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Abstract. We develop Hamiltonian variational problem for spinning particle non-minimally
interacting with gravity through the gravimagnetic moment κ. For κ = 0 our model yields
Mathisson-Papapetrou-Tulczyjew-Dixon (MPTD) equations, the latter show unsatisfactory
behavior of MPTD-particle in ultra-relativistic regime: its longitudinal acceleration increases
with velocity. κ = 1 yields a modification of MPTD-equations with the reasonable behavior: in
the homogeneous fields, both longitudinal acceleration and (covariant) precession of spin-tensor
vanish as v → c.

Evolution of a rotating body in curved background usually described on the base of equations
formulated by Mathisson [1], Papapetrou [2], Tulczyjew [3], and Dixon [4]. In this work we will
refer to MPTD-equations as those (6.31)-(6.33) in [4]. Detailed analysis and interpretation of
these equations and their generalizations is an actual task since they are widely used now to
account spin effects in compact binaries and rotating black holes, see [5, 6] and references therein.

It was recently observed that MPTD-equations have unsatisfactory behavior in ultra-
relativistic limit: longitudinal acceleration of the particle grows up to infinity in this limit [7].
Here we briefly describe the origin for such behavior and then obtain Hamiltonian variational
problem which yields equations with improved behavior. The improved equations correspond to
the spinning particle non-minimally interacting with gravity through the gravimagnetic moment
κ. Our main conclusion is that spinning particle with gravimagnetic moment κ = 1 seems to be
more promising for description of a rotating body in a gravitational field than MPTD-equations
(the latter correspond to the spinning particle with vanishing gravimagnetic moment).

We first obtain MPTD-equations as the Hamiltonian system starting from the vector model
of spin. This allows us to exclude, in unambiguous way, the momenta and to obtain second-
order equation for trajectory, which is necessary for analysis of ultra-relativistic behavior of
the particle. In the vector model of relativistic spin the configuration-space variables1 are
the position xµ(τ) and non Grassmann vector ωµ(τ) attached to the point xµ. The Frenkel
spin-tensor [8] in our model is a composite quantity constructed from ωµ and its conjugated

1 The dynamical variables are taken in arbitrary parametrization τ , then ẋµ = dxµ

dτ
. Covariant derivative is

∇Pµ = dPµ

dτ
+ Γµαβ ẋ

αP β and curvature is Rσλµν = ∂µΓσλν − ∂νΓσλµ + ΓσβµΓβλν − ΓσβνΓβλµ. The square

brackets mean antisymmetrization, ω[µπν] = ωµπν − ωνπµ. We use the condensed notation ẋµGµν ẋ
ν = ẋGẋ,

Nµ
ν ẋ

ν = (Nẋ)µ, ω2 = gµνω
µων , µ, ν = 0, 1, 2, 3, and so on. Notation for the scalar functions constructed from

second-rank tensors are θS = θµνSµν , S2 = SµνSµν .
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momentum πµ = ∂L
∂ω̇µ as follows: Sµν = 2(ωµπν − ωνπµ). In contrast to its constituents ωµ and

πν , the spin-tensor is invariant under local spin-plane symmetry presented in the model [9], and
thus represents an observable quantity. The spinning particle in flat space is described by the
Lagrangian action [10, 7]

S = − 1√
2

∫
dτ

√
m2c2 − α

ω2

√
−ẋNẋ− ω̇Nω̇ +

√
[ẋNẋ+ ω̇Nω̇]2 − 4(ẋNω̇)2. (1)

The matrix Nµν = ηµν − ωµων
ω2 is the projector on the plane orthogonal to ων : Nµνω

ν = 0, the

parameter α determines the value of spin. The value α = 3h̄2

4 corresponds to the elementary
spin one-half particle. In the spinless limit, α = 0 and ωµ = 0, the expression (1) reduces to the
standard Lagrangian of relativistic particle, −mc

√
−ẋµẋµ.

The minimal interaction with gravity is achieved by covariantization of the formulation
(1), that is we replace ηµν → gµν , and usual derivative by the covariant one, ω̇µ → ∇ωµ =
dωµ

dτ +Γµαβẋ
αωβ. With the resulting expression at hands, we pass to the Hamiltonian formulation.

This gives the Hamiltonian variational problem which is equivalent to (1)

SH =

∫
dτ pµẋ

µ + πµω̇
µ −

[
λ1

2

(
P 2 + (mc)2 + π2 − α

ω2

)
+ λ2(ωπ) + λ3(Pω) + λ4(Pπ)

]
. (2)

By λa we denoted the Lagrangian multipliers, they are written in front of the corresponding
primary constraints. For the general-covariant and spin-plane invariant phase-space quantities
ẋµ, Pµ = ∂L

∂ẋµ − Γβαµω
απβ and Sµν , the variational problem (1) (or, equivalently, the variational

problem (2)) yields the Hamiltonian equations which can be written as follows:

Pµ =
mc√
−ẋGẋ

T̃µν ẋ
ν , ∇Pµ = −1

4
θµν ẋ

ν , ∇Sµν = 2P [µẋν] , (3)

as well as the constraints

SµνPν = 0 , (4)

P 2 + (mc)2 = 0 , S2 = 8α . (5)

We have denoted

θµν ≡ RµναβSαβ . (6)

In the equations appeared the matrix G constructed with help of ”tetrad field” T̃

Gµν = gµν + hµν ≡ T̃αµgαβT̃ βν , T̃µν = δµν −
1

8m2c2
Sµσθσν . (7)

The matrix G is composed from the original metric gµν plus (spin and field-dependent)
contribution hµν . So we call G the effective metric produced along the world-line by interaction
of spin with gravity.

Comparing (3)-(5) with MPTD-equations2, we concluded [7] that all the trajectories of
MPTD-equations with given integrals of motion P 2 = k and S2 = β are described by our

2 In [11] we noticed that MPTD-equations have an expected spinless limit being completed with mass-shell type
condition. We also point out that the Lagrangian considered above yields the fixed value of spin, that is this
corresponds to an elementary particle. In [11] we presented the modification which leads to the theory with
unfixed spin, and, similarly to Hanson-Regge approach [12], with a mass-spin trajectory constraint. The modified
model has four physical degrees of freedom in the spin-sector.
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spinning particle with mass m = k
c and spin α = β

8 . By the way, we demonstrated that MPTD-
equations correspond to the minimal interaction of the spinning particle with gravity.

Inverting the first equation from (3), we can exclude momenta Pµ from the Hamiltonian
equations. This yields second-order equation for the particle’s position xµ(τ) (we refer the
resulting equations as Lagrangian form of MPTD-equations)

∇
[
T̃µν ẋ

ν

√
−ẋGẋ

]
= − 1

4mc
θµν ẋ

ν , (8)

∇Sµν =
1

4mc
√
−ẋGẋ

ẋ[µ(Sθẋ)ν] , (9)

Sµν ẋ
ν − 1

8(mc)2
(Sθẋ)µ = 0 . (10)

The last equation is the Lagrangian counterpart of the Frenkel condition (4).
In the spinless limit the equation (8) turn into the geodesic equation. Spin causes deviations

from the geodesic motion due to right hand side of this equation, as well as due to presence of
the tetrad field T̃ and the effective metric G in the left hand side.

The equations (8) and (9) became singular at critical velocity which obeys the equation
ẋGẋ = 0. The singularity determines behavior of the particle in ultra-relativistic limit. To
clarify this point, let us consider the standard equations of spinless particle interacting with
electromagnetic field in the physical-time parametrization xµ(t) = (ct,x(t))(

ẋµ√
c2 − v2

).
=

e

mc2
Fµν ẋ

ν , (11)

then the factor is just c2− v2. Rewriting the equations in the form of second law of Newton we

find an acceleration. For the case, the longitudinal acceleration reads a|| = va = e(c2−v2)
3
2

mc3
(Ev),

that is the factor, elevated in some degree, appears on the right hand side of the equation, and
thus determines the value of velocity at which the longitudinal acceleration vanishes, a||

v→c−→ 0.

In resume, for the present case3 the singularity implies that during its evolution in external
background, the particle can not exceed the speed of light c.

We can repeat this computation for our case (8)-(10). Due to the dependence of the tetrad
field in Eq. (8) on the spin-tensor S, the singularity presented in (9) causes the appearance of
the term proportional to 1√

ẋGẋ
in the expression for longitudinal acceleration. In the result, the

acceleration grows up to infinity as the particle’s speed approximates to the critical speed ∼ c,
see [7].

We have seen above that in the Lagrangian formalism MPTD-equations correspond to the
minimal interaction of spinning particle with gravity. Let us demonstrate that MPTD-particle
admits also a non-minimal interaction. We add the term λ1

2 κRαβµνω
απβωµπν ≡ λ1

2
κ
16θS into

the Hamiltonian action (2). By analogy with the magnetic moment, the interaction constant κ
is called gravimagnetic moment [14]. Thus we consider the variational problem

Sκ =

∫
dτ pµẋ

µ + πµω̇
µ −

[
λ1

2

(
P 2 + κRαβµνω

απβωµπν + (mc)2 + π2 − α

ω2

)
+

λ2(ωπ) + λ3(Pω) + λ4(Pπ)] . (12)

on the space of independent variables xµ, pν , ωµ, πν and λa. We have denoted Pµ ≡ pµ−Γβαµω
απβ,

P 2 = gµνPµPν and so on. Note also that the first two terms can be identically rewritten in the

3 In a curved space we need to be more careful since the three-dimensional geometry should respect the coordinate
independence of the speed of light, see [13, 7].
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general-covariant form pµẋ
µ + πµω̇

µ = Pµẋ
µ + πµ∇ωµ. Variation of the action with respect to

λa gives the algebraic equations

P 2 + κRαβµνω
απβωµπν + (mc)2 + π2 − α

ω2
= 0, (13)

ωπ = 0, , Pω = 0, Pπ = 0, (14)

while variations with respect to the remaining variables yield dynamical equations which can be
written in the covariant form as follows4

∂Sκ
∂pµ

= 0 ⇔ ẋµ = λ1P
µ + λ3ω

µ + λ4π
µ, (15)

∂Sκ
∂xµ

= 0 ⇔ ∇Pµ = −Rµναβẋνωαπβ −
1

2
λ1κ∇µRσναβωσπνωαπβ, (16)

∂Sκ
∂πµ

= 0 ⇔ ∇ωµ = λ1π
µ − λ1κR

µ
αβνω

αωβπν + λ2ω
µ + λ4P

µ, (17)

∂Sκ
∂ωµ

= 0 ⇔ ∇πµ = −λ1α

ω4
ωµ − λ1κRµναβπ

νωαπβ − λ2πµ − λ3Pµ. (18)

Eq. (15) has been repeatedly used to obtain the final form (16)-(18) of the equations ∂Sκ
∂xµ = 0,

∂Sκ
∂πµ

= 0 and ∂Sκ
∂ωµ = 0. Computing time-derivative of algebraic equations equations (14) and

using (15)-(18) we obtain the consequences

π2 − α

ω2
= 0, (19)

λ3 = 4aλ1

[
2(1− κ)Rαβµνω

απβπµP ν + κπσ(∇σRµναβ)ωµπνωαπβ
]
,

λ4 = −4aλ1

[
2(1− κ)Rαβµνω

απβωµP ν + κωσ(∇σRµναβ)ωµπνωαπβ
]
, (20)

Here and below we use the following notation. In the equation which relates velocity and
momentum will appear the matrix T

T αν ≡ δαν − (κ− 1)aSασθσν , a =
2

16m2c2 + (κ+ 1)(Sθ)
. (21)

The matrix has an inverse given by

T̃ αν ≡ δαν + (κ− 1)bSασθσν , b =
1

8m2c2 + κ(Sθ)
. (22)

The vector Zµ is defined by

Zµ =
b

8
Sµσ(∇σRαβρδ)SαβSρδ ≡

b

8
Sµσ∇σ(Sθ). (23)

4 Note that by construction of Sκ, the variational equation ∂Sκ
∂pµ

= 0 is equivalent to ẋµ = {xµ, H}, and so on.
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This vanishes in a space with homogeneous curvature, ∇R = 0.
The time-derivatives of (13), (19) and (20) do not yield new algebraic equations. Due to

(19) we can replace the constraint (13) on P 2 + κRαβµνω
απβωµπν + (mc)2 = 0. The obtained

expressions for λ3 and λ4 can be used to exclude these variables from the equations (15)-(18).
Neither constraints nor equations of motion do not determine the functions λ1 and λ2, that

is the non-minimal interaction preserves both reparametrization and spin-plane symmetries of
the theory. The presence of λ1 and λ2 in the equations of motion implies that evolution of our
basic variables is ambiguous. According to general theory [15, 16, 17], variables with ambiguous
dynamics do not represent observable quantities, so we need to search for the variables that can
be candidates for observables. We note that (17) and (18) imply an equation for Sµν which
does not contain λ2. So we rewrite (15) and (16) in terms of spin-tensor and add to them the
equation for Sµν , this gives the system

ẋµ = λ1

[
T µνP ν + κ

a

b
Zµ
]
, (24)

∇Pµ = −1

4
θµν ẋ

ν − λ1κ

32
∇µ(Sθ) , (25)

∇Sµν = 2P [µẋν] − λ1κ

4
θ[µ

σS
ν]σ . (26)

Besides, the constraints (13), (14) and (19) imply

P 2 +
κ

16
θS + (mc)2 = 0, (27)

SµνPν = 0, SµνSµν = 8α . (28)

The equations (28) imply that only two components of spin-tensor are independent, as it should
be for spin one-half particle. Eq. (26), contrary to the equations for ω and π, does not depend on
λ2. This proves that the spin-tensor is invariant under local spin-plane symmetry. The remaining
ambiguity due to λ1 is related with reparametrization invariance and disappears when we work
with physical dynamical variables xi(t). Equations (24)-(26), together with (27) and (28), form
a closed system which determines evolution of a spinning particle.

The gravimagnetic moment κ can generally take any value. When κ = 0 we recover the
MPTD equations.

Let us exclude Pµ and λ1 from the equations (25) and (26). Using (22) we solve (24) with
respect to Pµ. Using the resulting expression in the constraint (27) we obtain λ1

λ1 =

√
−ẋGẋ
mrc

, with m2
r ≡ m2 +

κ

16c2
(Sθ)−

(
κa

cb

)2

Z2 , (29)

where the effective metric now is given by

Gµν = T̃ αµgαβ T̃ βν . (30)

Then the expression for momentum in terms of velocities implied by (24) is

Pµ =
mrc√
−ẋGẋ

T̃ µν ẋν − κZµ . (31)

We substitute this Pµ into (25), (26)

∇
[

mrc√
−ẋGẋ

T̃µν ẋν
]

= −1

4
θµν ẋ

ν − κ
√
−ẋGẋ

32mrc
∇µ(Sθ) + κ∇Zµ , (32)

∇Sµν =
2mrc(1− κ)b√
−ẋGẋ

ẋ[µSν]σθσαẋ
α +

κ
√
−ẋGẋ

4mrc
θ[µ

αS
ν]σ − 2κZ [µẋν] . (33)
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Together with (28), this gives us the Lagrangian equations for the spinning particle with
gravimagnetic moment.

In resume, we have formulated Hamiltonian variational problem for spinning particle with
gravimagnetic moment κ in an arbitrary gravitational background. The model is consistent
for any value of κ. When κ = 0, our equations of motion (24)-(26) coincide with MPTD-
equations (3)-(5). The latter also follow from the Lagrangian variational problem without
auxiliary variables (1), and correspond to the minimal interaction of our spinning particle with
gravity.

Comparing our equations for arbitrary κ to the equations of spinning particle on an arbitrary
electromagnetic background (see Eqs. (28)-(29) in [10]), we see that the two systems have the
same structure after the identification κ ∼ µ and θµν ≡ RµναβS

αβ ∼ Fµν , where µ is the
magnetic moment. That is curvature influences trajectory of spinning particle in the same way
as the electromagnetic field strength θµν .

Now we are ready to discuss the main subject of the work. As we have pointed out above, the
MPTD-equations, which correspond to the value κ = 0 of our model (12), have non satisfactory
behavior in ultra-relativistic limit. The reason is that variation rate of spin-tensor diverges in
this limit and contributes into longitudinal acceleration of the particle through the tetrad field
T̃ µν(S), see also [7]. Consider now our spinning particle with gravimagnetic moment κ = 1.
This implies T̃ µν = δµν , Gµν = gµν , and crucially simplifies the equations of motion. The
Hamiltonian equations (24)-(26) read

mrc√
−ẋgẋ

ẋµ = Pµ +
a

b
Zµ , (34)

∇Pµ = −1

4
θµν ẋ

ν −
√
−ẋgẋ

32mrc
∇µ(Sθ) , (35)

∇Sµν = 2P [µẋν] −
√
−ẋgẋ

4mrc
θ[µ

σS
ν]σ . (36)

while the Lagrangian equations are composed now by the equation for trajectory

∇
[
mrcẋ

µ

√
−ẋgẋ

]
= −1

4
θµν ẋ

ν −
√
−ẋgẋ

32mrc
∇µ(Sθ) +∇Zµ , (37)

and by the equation for precession of spin-tensor

∇Sµν =

√
−ẋgẋ

4mrc
θ[µ

σS
ν]σ − 2Z [µẋν] . (38)

These equations can be compared with (8)-(9). Even in homogeneous field, ∇R = 0, we have
modified dynamics for both x and S. Covariant precession of spin (38) has a smooth behavior
∇S ∼ (

√
−ẋgẋ)0 contrary to ∇S ∼ 1√

−ẋgẋ in the equation (9). The equation (34) in space with

homogeneous curvature has the structure similar to (11), hence we expect that longitudinal
acceleration vanishes as v → c This has been confirmed by direct computations in [7].
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