nature of the deformation parameter q, the
quantum group can be interpreted differently. If q = exp h̄, where h̄ is an indeterminate, then
the quantum group is a C[[h̄]]-algebra. If q itself is an indeterminate, then the quantum group
is a C(q)-algebra. If q = exp h̄, where h̄ is a complex number, then the quantum group is a
C-algebra. We deal with the quantum group defined according to the last way in order to have
meaningful traces, see, for example, [27, 28].

The quantum group is a Hopf algebra with respect to appropriate co-multiplication,
antipode and co-unit. Moreover, as any Hopf algebras, it also has an opposite co-multiplication
∆op, defined by the initial co-multiplication ∆ as

∆op = Π ◦∆, Π(a⊗ b) = b⊗ a, a, b ∈ A.

Now, assuming that there exists an invertible element R of the tensor product of two copies of
the quantum group, such that

∆op(a) = R∆(a)R−1, R ∈ A⊗A, (2.1)
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for any element a of the quantum group, and the following relations

(∆⊗ id)(R) = R13R23, (id⊗∆)(R) = R13R12, (2.2)

with the standard convention about the indices, are fulfilled, we restrict ourselves by the so-
called quasi-triangular Hopf algebras.1 The element R is called the universal R-matrix. It follows
from (2.1) and (2.2) that it satisfies the master equation

R12R13R23 = R23R13R12 (2.3)

defined on the tensor product of three copies of the quantum group. However, it is important
to note that in the case under consideration the universal R-matrix belongs actually to a smaller
subset of the tensor square of the full quantum group; to be precise, to the tensor product of the
Borel subalgebras B+ and B− of the quantum group A, i. e. R ∈ B+ ⊗B− ⊂ A⊗A. Therefore,
and in particular, the master equation is defined on the tensor product B+ ⊗A⊗B−.

3. Universal integrability objects
Let us introduce a group-like element, that is an invertible element of the quantum group with
the co-multiplication property given by

∆(t) = t⊗ t, t ∈ A.

With the help of the universal R-matrix we define the universal integrability objects. These are
the monodromy- and transfer-type operators defined as follows.

First, let ϕ be a representation of the quantum group A in a vector space V2

ϕ : A→ End(V).

Then, the corresponding universal monodromy operator Mϕ is defined as

Mϕ = (ϕ⊗ id)(R) ∈ End(V)⊗A. (3.1)

The corresponding universal transfer operator is defined as

Tϕ = (trV ⊗ id)(Mϕ(ϕ(t)⊗ 1)) = ((trV ◦ϕ)⊗ id)(R(t⊗ 1)), (3.2)

where 1 means the unit element of A, and now t makes sense as a twist element.
Using appropriate t, in general, we can obtain meaningful traces over infinite-dimensional
representation spaces, see, for example, [17]. The representation ϕ can depend on certain
parameters, which we collectively denote by ζ. In such a case we write ϕζ and Mϕ(ζ), Tϕ(ζ),
respectively.

The other universal integrability objects are introduced in a similar way, but the
representation ρ used for them is essentially different from the representation ϕ used earlier.
Indeed, here we recall that, in the case under consideration, the universal R-matrix is an
element of the tensor product of two principal Borel subalgebras of A, that is R ∈ B+ ⊗ B−.
Then, let ρ be such a representation of B+ that it cannot be extended to a representation of the
whole quantum group A. Therefore, it cannot be obtained simply by the restriction of ϕ (from
A to B+). We should understand, however, that to produce nontrivial relations between the

1 In fact, there is a subtle conflict between the definition of the quantum group as a C-algebra and the last
requirement. However, this problem is resolvable in our case, see, for example, the discussions in [17–19, 29].
2 In other words, V is an A-module.
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integrability objects, these representations, ϕ and ρ, should be somehow connected. Now, with
such a representation of B+ in a vector space W,3

ρ : B+ → End(W),

we introduce the universal L-operator

Lρ = (ρ⊗ id)(R) ∈ End(W)⊗B− (3.3)

and the corresponding universal Q-operator

Qρ = (trW ⊗ id)(Lρ(ρ(t)⊗ 1)) = ((trW ◦ρ)⊗ id)(R(t⊗ 1)), (3.4)

where the group-like element t is the same as for the universal transfer-operator, and 1 again
means the unit of the quantum group.

Further, we can rewrite the master equation (2.3) as follows:

(R13t1)(R23t2) = (R12)−1(R23t2)(R13t1)R12. (3.5)

Using the tensor products of the maps (tr ◦ϕζ), (tr ◦ρζ) for various ϕ and ζ in the providently
rewritten master equation (3.5), we obtain the first functional relations. Applying (tr ◦ϕ1ζ1)⊗
(tr ◦ϕ2ζ2) to both sides of (3.5), we obtain

Tϕ1(ζ1)Tϕ2(ζ2) = Tϕ2(ζ2)Tϕ1(ζ1). (3.6)

Applying (tr ◦ρζ1)⊗ (tr ◦ϕζ2) to both sides of (3.5), we come to the relation

Qρ(ζ1)Tϕ(ζ2) = Tϕ(ζ2)Qρ(ζ1). (3.7)

These are the commutativity relations for the universal integrability objects.
The commutativity between two universal Q-operators is not obtained in this way due to

the specific nature of the representation ρ, as just described above. Nevertheless, we have a
useful formula for the product of two (and more) universal Q-operators presented here:

Qρ1(ζ1)Qρ2(ζ2) = ((tr W1⊗W2 ◦ (ρ1ζ1 ⊗∆ ρ2ζ2)⊗ id)(R(t⊗ 1)), (3.8)

where we have used the equation

R13t1R23t2 = [(∆⊗ id)(R)][(∆⊗ id)(t⊗ 1)] = (∆⊗ id)(R(t⊗ 1)). (3.9)

Equation (3.8) proves to be useful in establishing the commutativity between the universal Q-
operators. However, the very proof of this fact, and also further functional relations, require
more details on the quantum group and its representations. This is the subject of the next
section.
3 Similarly as before, W is a B+-module.
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4. Quantum groups Uq(gln) and Uq(L(sln))
We need two quantum groups, the quantum group of the general linear Lie group gln, and
the quantum group of the loop Lie algebra L(sln), the latter justifying the term quantum affine
algebra.4

Recall that there are 2(n− 1) generators Ei, Fi, i = 1, . . . , n− 1, of the Lie algebra gln, and
n basis elements Gi, i = 1, . . . , n, of its standard Cartan subalgebra kn. They are subject to
well-known commutation relations and Serre relations. Then, the quantum group Uq(gln) is
generated by the elements5

Ei, Fi, i = 1, . . . , n− 1, qX, X ∈ kn,

satisfying the corresponding q-deformed defining relations

q0 = 1, qX1 qX2 = qX1+X2 , (4.1)

qXEiq−X = qαi(X)Ei, qX Fiq−X = q−αi(X)Fi, (4.2)

[Ei, Fj] = δijκ
−1
q (qGi−Gi+1 − qGi+1−Gi), (4.3)

where αi ∈ k∗n denote the respective simple positive roots, such that αj(Gi) = cij, where cij
are the entries of an n× (n− 1) matrix with cii = 1, ci+1,i = −1, i = 1, . . . , n− 1, and cij = 0
otherwise (i. e. for |j− i| ≥ 2). It means, in particular, that αj(Gi)− αj(Gi+1) = aij are the entries
of the Cartan matrix of the Lie algebra sln. Besides, we have the q-deformed Serre relations

EiEj = EjEi, FiFj = FjFi, |i− j| ≥ 2, (4.4)

E2
i Ei±1 − [2]qEi Ei±1 Ei + Ei±1 E2

i = 0, (4.5)

F2
i Fi±1 − [2]qFi Fi±1 Fi + Fi±1 F2

i = 0. (4.6)

Remember that the deformation parameter q here is the exponential of a complex number h̄,
therefore, the quantum group is just a complex algebra. Here we assume that

qX+ν = qνqX,

[X + ν]q = κ−1
q (qX+ν − q−X−ν) = κ−1

q (qνqX − q−νq−X)

for any complex number ν and element X of kn. It is important that Uq(gln) is a Hopf algebra
with respect to appropriately defined co-multiplication, antipode and counit; their explicit form
can be omitted, though.

The generators Ei and Fi, i = 1, . . . , n − 1, are certainly the root vectors corresponding to
the simple positive and simple negative roots αi and −αi. There are also non-simple roots for
n > 2, and one constructs more root vectors corresponding to these non-simple roots. All these
root vectors are used in constructing the basis vectors of the highest-weight Uq(gln)-modules
(see Appendix). Actually, we will need infinite-dimensional highest-weight representations π̃λ

defined by

Eivλ = 0, i = 1, . . . , n− 1, qXvλ = qλ(X)vλ, X ∈ kn, λ ∈ k∗n, (4.7)

where vλ is the highest-weight vector with the weight λ which can be seen in terms of its n
components λi = λ(Gi). In particular, denoting the highest-weight vector by v0, one usually
chooses the basis vectors for n = 2 as

vk = Fkv0, Ev0 = 0, qνGi v0 = qνλi v0, i = 1, 2,

4 The term quantum loop algebra is also used.
5 We use the same notation for the generators of the quantum group as for the corresponding Lie algebra. The
notation qX , X ∈ kn, is used to emphasize that kn parametrizes the corresponding set of elements of Uq(gln).
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and for n = 3 one chooses

vk = Fk1
1 Fk3

3 Fk2
2 v0, Eiv0 = 0, qνGi v0 = qλi v0, i = 1, 2, 3,

where F3 = F2F1 − qF1F2 is the root vector corresponding to the root −α1 − α2. The infinite-
dimensional Uq(gln)-modules corresponding to the representations π̃λ are denoted by Ṽλ. We
will also need the corresponding finite-dimensional representations πλ that can be obtained
from π̃λ as the quotient representations over infinite-dimensional maximal sub-representations
in the case when all the differences λi − λi+1 are non-negative integers. The finite-dimensional
Uq(gln)-modules corresponding to the representations πλ are denoted by Vλ.

The next object, the quantum affine algebra Uq(L(sln)), is more complicated, because, unlike
the preceding case, it is the quantum group of an infinite-dimensional Lie algebra. Again, it
is a unital associative complex algebra which can be defined in terms of its generators and
Cartan subalgebra. We start with a reminder that the Lie algebra L̃(sln) has 2n generators
ei, fi, i = 0, 1, . . . , n − 1, its Cartan subalgebra h̃n can be described by n basis elements hi,
i = 0, 1, . . . , n − 1, and there is a nontrivial center generated by the element c = ∑n−1

i=0 hi.
All these elements are subject to well-known commutation relations and Serre relations. The
quantum group Uq(L̃(sln)) is generated by the elements

ei, fi, i = 0, 1, . . . , n− 1, qx, x ∈ h̃n,

satisfying certain defining relations. These are the following q-deformed commutation

q0 = 1, qx1 qx2 = qx1+x2 , (4.8)

qxeiq−x = qαi(x)ei, qx fiq−x = q−αi(x) fi, (4.9)

[ei, f j] = δijκ
−1
q (qhi − q−hi) (4.10)

and Serre relations

1−ãij

∑
k=0

(−1)k
[

1− ãij
k

]
q
(ei)

1−ãij−kej(ei)
k = 0, (4.11)

1−ãij

∑
k=0

(−1)k
[

1− ãij
k

]
q
( fi)

1−ãij−k f j( fi)
k = 0, (4.12)

where ãij are the entries of the generalized Cartan matrix of type A(1)
n−1, and the set of simple

positive roots is extended by the additional root α0.
Since we need finite-dimensional representations, we should first note that there is no finite-

dimensional representation of L̃(sln) with c 6= 0, hence we consider the loop Lie algebra L(sln)
defined as the quotient

L(sln) = L̃(sln)/Cc.

Moreover, also the quantum group Uq(L̃(sln)) does not have any finite-dimensional
representations with qνc 6= 1 for any ν ∈ C×. Therefore, we consider the quantum group
Uq(L(sln)) defined as the quotient

Uq(L(sln)) = Uq(L̃(sln))/〈qνc − 1〉ν∈C.

The quantum group Uq(L(sln)) can be considered in terms of the same generators and defining
relations as Uq(L̃(sln)), where the additional relation qνc = 1, ν ∈ C, is taken into account.
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The restriction qνc = 1 makes it possible to construct finite-dimensional representations of the
quantum affine algebras under consideration.

The Hopf algebra structure of Uq(L(sln)) can be defined by the relations with the co-
multiplication ∆,

∆(qx) = qx ⊗ qx, ∆(ei) = ei ⊗ 1 + q−hi ⊗ ei, ∆( fi) = fi ⊗ qhi + 1⊗ fi, (4.13)

antipode S,
S(qx) = q−x, S(ei) = −qhi ei, S( fi) = − fi q−hi , (4.14)

and counit ε,
ε(qx) = 1, ε(ei) = 0, ε( fi) = 0, (4.15)

acting on the generators explicitly as given.

5. Jimbo’s homomorphism and representations of Uq(L(sln))

As the representation ϕ mentioned in section 3 we use a representation ϕ̃λ
ζ constructed as

follows.6 We first define a general grading of the quantum affine algebra Uq(L(sln)) with the
help of a map Γζ which acts on the generators as

Γζ(qx) = qx, x ∈ h̃n, Γζ(ei) = ζsi ei, Γζ( fi) = ζ−si fi, (5.1)

where ζ ∈ C× is called the spectral parameter, and si are arbitrary integers. We denote the total
sum of these integers by s. Secondly, we use Jimbo’s homomorphism from the quantum affine
algebra Uq(L(sln)) to the quantum group Uq(gln) [30],

ϕ : Uq(L(sln))→ Uq(gln). (5.2)

For some values of n of our specific interest, we write it down explicitly. Thus, Jimbo’s
homomorphism ϕ : Uq(L(sl2))→ Uq(gl2) is given by the relations

ϕ(qνh0) = qν(G2−G1), ϕ(qνh1) = qν(G1−G2), (5.3)

ϕ(e0) = F q−G1−G2 , ϕ(e1) = E, (5.4)

ϕ( f0) = E qG1+G2 , ϕ( f1) = F, (5.5)

and for n = 3, we have ϕ : Uq(L(sl3))→ Uq(gl3) defined as

ϕ(qνh0) = qν(G3−G1), ϕ(qνh1) = qν(G1−G2), ϕ(qνh2) = qν(G2−G3), (5.6)

ϕ(e0) = F3 q−G1−G3 , ϕ(e1) = E1, ϕ(e2) = E2, (5.7)

ϕ( f0) = E3 qG1+G3 , ϕ( f1) = F1, ϕ( f2) = F2, (5.8)

where E3 = E1E2 − q−1E2E1 and F3 = F2F1 − qF1F2. Thirdly, and finally, we use the highest-
weight representation π̃λ of Uq(gln) briefly described in section 4, see equation (4.7) and
around. We understand that Jimbo’s homomorphism allows us to use representations of
Uq(gln) to construct representations of Uq(L(sln)). Hence, our basic representation ϕ̃λ

ζ is
constructed as the superposition of the above three maps,

ϕ̃λ
ζ = π̃λ ◦ ϕ ◦ Γζ .

6 In our notation, the tilde corresponds to infinite-dimensional representations; for the corresponding finite-
dimensional representations we use the same symbols simply omitting the tilde.
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Here, using the finite-dimensional representations πλ of Uq(gln), we will obtain finite-
dimensional representations of Uq(L(sln)) with ϕλ

ζ = πλ ◦ ϕ ◦ Γζ .
Recall again that the universal R-matrix is an element of the tensor product of two Borel

subalgebras of the quantum group, in the case under consideration, R ∈ Uq(b+) ⊗ Uq(b−),
where the Borel subalgebra Uq(b+) of Uq(L(sln)) is generated by the elements ei, i =
0, 1, . . . , n − 1, and qx, and the Borel subalgebra Uq(b−) of Uq(L(sln)) is generated by the
elements fi, i = 0, 1, . . . , n − 1, and qx. One can try to define the representation ρ of Uq(b+)

introduced in section 3 in the following way. Let ϕ̃λ
ζ be a representation of Uq(L(sln))

constructed in accordance with the above prescription, and ξ ∈ h̃∗n. Then the relations

ϕ̃λ
ζ [ξ](ei) = ϕ̃λ

ζ (ei), ϕ̃λ
ζ [ξ](q

x) = qξ(x) ϕ̃λ
ζ (q

x) (5.9)

define a representation of Uq(b+) called a shifted representation. We see that the only difference
between the shifted and initial representations appears simply in the factor qξ(x) in the second
relation of (5.9). Moreover, choosing the twist element t explicitly in the form

t = q∑n−1
i=0 φihi/n

for some complex numbers φi, which are subject to the condition ∑i φi = 0 to respect the
restriction qνc = 1, we obtain that the universal integrability objects based on the representation
ϕ̃λ

ζ are related to the universal integrability objects based on its shifted counterpart ϕ̃λ
ζ [ξ] simply

as
Tϕ̃λ[ξ](ζ) = Tϕ̃λ(ζ) q∑n−1

i=0 ξ(hi)h′i/n, (5.10)

where we use the notation h′i = hi + φi.
It is not difficult to see that the shifted representation ϕ̃λ

ζ [ξ] for a nonzero ξ cannot be
extended to a representation of the full quantum affine algebra. Therefore, the shifted
representation is what we actually need to construct analogs of the representation ρ introduced
in section 3. It is clear that the universal Q-operators constructed with the help of the shifted
representations ϕ̃λ

ζ [ξ] will be connected with the corresponding universal transfer operators
based on ϕ̃λ

ζ according to (5.10). Hence, we do not obtain a really new object. However,
considering all the Uq(b+)-modules with general nonzero shifts ξ, we can demonstrate that
there are interesting limits of the corresponding representations when the differences λi −
λi+1 = µi, i = 1, . . . , n − 1, go to infinity and ξ is chosen appropriately. To be precise, we
note that for n > 2 the obtained representation is reducible and we take the corresponding
irreducible subrepresentation. The final formulas for the Q-operators look for n = 2 as

Q(ζ) = lim
µ→∞

(
T̃(µ,0)(q−1/sζ) q(µh′0−µh′1)/2

)
,

and for n = 3 as

Q(ζ) = (1− q(h
′
0−2h′1+h′2)/3) lim

µ1,µ2→∞

(
T̃(µ1+µ2,µ2,0)(q−2/sζ) q((µ1+µ2)h′0−µ1h′1−µ2h′2)/3

)
.

Here, we use the notation T̃λ(ζ) for Tϕ̃λ(ζ), and we do not write explicitly the representation
ρζ in Q(ζ), simply keeping in mind that it is obtained from ϕ̃λ

ζ [ξ] by the procedure shortly
described above.

The above two (lower and higher rank) basic examples can be directly generalized to
the case of general n. Remarkably, it follows from the limit relation between the universal
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integrability objects that also the universal Q-operators commute as well as the universal
transfer operators in (3.6) and (3.7),

Qρ1(ζ1)Qρ2(ζ2) = Qρ2(ζ2)Qρ1(ζ1). (5.11)

The representations ρζ have a useful interpretation in terms of the so-called q-oscillators, see
e. g. [9–11, 31]. We define them by a natural deformation of the usual oscillators with the
deformation parameter q = exp h̄, where h̄ is a complex number, such that q is not a root of
unity. The q-oscillator algebra Oscq is a unital associative C-algebra with generators b†, b, qνN ,
ν ∈ C, and relations

q0 = 1, qν1 Nqν2 N = q(ν1+ν2)N ,

qνNb†q−νN = qνb†, qνNbq−νN = q−νb,

b†b = [N]q, bb† = [N + 1]q.

The monomials (b†)k+1qνN , bk+1qνN and qνN for k ∈ Z+ and ν ∈ C form a basis of Oscq.
The representations of the q-oscillator algebra are constructed as follows. One can see that

the relations

qνNvk = qνkvk, (5.12)

b†vk = vk+1, b vk = [k]qvk−1, (5.13)

supplied with the assumption v−1 = 0, endow free vector space generated by the set
{v0, v1, . . .}with the structure of an Oscq-module. We denote the corresponding representations
by χ.7

In the case of n = 2 for the representation ρζ we have

qνh0 vk = q2νkvk, qνh1 vk = q−2νkvk,

e0vk = vk+1, e1vk = κ−1
q q−k[k]qvk−1.

Here vk, k ∈ Z+, are the basis vectors in the representation space. Comparing these relations
with (5.12) and (5.13), we see that it is natural to define the mapping θ from Uq(b+) to Oscq as

θ(qνh0) = q2νN , θ(qνh1) = q−2νN ,

θ(e0) = b†, θ(e1) = κ−1
q b q−N .

It can be shown that θ is a homomorphism. Now, for the representation ρζ we have

ρζ = χ ◦ θ ◦ Γζ . (5.14)

In the case of n = 3 we need two copies of the algebra Oscq. The corresponding homomorphism
from Uq(b+) to Oscq ⊗Oscq has here the form

θ(qνh0) = qν(2N1+N2), θ(qνh1) = qν(−N1+N2), θ(qνh2) = qν(−N1−2N2),

θ(e0) = b†
1q−N2 , θ(e1) = −b1b†

2q−N1+N2+1, θ(e2) = κ−1
q b2q−N2 .

One can produce more universal integrability objects with the help of the automorphisms
of the quantum group Uq(L(sln)). These are the automorphism σ corresponding to the cyclic

7 There is one more useful representation, but we do not use it here.
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permutations of the Dynkin diagram of the Kac–Moody Lie algebra of type A(1)
n−1 transforming

the simple positive roots as αi → αi+1, and the automorphism τ acting as αi → αn−i while
leaving α0 alone. Here, σn = id and τ2 = id. If θ : Uq(b+) → Oscq ⊗ · · · ⊗Oscq︸ ︷︷ ︸

n−1

is the initial

homomorphism for the basic representation ρζ , we define

θi = θ ◦ σ−i, θi = θ ◦ τ ◦ σ−i+1, i = 1, . . . , n,

and use the formulas of type (5.14) to define the representations ρiζ and ρiζ and then the set
of 2n universal Q-operators. Similarly, one can produce more representations ϕ̃λ

iζ with the
help of the automorphisms σ and τ starting from a basic one, and construct the respective
universal transfer operators. However, not all of them will be independent. In fact, there
is only one universal transfer operator for n = 2, and there are two independent universal
transfer operators in the higher-rank case.

6. The universal functional relations
6.1. The key relations
Thus, we have 2n different universal Q-operators.8 Specifying the irreducible representations
ρζ and constructing the corresponding universal Q-operators, we can use the formula for their
products given in section 3. We see here that to analyze these products, we have to consider
tensor products (ρ`ζ` ⊗∆ · · · ⊗∆ ρ1ζ1) of the representations ρiζ , with ` = 2, 3, . . . , n, and go
similarly with ρiζ . Then, choosing appropriate bases for the corresponding Uq(b+)-modules
(W`)ζ` ⊗∆ · · · ⊗∆ (W1)ζ1 , we should consider their defining module relations. In this way we
obtain the whole set of the universal functional relations.

In particular, putting ` = 2 in a higher-rank case (n = 3), we see that the Uq(b+)-module
(W2)ζ2 ⊗∆ (W1)ζ1 for some special choice of ζ1 and ζ2 is reducible and the corresponding
quotient module is isomorphic to (W3)ζ [ξ] with a new spectral parameter ζ expressed in terms
of ζ1 and ζ2, and a certain shift ξ of the corresponding representation ρ3ζ . Similarly, one
can obtain the Uq(b+)-module (W3)ζ [ξ] for some ζ and ξ as a quotient of (W2)ζ2 ⊗∆ (W1)ζ1 .
This consideration allows us to write down the universal double-Q functional relations in the
determinant form,

CiQi(ζ) = Qj(q1/sζ)Qk(q−1/sζ)− Qj(q−1/sζ)Qk(q1/sζ), (6.1)

CiQi(ζ) = Qj(q−1/sζ)Qk(q1/sζ)− Qj(q1/sζ)Qk(q−1/sζ), (6.2)

where (i, j, k) runs over all cyclic permutations of the set (1, 2, 3), and we use the notation

Ci = q−Di/s(q2Dj/s − q2Dk/s)−1, Di = (h′i−1 − h′i)s/6. (6.3)

Note that such relations are absent in the lower-rank case.
To derive the major functional relations, we have to put ` = n and analyze the n-tuple

product representation (ρnζn ⊗∆ · · · ⊗∆ ρ1ζ1) corresponding to the tensor product of n Uq(b+)-
modules (Wn)ζn ⊗∆ · · · ⊗∆ (W1)ζ1 . It allows one to obtain the key relation between the universal
transfer operator and universal Q-operators,

C T̃λ(ζ) = Q1(q−2(λ+ρ)1/sζ) · · ·Qn(q−2(λ+ρ)n/sζ), C = C1 · · ·Cn, (6.4)

where ρ ∈ k∗n is the half-sum of the positive roots,

ρ = ((n− 1)/2, (n− 3)/2, . . . ,−(n− 1)/2).

8 One has only two universal Q-operators for the lower-rank case (for n = 2).
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This is the central equation from which follow all other functional relations. One can see
that relation (6.4) contains only the universal transfer operator for the infinite-dimensional
representation ϕ̃λ

ζ . To obtain the corresponding relations for the universal transfer operator
based on the finite-dimensional representation ϕλ

ζ , one uses the quantum version of the so-
called B.G.G. resolution [18, 19, 32], which implies an exact sequence of Uq(gln)-modules and
Uq(gln)-homomorphisms,

Uk =
⊕

w∈W
`(w)=k

Ṽw·λ, w · λ = w(λ + ρ)− ρ,

0 −→ Un
ϕn−→ Un−1

ϕn−1−→ . . .
ϕ1−→ U0

ϕ0−→ U−1 −→ 0, U−1 = Vλ,

where w means any element of the Weyl group W of the root system of gln, with `(w) being
its length, and w · λ stands for the affine action of w defined explicitly as above. The B.G.G.
resolution allows one to express the trace over the finite-dimensional Uq(gln)-module Vλ as
certain linear combination of traces over the infinite-dimensional Uq(gln)-modules Ṽw·λ,

trλ = ∑
w∈W

(−1)`(w) t̃rw·λ. (6.5)

Then, using our definition of the universal transfer operator (3.2), we immediately come
to a remarkable relation between the universal transfer operator based on the finite-
dimensional representation ϕλ

ζ and universal transfer operators based on the infinite-
dimensional representations ϕ̃w·λ

ζ ,

Tλ(ζ) = ∑
p∈Sn

sgn(p) T̃ p(λ+ρ)−ρ(ζ). (6.6)

It is taken into account here that W can be identified with the symmetric group Sn, and so, p is
an element of Sn acting on kn by appropriate permutations. Relation (6.6) leads to the following
representation of the universal transfer operator in terms of the universal Q-operators:

CTλ−ρ(ζ) = det
(
Qi(q−2λj/sζ)

)
i,j=1,...,n

. (6.7)

Similar consideration holds as well when also the automorphism τ is involved giving rise to the
barred universal integrability objects. In this case we come to the determinant representation

CTλ−ρ(ζ) = det
(
Qi(q2λj/sζ)

)
i,j=1,...,n

(6.8)

It is worthwhile noting that for the lower-rank case, n = 2, we would be able to obtain
the universal functional relations in the determinant form even if we started with Jimbo’s
homomorphism from Uq(L(sl2)) to Uq(sl2). However, for higher-rank cases, n ≥ 3, it is most
convenient to use Jimbo’s homomorphism from Uq(L(sln)) to Uq(gln).

6.2. Universal TQ- and TT-relations
Further universal functional relations can be obtained from the vanishing of the determinants
of certain (n + 1)× (n + 1) matrices with one dependent row using equations (6.7), (6.8). The
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universal TQ-relations follow from the identity

det


Q1(q−2λ1/sζ) · · · Q1(q−2λn/sζ) Q1(q−2λn+1/sζ)
Q2(q−2λ1/sζ) · · · Q2(q−2λn/sζ) Q2(q−2λn+1/sζ)

...
. . .

...
...

Qn(q−2λ1/sζ) · · · Qn(q−2λn/sζ) Qn(q−2λn+1/sζ)
Qj(q−2λ1/sζ) · · · Qj(q−2λn/sζ) Qj(q−2λn+1/sζ)

 = 0

obviously satisfied for any j = 1, . . . , n. Such matrices can be constructed also for the barred
universal integrability objects. In the lower-rank case, putting n = 2, we obtain

T(λ1−1/2, λ2+1/2)(ζ)Qj(q−2λ3/sζ)

− T(λ1−1/2, λ3+1/2)(ζ)Qj(q−2λ2/sζ)

+ T(λ2−1/2, λ3+1/2)(ζ)Qj(q−2λ1/sζ) = 0. (6.9)

We call this equation the universal TQ-relation. For example, choosing in (6.9) the components
of λ as λ1 = 1, λ2 = 0, λ3 = −1, after some transformations based on obvious symmetry
properties of T(λ1,λ2)(ζ), we derive

T(1/2,−1/2)(ζ)Qj(ζ) = Qj(q2/sζ) + Qj(q−2/sζ).

This is the universal analog of the famous Baxter’s TQ-relation, that is given in the form
independent of the representation of the quantum group in the quantum space.

In a higher-rank case, n = 3, we obtain the Uq(L(sl3)) universal TQ-relations

T(λ1−1, λ2, λ3+1)(ζ)Qj(q−2λ4/sζ)− T(λ1−1, λ2, λ4+1)(ζ)Qj(q−2λ3/sζ)

+ T(λ1−1, λ3, λ4+1)(ζ)Qj(q−2λ2/sζ)− T(λ2−1, λ3, λ4+1)(ζ)Qj(q−2λ1/sζ) = 0.

Now, with the choice λ1 = 2, λ2 = 1, λ3 = 0, λ4 = −1, also using symmetry properties of
T(λ1,λ2,λ3)(ζ), we derive

T(1, 1, 0)(ζ)Qj(ζ)− T(1, 0, 0)(ζ)Qj(q−2/sζ) = Qj(q2/sζ)− Qj(q−4/sζ). (6.10)

In a similar way we obtain

T(1, 1, 0)(ζ)Qj(ζ)− T(1, 0, 0)(ζ)Qj(q2/sζ) = Qj(q−2/sζ)− Qj(q4/sζ). (6.11)

Unlike the lower-rank case, each of the above equations involves different universal transfer
operators. However, one can derive functional relations containing only one universal transfer
operator, T(1, 0, 0)(ζ) or T(1, 1, 0)(ζ), or their barred analog, but having mixed Qi and Qj for distinct
i and j in one same equation. To this end, one can use the Jacoby identity for determinants [33].
Then, in the simplest higher-rank case n = 3, we obtain the corresponding TQQ-relations

T(1,0,0)(ζ)Qi(q−2/sζ)Qj(q−1/sζ) = Qi(q−4/sζ)Qj(q−1/sζ)

+ Qi(ζ)Qj(q−3/sζ) + Qi(q−2/sζ)Qj(q1/sζ)

and
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T(1,1,0)(ζ)Qi(ζ)Qj(q−1/sζ) = Qi(q2/sζ)Qj(q−1/sζ)

+ Qi(q−2/sζ)Qj(q1/sζ) + Qi(ζ)Qj(q−3/sζ).

The universal TT-relations can be derived from the equation

det


Q1(q−2λ1/sζ) · · · Q1(q−2λn/sζ) Q1(q−2λn+1/sζ)
Q2(q−2λ1/sζ) · · · Q2(q−2λn/sζ) Q2(q−2λn+1/sζ)

...
. . .

...
...

Qn(q−2λ1/sζ) · · · Qn(q−2λn/sζ) Qn(q−2λn+1/sζ)

T(λ′1,λ′n+2,...,λ′2n)(ζ) · · · T(λ′n,λ′n+2,...,λ′2n)(ζ) T(λ′n+1,λ′n+2,...,λ′2n)(ζ)

 = 0,

where λ′j = λj − (n − 1)/2, j = 1, . . . , n + 1, and λ′n+1+k = λn+1+k − (n − 2k − 1)/2,

k = 1, . . . , n − 1. Using equation (6.7) to express the operators T
(λ′j,λ

′
n+2,...,λ′2n)(ζ) in terms of

the universal Q-operators for all j = 1, . . . , n + 1, one can see that the last row of the above
(n + 1)× (n + 1) matrix is a linear combination of the first n rows. Therefore, its determinant
identically vanishes. Expanding this determinant over the last row and using again (6.7), we
obtain the universal TT-relations. The case with the barred universal integrability objects can
be considered in the same way. Actually, the universal TT-relations for the barred integrability
objects can be obtained directly from the relations for the unbarred quantities changing q by
q−1 there [18].

In the simplest lower-rank case we obtain

T(λ1−1/2, λ2+1/2)(ζ)T(λ3−1/2, λ4+1/2)(ζ)

− T(λ1−1/2, λ3+1/2)(ζ)T(λ2−1/2, λ4+1/2)(ζ)

+ T(λ2−1/2, λ3+1/2)(ζ)T(λ1−1/2, λ4+1/2)(ζ) = 0. (6.12)

Choosing the weights subsequently as λ1 = `+ 1, λ2 = `, λ3 = 0, λ4 = −1 and λ1 = `+ 1,
λ2 = `, λ3 = `− 1, λ4 = −1, we derive the universal analog of the TT-relations of particular
interest,

T(`,0)(q−1/sζ)T(`,0)(q1/sζ) = 1 + T(`−1,0)(q−1/sζ)T(`+1,0)(q1/sζ) (6.13)

and
T(1,0)(q−2`/sζ)T(`,0)(ζ) = T(`+1,0)(ζ) + T(`−1,0)(ζ), (6.14)

respectively.
For a more complicated higher-rank case, n = 3, we obtain

T(λ1−1, λ2, λ3+1)(ζ)T(λ4−1, λ5, λ6+1)(ζ)− T(λ1−1, λ2, λ4+1)(ζ)T(λ3−1, λ5, λ6+1)(ζ)

+ T(λ1−1, λ3, λ4+1)(ζ)T(λ2−1, λ5, λ6+1)(ζ)− T(λ2−1, λ3, λ4+1)(ζ)T(λ1−1, λ5, λ6+1)(ζ) = 0. (6.15)

Putting here λ1 = `+ 2, λ2 = `+ 1, λ3 = 1, λ4 = 0, λ5 = 0, λ6 = −1, we derive one TT-relation
of particular interest in the universal form,

T(`−1, 0, 0)(ζ)T(`+1, 0, 0)(q2/sζ) = T(`, 0, 0)(ζ)T(`, 0, 0)(q2/sζ)− T(`, `, 0)(ζ), (6.16)

while the choice λ1 = `+ 2, λ2 = `, λ3 = 0, λ4 = `+ 1, λ5 = `+ 1, λ6 = −1 produces another
interesting universal TT-relation,

T(`−1, `−1, 0)(q−2/sζ)T(`+1, `+1, 0)(ζ) = T(`, `, 0)(q−2/sζ)T(`, `, 0)(ζ)− T(`, 0, 0)(ζ). (6.17)

Relations of the type (6.13), (6.14) and (6.16), (6.17) are usually called fusion relations, see
[11, 34, 35]. They are given here in the form independent of the representation of the quantum
group in the quantum space, that is, they are the universal fusion relations.
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6.3. Quantum Jacobi–Trudi identity
Equation (6.14) allows one to express T(`,0) through T(1,0). In the higher-rank case the situation
is more intricate. Considering n = 3, we first note that equation (6.16) can be generalized as
follows. Let `1, `2 be positive integers, such that `1 ≥ `2. Choosing the weight components λi
in (6.15) as λ1 = `1 + 2, λ2 = `2 + 1, λ3 = 1, λ4 = 0, λ5 = 0, λ6 = −1, we obtain

T(`1, `2, 0)(ζ) = T(`1, 0, 0)(ζ)T(`2, 0, 0)(q2/sζ)− T(`1+1, 0, 0)(q2/sζ)T(`2−1, 0, 0)(ζ). (6.18)

Equation (6.18) implies that T(`1,`2,0)(ζ) can be expressed via T(`,0,0)(ζ), and subsequently via
T(1,0,0)(ζ), T(1,1,0)(ζ). Explicitly, the result of this procedure is given by the determinant

T(`1, `2, 0)(ζ) = det
(
E`t

i−i+j(q
−2(j−1)/sζ)

)
1≤i, j≤`1

, (6.19)

where we use the notation

E0(ζ) = E3(ζ) = 1, E1(ζ) = T(1, 0, 0)(ζ), E2(ζ) = T(1, 1, 0)(ζ),
Ek(ζ) = 0 ∀ k < 0, k > 3,

`t
i = 2, 1 ≤ i ≤ `2, `t

i = 1, `2 < i ≤ `1.

Here, one connects the integers `1 and `2 with the Young diagram with the rows of the length
`1 and `2, then the numbers `t

i describe the rows of the transposed diagram. Equation (6.19)
can thus be regarded as the universal quantum analog of the Jacobi–Trudi identity from the
theory of symmetric polynomials [11, 36, 37]. To prove this identity in the universal form, we
use (n+ 1)-term universal functional relations and certain symmetries of the universal transfer
operators [18].

Remarkably, also the barred universal transfer operators T(`1,`2,0)(ζ) can be expressed
through the same basic universal transfer operators T(1,0,0)(ζ) and T(1,1,0)(ζ). To come to this
conclusion, one can write the Jacobi–Trudi identity for T(`1,`2,0)(ζ) down and use the relations

T(1,0,0)(ζ) = T(1,0,0)(q3/sζ), T(1,1,0)(ζ) = T(1,1,0)(q1/sζ),

following actually from the comparison of the representations ϕλ
ζ and ϕλ

ζ .

7. Conclusions
We have presented a short review of the universal functional TQ- and TT-relations for
the quantum integrable systems associated with the quantum affine algebra Uq(L(sln)),
emphasizing the lower-rank (n = 2) and a higher-rank (n = 3) cases as basic examples.
We have also given the quantum analog of the Jacobi–Trudi identity allowing one to express
‘higher-weight’ universal transfer operators by means of two non-trivial basic operators with
lowest weight. Here, the representation of the quantum group in the auxiliary space is properly
specified, giving rise to this or another universal integrability object, while the representation
in the quantum space is not.

To consider concrete physical models, one should make the corresponding specialization of
the quantum group also in the quantum space. Thus, choosing an appropriate infinite- or finite-
dimensional representation of the quantum group in the quantum space, one can consider
either a low-dimensional quantum field theory or a lattice model with the corresponding spin-
chain counterpart. Upon such a specialization, one can use the remarkable Khoroshkin–Tolstoy
formula [38–41] for the universal R-matrix to carry out explicit calculations of the monodromy
operators [19, 42], R-operators [14, 15, 19, 43–46] and L-operators [14, 15]. Another possibility is
offered by a 3D approach to the Yang–Baxter equation [47].
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Klümper for discussions. Kh.S.N. thanks the organizers of the ISQS’23 in Prague (June 23–27,
2015) for invitation and hospitality.

Appendix. Defining Uq(gln)-module relations
The root system of type An−1 consists of n(n− 1) roots. We introduce for the system of positive
roots the normal ordering [48, 49]

(α1), (α1 + α2, α2), (α1 + α2 + α3, α2 + α3, α3), . . .
. . . (α1 + α2 + . . . + αi, α2 + . . . + αi, . . . , αi), . . .

. . . (α1 + α2 + . . . + αn−1, α2 + . . . + αn−1, . . . , αn−1),

where αj, j = 1, . . . , n − 1 are the simple positive roots. As usual, we define the root vectors
corresponding to the negative composite roots as follows. Let γ = α+ β be a composite positive
root. Then the relation

Fγ = FβFα − qFαFβ

gives the root vector Fγ corresponding to the negative root −γ. The whole set of negative root
vectors ordered in accordance with the above given normal ordering of the roots is used to
define the basis vectors of the Uq(gln) modules. We write

vk = (Fk1
1 )(Fk12

12 Fk2
2 )(Fk13

13 Fk23
23 Fk3

3 ) · · · (Fk1i
1i Fk2i

2i · · · F
ki
i ) · · · (Fk1,n−1

1,n−1Fk2,n−1
2,n−1 · · · F

kn−1
n−1 )v0

where k means the set of non-negative integers (k1; k12, k2; k13, k23, k3; . . . k1i, k2i, . . . , ki; . . .
k1,n−1, k2,n−1, . . . , kn−1) being the powers of the root vectors acting on the highest-weight vector
v0. Here we use the notation Fi for the root vector corresponding to the simple negative root
−αi, and Fij means the root vector corresponding to the composite negative root −αi − . . .− αj
which is defined according to the above relation.

Acting on the basis vectors vk by the generators qνGi , Ei and Fi of Uq(gln), we obtain the
defining relations of the Uq(gln) modules. For the simplest lower-rank case n = 2 the basis
vectors are vk = Fkv0, and we obtain

qνG1 vk = qν(λ1−k)vk, qνG2 vk = qν(λ2+k)vk,
Fvk = vk+1, Evk = [k]q[λ1 − λ2 − k + 1]qvk−1.

For a more complicated and rich higher-rank case n = 3 we act on vk = Fk1
1 Fk12

12 Fk2
2 v0 and obtain

qνG1 vk = qν(λ1−k1−k3)vk, qνG2 vk = qν(λ2+k1−k2)vk, qνG3 vk = qν(λ3+k2+k3)vk,

F1vk = vk+ε1 , F2vk = qk1−k3 vk+ε3 + [k1]qvk−ε1+ε2 , F3vk = q−k1 vk+ε2 ,

E1vk = [λ1 − λ2 − k1 + k2 − k3 + 1]q[k1]qvk−ε1 − qλ1−λ2+k2−k3+2[k2]qvk−ε2+ε3 ,

E2vk = [λ2 − λ3 − k2 + 1]q [k2]qvk−ε3 + q−(λ2−λ3)+2k2 [k3]qvk+ε1−ε2 ,

E3vk = qk1 [λ1 − λ3 − k1 − k2 − k3 + 1]q[k3]qvk−ε2 ,

− q−(λ1−λ2)+k1−k2+k3−1[λ2 − λ3 − k2 + 1]q[k1]q[k2]qvk−ε1−ε3 .

Here, for brevity, we have denoted F12 and k12 by F3 and k3, respectively, and use the notation
k− ε i, i = 1, 2, 3, for the sets of three integers (k1 − 1, k3, k2), (k1, k3 − 1, k2) and (k1, k3, k2 − 1),
respectively.

Thorough consideration of these module relations and appropriate interpretation of their
consequences is the actual basis for the complete proof of the universal functional relations.
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