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Abstract. The aim of our work is to develop a unified equation of state (EoS) for nuclear and quark matter
for a wide range in temperature, density and isospin so that it becomes applicable for heavy-ion collisions
as well as for the astrophysics of neutron stars, their mergers and supernova explosions. As a first step, we
use improved EoS for the hadronic and quark matter phases and join them via Maxwell construction. We
discuss the limitations of a 2-phase description and outline steps beyond it, towards the formulation of a
unified quark-nuclear matter EoS on a more fundamental level by a cluster virial expansion.

1. Introduction
The description of the hadron-to-quark matter phase transition (PT) in effective models for the
equation of state (EoS) of strongly interacting matter is still a challenge, even half a century
after the quark model has been developed. A modern description should consistently address the
question how the breaking and restoration of the symmetries of the QCD Lagrangian take place
as a function of the thermodynamic variables, temperature T and baryon chemical potential
µb (for asymmetric matter, there is a set of additional chemical potentials which eventually
can be restricted by conditions like conservation laws). Particular emphasis is hereby on the
dynamical chiral symmetry breaking and restoration, an aspect that can be very effectively
addressed within models of the Nambu–Jona-Lasinio (NJL) type with the quark condensate or
the dynamically generated quark mass serving as order parameters of the transition. A crucial
role is played by quark and gluon confinement, i.e. the empirical principle that these QCD
degrees of freedom carrying color charges have to be confined within color neutral bound states
in the hadronic phase. Accordingly, within the deconfinement PT quarks and gluons appear
as quasiparticles in the system and together with the chiral symmetry restoration in the quark
sector the hadronic bound states get dissociated (Mott effect). However, as NJL models have no
confinement, modifications are invoked to remedy this fact. Let us mention four possibilities: (i)
a bag pressure B, (ii) a confining meanfield (density functional) [1, 2, 3], (iii) minimal coupling
of the quark dynamics to the Polyakov-loop with an effective potential [4], and (iv) a nonlocal,
covariant generalization of the current-current coupling [5, 6, 7]. A benchmark check for any
effective model is the comparison with EoS data from lattice QCD simulations limited at present
to T for vanishing µb [8, 9].

The working horse of the QCD PT model studies is still the so-called 2-phase description,
where separately developed EoS for the hadronic and the quark-gluon phases of matter are
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employed to obtain a hybrid quark-nuclear matter EoS by applying Gibbs conditions of phase
equilibrium. See, e.g., Ref. [10] for a phase diagram.

In this contribution, we present a hybrid EoS obtained with a 2-phase construction using
modern inputs in order to illustrate deficiencies that are inherent in such an approach when
applied to the QCD transition.

Finally, we outline steps beyond a 2-phase description towards the formulation of a unified
quark-nuclear matter EoS on the basis of a cluster virial expansion for quark matter. While being
similar in spirit to developments for describing clusters in nuclear matter [11], for the present task
one has to address additionally the questions of chiral symmetry restoration and deconfinement
within a relativistic, field-theoretic approach. To this end, the Φ-derivable approach [12] shall
be generalized as described in [13].

2. Hybrid EoS from 2-phase construction with modern inputs
For the hadronic side we use the well known density-dependent relativistic meanfield theory
parametrisation (DD2) by Stefan Typel [14, 15]. This EOS reproduces very well the known
behavior of nuclear matter near the saturation density for symmetric matter and describes a
liquid-gas PT. For applications at high temperatures (T > 50 MeV) the hadronic side should be
improved by taking into account the appearance of additional hadrons (Pions, Kaons. . . ).

For the quark side we use the higher order NJL (hNJL) model recently developed by Sanjin
Benić for zero temperature [16] and subsequently applied to hybrid compact stars [17]. For
extending it to finite temperature, we use the grand potential density (symmetric case)

Ω(T, µ) = U(σ, n) − 2NcNfT

∫
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with an effective potential U(σ, n) and a renormalized quark chemical potential µ̃ = µ−∆µ(n).

The renormalized mass M = m− ∆m(σ) in the dispersion relation Ẽ =
√
p2 +M2 is obtained

from solving the gap equation, i.e. minimizing Ω(T, µ) [16, 17] and thus defining the quark
matter pressure in equilibrium PhNJL(T, µ) = −Ω(T, µ). In Fig. 1 we show the solution of the
mass gap equation (upper panel) and the corresponding quark pressure (middle panel) as a
function of µb = 3µ for selected isothermes which shows the chiral PT as a van-der-Waals wiggle
similar to that for the nuclear liquid-gas transition in the DD2 EoS. Both EoS have a critical
endpoint with a temperature above which the transition is a crossover, see Fig. 2. The crossing
points with the hadronic pressure are denoted as deconfinement PT when for increasing µb the
quark pressure lies above the hadronic one and is thus preferred. We notice that at finite T
unphysical second crossings occur and that already above T = 55 MeV no hadronic matter
exists. This unphysical behaviour is due to the absence of confinement in the hNJL model. We
cure this pathology in the simplest way, by including a bag pressure PhNJLb = PhNJL − B , see
Fig. 1 (lower panel) for two values of B that result in PT lines in the phase diagram of Fig. 2
(left) that correspond to critical temperatures in the range 175 − 180 MeV at µb = 0.

The left panel of Figure 2 shows the phase transition between DD2 and hNJLb with
B = 160 MeVfm−3 for two temperatures T = 0 and T = 150 MeV in the pressure over
density plane compared to the EoS used by Yuri Ivanov in three-fluid hydrodynamic simulations
[18, 19]. For our EoS, the deconfinement PT occurs at much lower densities, in particular for the
temperatures expected in heavy-ion collisions for NICA and FAIR energies, what should result
in interesting modifications of the baryon stopping signal of this transition predicted in [18].

3. Discussion and outlook
Applying the 2-phase construction as described above reveals a crucial problem of such an
approach to the quark-nuclear transition. At lower chemical potentials a chiral transition occurs
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Figure 1. Effective mass
M (upper panel) and
pressure P (middle and
lower panels) as functions
of the baryochemical po-
tential µb for the hNJLb
EoS for η02 = 0.08 and
η04 = 5.0 in the isospin
symmetric case. The chi-
ral transition is defined by
the hNJLb EoS and de-
confinement occurs at the
crossing points with the
hadronic (DD2) EoS for
B = 0 (middle panel) and
for B = 160 MeV/fm3

(lower panel).
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Figure 2. Left: Phase diagram for isospin symmetric quark-nuclear matter. The nuclear liquid-
gas transition (blue line) and the chiral symmetry restoration (purple line) are first order PTs
with endpoints. The deconfinement transition between DD2 and hNJLb is shown for different
bag pressures: B = 0 (dashed line), B = 160 MeV/fm3 (dash-dotted line) and B = 200 MeV/fm3

(dash-double-dotted line). Right: EoS with deconfinement transition between DD2 and hNJLb
for η02 = 0.08, η04 = 5.0 and bag constant B = 160 MeV/fm3 compared to the EoS from Ref. [2]
which is used in three-fluid hydro simulations [18, 19]. Shown are isothermes for T = 0 (solid
lines) and T = 150 MeV (dashed lines) in symmetric matter and the flow constraint of Ref. [20]

within the NJL model, so we have chiral restoration of the quarks and they lose their masses.
But in the construction at this point there are no quarks and only the hadrons exist, for which
no chiral transition is considered. Therefore, in the resulting EOS the chiral transition is moved
to the deconfinement transition, by the PT construction. On the other hand, if in the hatched
region of Fig. 2 the quarks should already lose their masses while being still confined in hadrons,
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this should alter the hadron properties (e.g., the radii) and thus modify the behavior of their EoS
in crucial way, so that the deconfinement transition probably should appear much earlier than
shown in that figure, but this will probably still leave a window for a so-called quarkyonic phase
[21] which may end in a triple point [22]. Such a phase might not exist and it can be avoided by
construction, defining a temperature dependent bag constant so that the deconfinement phase
transition coincides with the chiral phase transition [23]. On the other hand, one can explore
this window between defined asymptotic EoS of hadronic and quark matter by interpolation
[24, 25, 26], thus admitting the lack of fundamental theoretical concepts in that region.

To develop a unified quark-nuclear EoS we suggest to work out a cluster expansion [13] on the
basis of the Φ-derivable approach [12], where hadrons are considered as bound states of quarks.
Their dissociation in hot, dense matter due to the Mott effect will be triggered by the lowering
of the quark continuum thresholds that inevitably renders them unbound, but still allows their
presence as strong correlations in the scattering continuum. This situation is accounted for
within a generalized Beth-Uhlenbeck EoS that follows within this approach. As opposed to
NJL models which have no confinement mechanism (and also their Polyakov-loop generalization
which becomes ambigious at finite chemical potentials), we propose here the usage of relativistic
density functionals which effectively account for confinement and can be motivated, e.g., within
the concept of string-flip model [1]. Then, in the confined, hadronic phase before the Mott
transition quark exchange effects among hadrons, due to their wave function overlap, will give
rise to strongly repulsive forces. These Pauli blocking effects in dense hadronic matter justify
the adoption of excluded volume prescriptions in the hadronic EoS in order to effectively account
for them, see [17] for a recent application. In this way one should obtain a consistent unified
description of quark-nuclear matter in the QCD phase diagram.
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