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Abstract. We construct the A/ = 2 supersymmetric nonlinear sigma models on the cotangent
bundles over all the compact and non-compact Hermitian symmetric spaces. In order to
construct them we use the projective superspace formalism which is an ' = 2 off-shell superfield
formulation in four-dimensional space-time. This formalism allows us to obtain the explicit
expression of ' = 2 supersymmetric nonlinear sigma models on the cotangent bundles over any
Hermitian symmetric spaces in terms of the A’ = 1 superfields, once the Kihler potentials of
the base manifolds are obtained. Starting with A/ = 1 supersymmetric Kihler nonlinear sigma
models on the Hermitian symmetric spaces, we extend them into the ' = 2 supersymmetric
models by using the projective superspace formalism and derive the general formula for the
cotangent bundles over all the compact and non-compact Hermitian symmetric spaces. We
apply to the formula for the non-compact Hermitian symmetric space E7/Es x U(1).

1. Introduction

Supersymmetry (SUSY) has an intimate relation to complex geometry in mathematics. Indeed,
it is well known that target spaces of N' =1 and N/ = 2 SUSY nonlinear sigma models (NLSMs)
must be Kéhler [1] and hyperkdhler manifolds [2], respectively. It is important to construct
these manifolds because they frequently appear in field theories with/without supersymmetry,
supergravity and superstring theories.

Recently there have been developments to construct N'= 2 SUSY NLSMs in the projective
superspace formalism [3, 4, 5, 6, 7], which is an N' = 2 off-shell superfield formulation in
four-dimensional space-time. In this formalism, N/ = 2 SUSY NLSMs on cotangent bundles
over Kéhler manifolds have been constructed [8, 9, 10, 11, 12, 13, 14]. A key observation in
the developments is that once a certain N' = 1 SUSY NLSM is obtained, this model can be
extended into the A/ = 2 SUSY NLSM with use of the projective superspace formalism. In
other words, if we have the N'=1 SUSY NLSM on the Kéhler manifold, we can obtain N = 2
SUSY NLSM on the cotangent bundle over the Ké&hler manifold. The target space of the
N =2 SUSY NLSM is shown to be an open domain of the zero section of the cotangent bundle
[8, 9]. Namely it is hyperkéahler. Based on the observation in [8, 9], the N/ = 2 SUSY NLSMs
on the cotangent bundles over the irreducible Hermitian symmetric spaces (HSSs) except the

! This talk is based on [16].

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1



XXIII International Conference on Integrable Systems and Quantum Symmetries (ISQS-23) IOP Publishing

Journal of Physics: Conference Series 670 (2016) 012005 doi:10.1088/1742-6596/670/1/012005
classical type exceptional type
U(n+m) SO(2n) Sp(n) SO(n+2) E E
compact type | guixom] U Un)  SOmxU0 soj(gw)f; U EE6xz7J(1)
U(n,m) SO*(2n)  Sp(n,R) SOo(n,2) 6(—14) 7(—25)
non-compact type | goyiimy  —Um) Ty~ SOMIXOM | SOU0XTT  Fex0()

Table 1. Irreducible Hermitian symmetric spaces

non-compact exceptional types of them have been constructed [8, 9, 10, 11, 12, 13, 14]. The
irreducible HSSs classified by Cartan [15] consist of compact type and non-compact type. They
are summarized in Table 1.

In this talk we construct the N' = 2 SUSY NLSM on the cotangent bundle over the non-
compact HSS Er(_95)/Eg x U(1). First we show how to derive general formula for the N = 2
SUSY NLSMs on cotangent bundles over all the compact and the non-compact exceptional HSSs
in the framework of the projective superspace formalism [13, 14]. The method to construct the
models in [8, 9, 10, 11, 12] is model-dependent and furthermore it is difficult to apply for the
exceptional types of the HSS such as the compact type E7/Fg x U(1) and the non-compact type
Er(_95)/E6 x U(1). Accordingly, the other method to construct the A" = 2 SUSY NLSMs on
cotangent bundles over the HSS has been developed in [13] and [14]. In this talk, we apply the

method to the case for the Er7(_g5)/FEg x U(1). Combined with the application to %
given in [16], we complete construction of the N = 2 SUSY NLSM on the cotangent bundle over

all the HSSs.

2. N =2 sigma models and the projective superspace

Projective superspace is described as (x,, 0qs, 9_3, ¢), where u = 0,1,2,3 is a space-time index,
a,& = 1,2 are spinor indices, ¢ = 1,2 is an SU(2)g index and ( is the projective coordinate.
Superfields are functions on its subspace, which are defined by the so-called projective condition
[3] similar to the chiral condition in the four-dimensional N/ = 1 SUSY field theory. This
condition makes a number of the Grassmann coordinates be half and integration measure for
SUSY invariant action reduces to one on the full N' = 1 superspace zy; = (2, 0q, 05) with the
projective coordinate . A certain class of four-dimensional A" = 2 NLSM is described in terms
of N/ =1 language as [17, 8, 9]

S =5 5 [ R (00T 0). 1)
27 ¢
where I, J are indices of fields?>. The contour encircles the origin of the (-plane in anti-clockwise
direction. The action is written by the function of the superfields representing the polar
multiplets T and T, which are called an arctic superfield and an antarctic superfield respectively.
They are expanded with respect to ( as

T(,0) =) Tal"=2+SC+A,  TQO=) Tu(-0O", (2)
n=0 n=0

where To = ® is a chiral superfield (Dy® = 0) and T; = ¥ is a complex linear superfield
(D?Y = 0). An infinite set of unconstrained auxiliary fields is expressed as A which contains
terms with an order higher than (. The antarctic superfield T is a conjugate of Y, which is
the combination of the ordinary complex conjugate and the antipodal map ¢ — —1/¢ on the

2 More general type of action has the form K (Y, T,¢) [5, 6].
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Riemann sphere. Note that the action (1) is an N’ = 2 extension of the general N' =1 SUSY
NLSM [1].
The action (2) is invariant under

K(Y1,Y7) = k(Y1) + A(YT) + A(TY), (3)
and
! = (7, (4)
respectively. The latter implies the reparametrization of the manifold, yielding the
transformation law for ¥/ as
gt | et 5
dC d¢ ~d¢ dYyd dx’
¢=0 ¢=0 ¢=0 ¢=0

It is seen that X/ transforms as a tangent vector.
In order to represent the action (1) in terms of physical fields (®!,%7) only, we need to
eliminate the auxiliary fields by using their equations of motion

d¢ ., 9K (T, Y) d¢ ., OK(T,T)
CC o CC T om " ©
Let T.(¢) = YT.(¢; @, @, %, %) be a unique solution of the equation (6) with the initial conditions
dY
o=, DO _5 (7)
d¢ o

For a general Kéhler manifold, it is possible to eliminate Y, (n > 2) and their conjugates by
solving (6) perturbatively [18]. After eliminating all the auxiliary fields, the following form of
the action is obtained

S®, %] = /d%{K(@,@) +£(q>,<i>,z,i:)}, (8)
where £(®, ®,%,3) is the part describing the tangent space:

L(®2,%,%) = > £M(8,9,%,3)
n=1

o0
= > Lpoggg, (@,0)80 . gl s (9)
n=1
Here L;;7 = —g;7(®,®) while the tensors Lp..; 7.7, (n > 2) are functions of the metric

g77(®, @), the Riemann tensor R;jy7(®,®) and its covariant derivative. The action (8) is
written by the base manifold coordinate ® and the tangent vector Y. Therefore this action
represents the A/ = 2 SUSY model on the tangent bundle over the Kéhler manifold.

The rest of the work is to derive the Kéahler potential of the cotangent bundle over the
Kéhler manifold. It is carried out by changing the tangent vectors ¥’s in (8) into chiral one-
forms, cotangent vectors W’s. It can be performed by the generalized Legendre transformation
[5] as follows.

Sip = /dSz (K(®,®)+ L(P,®,%,5))

wS:/dSz{K(Q),Q))+E(‘1>,‘1>,U,U)+\I’IUI+‘I’1UI}, (10)



XXIII International Conference on Integrable Systems and Quantum Symmetries (ISQS-23) IOP Publishing
Journal of Physics: Conference Series 670 (2016) 012005 doi:10.1088/1742-6596/670/1/012005

where U is a complex unconstrained superfield and V¥ is a chiral superfield. This action goes
back to the tangent bundle action (8) after eliminating the chiral superfields ¥ and ¥ by their
equations of motion. On the other hand, eliminating U and U with the aid of their equations
of motion, the action is written only in terms of ®, ¥ and their conjugates:

Sep[@, 0] = /d8z{K(<1>,<1>)+H(<I>,<I>,\II,\I')}, (11)
where

H(D, 2,0, 0) = Y H™M(®,0,0,7)

n=1

o0 _ —

n=1

with #!7(®,®) = ¢’/ (®,®). Here g’/ is the inverse metric of g;7. The variables (®!, W ;)
parameterize the cotangent bundle over the Kéhler manifold and therefore the action gives the
Kahler potential of the cotangent bundle over the Kahler manifold.

The explicit forms of £ and H are obtained in [12] and [13, 14] for the case that the base
manifold is the HSS respectively. Here we focus only on the derivation of H, which we are
interested in. The cotangent bundle action (11) has to be invariant under the following second
SUSY transformations [12]

581 = DS (@,,0,0)} (13)
o = g E4OV K (D, D) +1D2 E40°TE (0, 0) 27 (0,0, T, ) ¢ Uy,  (14)
2 2 J
with
(@, 8,0, 0) = S0 H (@, 0, ) = A (15)
1

The requirement of invariance under such transformations can be shown to be equivalent to the
following nonlinear equation [12]:

1 _
Hlgry — gH M Rycy, "0 =05, (16)
Eq. (16) implies that
A 1
\IJIHI - HKHL(R\I/)KL = gIJ\I/]\I/j, (Rq/)KL = §RI£ i\I/[\IJJ. (17)
By using the identities
UH! =0 = aH ™, (18)
n=1
(17) is rewritten as
B n—1
HY =g w0, a1 = HOK(Ry) e P =0, n>2. (19)
p=1
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In order to solve this, it is useful to define

o 0 (Ro)/ ) _ 0 SR,
R = ( (Rg) 0 S\ AREIU LU 0 (20)

and

J
G — g7 <(R\1,R\p)k> U= \I’J}QU <(R Rg) > Yk, (22)
with £ =0,1,2---. They satisfy the identities
oG _ 9G™)
- P i)
9w, Vigg, e (23)
oG (2k+2) 7 AR I
g = @20 (ReRw)) T (Re)f 0
_ L
— (2k+ 20K ((R@R\y)k)[( (Rg){, (24)
oG (2k+1) 1% W\ K-
g = (kg ((RJ,RW) )j Uy
_ I
= (2k+1)ulgTx ((R\I,Rq,)k)K. (25)
Now if we introduce the ansatz
n=1

where ¢, is a constant, we find that the differential equation (19) turns out to be the algebraic
equation

n—1
ne, — Zp(n —P)Cpn—p =0, ¢ =1. (27)
p=1

The equation (27) is universal and independent of the Hermitian symmetric space. Therefore,
their solution can be deduced by considering any choice of the Hermitian symmetric space.
For instance, the projective complex space CP! can be used. These considerations lead to the
solution [13]

H((I)a (i)a \Ij7 \Tl) = _\I’Tgilf(_R\I/ @)\1’7 (28)

(Y -1 _ 0 QIj
\I’_<‘I’1>’ ® _<9” 0 )’ 29

]—"(az)zé{m—l—ln <ﬂ>} F(0) =1. (30)

where
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For our purpose to construct the N' = 2 supersymmetric NLSMs on the cotangent bundles
over exceptional Hermitian symmetric spaces, we shall rewrite (28) into a more convenient form
[14]. First performing the Taylor expansion for (28) one can see that H has the same form as
(26) with the coefficient ¢, given by

(_1)n—1‘7_‘(n—1) (0)

Cn = =) (31)
Second we introduce the differential operators
Ry = —(Bo) /0o, Ry = —(By) Wy ma-. (32)
: oV ’ oV 5
which satisfy the following identity
Ry agH™ =Ry gH™. (33)
With the use of (32), we can prove that (21) and (22) are compactly written as
gty _ (Rwa)” W2, =gy, >, (34)

nl
Substituting (34) with (31) into (26), we find

> Fm) (o
H:Z}" ()(R\I/\I/) o, (35)

n!
n=0

Making use of the following formula
" d¢ es®
T = 36
n! }{C 27 Entl’ (36)

where the contour C' encircles the origin of the complex &-plane in the counterclockwise direction,
we have

= F(0) de eRvw
’H:; . 7402_m_§n+1 w2, (37)

Here the contour C' must be chosen such that the function 6573‘1’»‘T’|\I’|2 is analytic. Keeping this
in mind, one finds that (37) can be transformed into

2m

The function F(1/£) /£ gives a branch cut between —4 and 0. Since the # is regular and analytic,
the contour C' has to be chosen so that it does not cross the branch cut. The resultant contour
encircles & = —4,0 without crossing the cut and is bounded by poles of the factor egR‘I’"f’\\I/\Q.
One can transform the contour C' as C’ 4+ C where C’ encircles the poles that may arise from
¢*Rv.%|W|2 in the counterclockwise direction and C' encircles those poles together with the branch
cut in the clockwise direction. One can check that contribution from the contour C is just a
constant by substituting ¢ = Re with R — oo . Therefore, this does not contribute to the
Kahler metric and can be neglected. We finally have

B AE FO/) ey
H=— 74 e P, (39)

where —C” goes in the counterclockwise direction, yielding the minus sign in front of the
integration.
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3. Cotangent bundle

In this section, we derive the cotangent bundle action of E7_s5)/Eg x U(1) by using (39). To
this end, we first derive the Kéhler potential on Er(_g5) /Eg x U(1), which was firstly obtained in
[16]. The Kahler potential is written by the coordinates which are representation of the broken
generator for the case when E7(_ss) is broken down to Eg x U(1). We shall write them as

ol =gt B 4 (40)

The transformation law for ¢ is obtained from the commutation relations:

[, ¢7] = 6107 — ST Tl g™, (41)

(B, 65] = 6%, (B, o] =6, (42)

[E;, 5] = ¢z¢] ! zykrklm¢l¢ma (43)

[Ta,¢'] = —2ip(Ta)" ;¢ [TA, i) = 2i;p(Ta),, (44)

f b, 0.31=1y/ 2. (45)

Here T'%* is the invariant tensor of Fj. This is symmetric with respect to the indices (4,7, k)
and the complex conjugate is defined as (/%) = [';j. This satisfies the following identity

Iy, D% = 106!, (46)
and the Springer relation [19]
e Fjl(mrpq)k = 5Elrmpq)' (47)

One can see the closure of the algebra by checking the Jacobi identity. ‘
The commutation relations (41)—(43) lead to the infinitesimal transformation law for ¢:

0¢' = B}, ¢ + B, ')
. R
= € —(§¢)¢"' + §F1]k€jfklm¢l¢m7 (48)
where € is the complex transformation parameter.

Now we look for the function being invariant under (48). To this end, we introduce the
Es x U(1) invariants:

I = ¢;i¢', (49)
I, = (Fijkw&“)(F“’”éz&m), (50)
Iy = 5 (Cipd &0) T G). G
They transform under (48) as
oI = (1 —I))(&¢") + ( kb e )(r“%&m) + c.c. (52)
01y = 2(Tijrd ") (T Gro) — (616" I2 + < ijk® ¥ )T Gy dmn) + c.c. (53)
6I3 = —(§;¢")I3 + E(Fz‘jk¢i¢j¢k)(rlmn€l¢m$n) +ec. (54)

3



XXIII International Conference on Integrable Systems and Quantum Symmetries (ISQS-23) IOP Publishing
Journal of Physics: Conference Series 670 (2016) 012005 doi:10.1088/1742-6596/670/1/012005

By using (52)—(54), one can check that the function

1 1
K=—-In <1—Il+112—113> (55)

transforms under the infinitesimal transformation (48) as
= (§¢") +c.c. (56)

This shows that (55) is invariant under (48) up to the K&hler transformation (56). Thus we
conclude that (55) is the Kéhler potential of Fr7(_os5)/EgxU(1). The sign in front of the logarithm
in (55) cannot be determined by the invariance under (48). It is just chosen so that positivity
of the metric is ensured.

We are now ready to construct the cotangent bundle over Er_os5 /Eg x U(1). First we
introduce the cotangent vectors:

N P e (57)

Since we are considering the symmetric space, we set ¢ = ¢ = 0 in calculations. The metric and
the Riemann tensor at ¢ = ¢ = 0 are derived from (55):

J

PK ;
= —— =47, 58
(25:1{):0 agbz a¢] ¢:¢;:0 1 ( )

- , | |
R, ‘¢=q§=o = 6,16, — Ty D™ 4 5,15, (59)

9;

Then the differential operator (32) at ¢ = ¢ = 0 is obtained as

Ry.o — [ <szkw@wk> mig [Y)? = i), (60)

0
$p=¢=0 61,1)@ oy

where v and ¢ are coordinates of the cotangent space at ¢ = ¢ = 0. If we define the Eg x U(1)
invariants in terms of the cotangent vector

v = B (61)
y = (C7%00) (Catm ' 9™), (62)
& o= (D% ij i) (Cimn '™ 0"), (63)
the differential operator (60) is rewritten as
1 0 1 0 0 0 0
= D - —Yy_— — —Z— D =T a_ - 4
R‘I”‘I’Lﬁ: 0 7 2Y 0 326y’ x8x+y(9 +z(9z (64)

The factor e*®v. ¥z in (39) is calculated by using the Baker-Campbell-Hausdorff formula

_ 2, 2 3
SRe, 3 4 = 5xD@2§yax63§ 81/@125 Bxe 1€ yD618§ zD .

¢p=¢=0

_ 9 leo, 1
= agln<1+§m+4§y+36§z>- (65)

The poles arising from this factor contribute to the integral in (39), which are obtained from
the equation

L4 Eo+ 78+ 3:68% = =~ 6)(E - E)(E — &) = 0. (66)
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The explicit expressions of the poles are given in [16]. The cotangent bundle part (39) is led to
the form:

H = — 7{_0 ;_;J-‘(z/g)%ln <1 + &z + i§2y + %{%)
_ (-7:(251) n ]:(Z&) n f(g&)) . (67)
The result at an arbitrary point of ® can be obtained by the following replacements
v (g7, (68)
RS (R UV AR S AL (69)
(TR A DR (PR R A DI AN I AR
TR (70)

L ) :
where R7," = (¢71)," (g7 ) (7 1),  (g71)  Rn"p ™.

4. Conclusion

We have constructed the N' = 2 SUSY NLSM on the cotangent bundle over the non-compact
exceptional HSS M = Ey_s5/Eg x U(1) by using the results elaborated in [13] and [14].
The point is to use the projective superspace formalism which is an N = 2 off-shell superfield
formulation. Once an N' = 1 SUSY NLSM on a certain Kéahler manifold is obtained, it is
possible to extend it to the A/ = 2 SUSY model containing the corresponding N' = 1 SUSY
NLSM. We first have derived the transformation law of the fields parameterizing M and have
constructed the A/ = 1 SUSY NLSMs on M invariant under the derived transformation laws.
Second we have extended the N/ =1 SUSY NLSM to one with the A/ = 2 SUSY model by using
the explicit formula of the cotangent bundle over any HSS developed in [13, 14]. We have also
constructed the " = 2 SUSY NLSM on the cotangent bundle over Eg_14)/SO(10) x U(1) in
[16] (where more detailed derivation for E7_g5)/FEg x U(1) is given). By the series of works
8,9, 11, 12, 13, 14, 16|, we have completed constructing the Kéhler potentials of the cotangent
bundles over all the compact and non-compact HSSs listed in Table 1.
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