
 

 

 

 

 

 

On the Separation Theorem of Stochastic Systems in the Case 

Of Continuous Observation Channels with Memory 

S V Rozhkova
1
, V I Rozhkova

2
, V V Lasukov

3
 and E V Devyashina

4 

1
Professor, Department of Higher Mathematics, Institute of Physics and Technology, 

National Research Tomsk Polytechnic University, Lenina 30, Tomsk 634050, Russia 
2
Senior Teacher, Department of Higher Mathematics, Institute of Physics and 

Technology,  

National Research Tomsk Polytechnic University, Lenina 30, Tomsk 634050, Russia 
3
Assistant Professor, Department of Higher Mathematics, Institute of Physics and 

Technology, 

National Research Tomsk Polytechnic University, Lenina 30, Tomsk 634050, Russia 
4
Student, Elite Technical Education, 

National Research Tomsk Polytechnic University, Lenina 30, Tomsk 634050, Russia 

 

E-mail: rozhkova@tpu.ru 

 
Abstract. The article proves the separation theorem for optimal control of stochastic systems 

in the case when an observed continuous-time process possess memory of arbitrary ration 

relating to a state vector. 

1. Introduction 

The separation theorem [1] is the basis for a theory of optimal control by incompletely observable 

stochastic systems. Being fundamental theoretical results, it ensured solving of a number of important 

practical problems in a wide range of areas [2, 3]. With the results [4, 5], we provided a generalized 

separation theorem in the case when observations have memory of arbitrary ratio, i. e. they depend not 

only on current values but also on an arbitrary number of previous values of the system state vector. 

Used notations: P  is event probability; E  is the mathematical expectation; normal (Gaussian) 

density with parameters a and b by N {a; b};   and  tr  are determinant and trace of matrix; 1D  is 

the inversion matrix of D ; TD  denotes transpose of a matrix or a vector; 0D   0D  is positive 

(non-negative) definite matrix. 

2. The problem statement 
On а certain probability space   PF ,,,

0


ttFF  [6] the unobservable n -dimensional process tx  

(state vector of system) and the observable l - dimensional process tz  with continuous time are 

determined by the stochastic differential equations (Ito’s differential rule) 

      ,,0,,,, 1  tdwxtdtuxtfdx ttttt  (1) 

     ttt dvtdtzxxxthdz
N 2,,,,,

1
   , (2) 
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where tu  is r dimensional control vector, ttmNN   110   , and constk  , Nk ;1 . 

It is assumed: 1) tw  and tv  are 1r dimensional and 2r dimensional standard Wiener processes; 

2) 0x , tw , tv  are jointly independent; 3)  f ,  h ,  1 ,  2  are continuous functions for all 

arguments; 4)       011  TQ ,       022  TR ; 5) original density is set 

    xxxPxp  00 . 

Task: to find control 0
tu  that provides optimum condition, on the class of 

,z
tF -measurable 

functional, where  t
tt zuu 0 ,  tszz s

t  0;0   

      
 

,min,,,
0

0 














tu

ss xpdsuxsxbEJ


 (3) 

where 1  ,   suu s
T
t ;
0

,   0b ,   0 . 

To solve the set task, let us apply the method of sufficient coordinates [7], assuming that there is 

z
tF  - measurable process  t

t z0  that fully characterizes posterior density  

     xzxxPxp t
tt  0  (4) 

of tx  system state vector, on the one hand. On the other hand, it can be found by means of  xpt . 

 

Remark 1. We consider that the optimal control dates from moment 10 t . An arbitrary z
tF - 

measurable process is used as tu  on the interval  ,0t . 
 

3. Preliminary results 

In accordance with the sufficient coordinates method, we introduce Bellman function 

  
 

    .,,,min, /
//









 


 


t
t

tt
u

dtuxtxbEtS
T

  (5) 

Theorem 1. Let the following conditions be met: 

1) process t  is Markov diffusion process with characteristics 

     





tt
t

E
t

ta
1

lim,
0

, (6) 

       





t
T

tt
t

E
t

tD
1

lim,
0

, (7) 

where tttt    .  

2) Let process  ttx ;  be Markov process with transition probability density  

     ////2/// ,,,,,, //   xxxxxPxtxtp tttt
. (8) 

Then, Bellman equation for  ,tS  has the form  

 
 

 
      ,0,,,

,
min *

, 











 tttt

u
uxtEtSL

t

tS
 (9) 

       
xbEtS

t
,, , (10) 
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where  *
,tL  denotes inverse Kolmogorov operator that corresponds to process t  [6], i.e. 

     
 

 
 

,
,

,
2

1,
,,

2

2
*
,

































tS
tDtr

tS
tatSL T

t  (11) 

and the smallest value of performance criterion has the form   ,0 SJ  . 

Proof. Let 

     xxxPxp ttt   . (12) 

Then, by expanding operator E  into (), and considering condition2), we obtain 

 

 

 
          ,,,,,,,,,,,,min

,

//////////////

















  






dxddxxtxtpxbdtddxxtxtpuxtxp

tS

t
t

ut





 (13) 

where  Tstuu s
T
t  ; . 

Lemma 1. Accurate to  to  , the function  ,tS  satisfies t  - recurrence equation 

  
 

            ,,,,,,min, //////












   todxxpuxttdtttpttStS t

u
  (14) 

where 

     ////// ,,    tttPtttp  (15) 

is transition probability density of Markov process t . 

Proof. Expressing interval  ,t  as       ,,, tttttt , we obtain from (13)  

  
  

    ,,,minmin, 21 



ttStttStS

T

ttt

tt

t uu
  (16) 

         ,,,,,,,, ////////
1 








 


dxdtddxxtxtpuxtxptttS
tt

t
t   (17) 

 

 

          ,,,,,,,,,,,,

,

//////////////

2









  







dxddxxtxtpxbdtddxxtxtpuxtxp

ttS

tt
t 

 (18) 

So far as      ///// ,,,,, xxxtxtp , when 0t , it follows from (17), that 

          .,,,1 todxxpuxtttttS t    (19) 

 Markov process transition probability density ttx ,  (see condition 2) satisfies the Chapman-

Kolmogorov equation [8] 

       .,,,,,,,,,,,, //////////////////  ddxxtxttpxttxtpxtxtp    (20) 

With regard to (12), (15) 

        ,,,,,,, //////////  tttpxpdxxpxtxttp ttt     (21) 
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Then, it follows from (18), (20), (21) that 

 

 

       

      .,,,,,

,,,,,,,,

,

//////////////

//////////////

2





ddxddxxttxtpxb

dtddxxtxtpuxtxptttp

ttS

tt
tt

 










 








 (22) 

With regard to (19), it follows from (16), that 

  
   

          .,,,minmin, 2













todxxpuxttttStS t
uu tt

  (23) 

Substituting (22) in (23) with regard to (13) leads to (14). Lemma 1 is proved. 

We expand   

    
   

  .,

2

1,
,,

2

2

2
// 









 

















 o

ttSttS
ttSttS T

T

 (24) 

Then, with regard to (6), (7), (15) it follows, that 

      ,,,,, ////  ttSdtttpttS    (25) 

 

       

 
     ,

,

,
,,

, ////

tota
ttS

t

E
ttS

dtttp
ttS

T

tt

TT

 

























 




























 (26) 

 

     
     

 
     ,

,

,
,,

,

2

2

2

2
////

2

2

totD
ttS

trt

tE
ttS

trdtttp
ttS T

tt
T





































 






















 (27) 

           .,,
2////2

tooEdtttpo t     (28) 

Substitution of (24) in (14) with regard to the latter formulae and (11) leads to the relation 

 ( bggb TT  ,    DBtrBDtr  ) 

                  .,,,,min, *
, todxxpuxttttSLtttStS txt

u
   (29) 

In (29) proceeding to the limit with 0t  and considering (12), we obtain equation (9). 

Boundary condition (10) and the expression for 0J  arise from (3), (5). Theorem 1 is proved. 

 

 

Affirmation 1. Let  

       ,tt utBxtFf        t11  ,    000 ,;  xNxp , (30) 

      


N

k
kt k

xtHxtHh
1

0  , (31) 
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    t
t zxEt 0| , (32) 

    t
k zxEt

k 0|,   ,   Nk ;1 , (33) 

         tT
tt ztxtxEt 0  , (34) 

         tT
kkkkk ztxtxEt

kk 0,,,    , (35) 

         ,,, 00
tT

ktkk ztxtxEt
k

    (36) 

         ,,,,, 0
tT

ikikki ztxtxEt
ik

    (37) 

 Nk ;1 ,  Ni ;2 ,  ki  . (38) 

Then, for a posteriori density (4) property  

       ttxxpt  ,;N   (39) 

The density parameters are specified by the equations 

              ,~~ 1
0 t
T

t zdtRtHdtutBttFtd    (40) 

       ,~~
, 1

t
T
kk zdtRtHtd   (41) 

                  ,
~~

0
1

0 tQtHtRtHtFtttFdttd TT    (42) 

        ,
~~

, 1 tHtRtHdttd k
T
kkkk

   (43) 

            ,
~~

,, 1
000 tHtRtHttFdttd k
T

kkkk
   (44) 

        tHtRtHdttd i
T
kikki

~~
,, 1    (45) 

where 

             ,,~

1
0 dtttHttHtdztzd

N

j
jj 











  (46) 

           


N

j
j

T
jj ttHttHtH

1
000 ,

~
 , (47) 

           


N

kj
jk

T
kjjkkkkk ttHttHtH ,,,

~
 . (48) 

This relation arises from [4]. 

 

Lemma 2. A sufficient coordinates vector is an optimal in a mean-root-square sense estimate  t  

of the process tx , i.e.    tzt
t  0 , which is a Markov diffusion process with the characteristics (see 

(9)) 

      utBtFta  , ,          tHtRtHtD T
0

1
0

~~
,  , (49) 
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Proof. Since  t , according to (42), does not depend on tz , then it follows from (39), that 

 tt   . According to [6], process tz~ , a differential of which is given by (46),  and for 

which  z
ttt FzZ ,~~

 , is the Wiener process with  

    
t

z
t

T
tt dssRFzzE

0

~~ . (50) 

Then, Markov property  t  and formulae (49) arise from (41), (50). 

 

Affirmation 2. The coupled processes   txt ;  are a Markov diffusion process. 

Proof. The statement is proved by (1), (31), (41) with regard to Lemma 2. 

Remark 2.  Since the conditions of Theorem 1 are satisfied for  tt   , then     ,, tStS  , and 

it follows from (3)-(5), that 

 
 

      ,0,,,
,

min 0
*
, 












 t
ttt

u
zuxtEtSL

t

tS



  (51) 

     ,,, 0
T

t
zxbEtS 

  (52) 

     
 

 
 

,
,

,
2

1,
,,

2

2
*
,

































tS
tDtr

tS
tatSL T

t  (53) 

where  ,ta  and  ,tD  have the form (49). 

Substitution of  tzE 0  for    tE  results from z
tF  measurability of the process  t  (see (41), 

(46), (50)). 

4. Main results 

Theorem 2.  

Let  

       t
T
tt

T
t utNuxtLx  ,       xSxb T , (54) 

where  tL ,  tN , S  are symmetric matrices, and   0tL , 0S ,   0tN . Hence, the Bellman 

equation (51) and boundary condition (52) take the following form 

 

 
    

 
     

 

         ,0

,~~

2

1,,
min

2

2

0
1

0


































 

ttLtrutNutL

tS
tHtRtHtr

tS
utBtF

t

tS

TT

TT

u














 (55) 

      .,  
 SStrtS T

Tt
 (56) 

Proof. From (54), with regard to (37) and z
tF -measurability tu  , we obtain 

 
            

         .

,, 000

t
T
tt

T
t

t
T
t

t
t

T
t

t
t

T
tt

T
t

t
tt

utLuttLtrtL

utLuzxtLxEzutLuxtLxEzuxtE






 (57) 

Analogous 
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            ., 00   StrSzxSxEzxbE TTTT   (58) 

Substitution of (49), (53), (57), in (51) results in (55), and substitution of (58) in (52) leads to (56). 

The theorem is proved. 

From now on, the t -derivative will be identified by the point at the top. 

Theorem 3 (The separation theorem). The optimal control 0
tu  has the form  

        ttStBtNu T
t 10  , (59) 

where an optimal in a mean-root-square sense estimate  t  of the state vector tx  is defined by filter 

equations (40)-(48), where
0
tt uu  , the matrix  tS  is defined by matrix differential Riccati equation  

                      ,1 tLtStBtNtBtStFtStStFtS TT    (60) 

with boundary equation 

   , SS  (61) 

and the smallest value 
0J  of quality criterion has the following form 

                         




t

tt

T dttStHtRtHtrdtttLtrStrttStJ
00

0
1

0000
0 ~~

  (62) 

Proof. Taking u -derivative from the left-hand side of (55), we obtain the equation to compute the 

optimal control 

  
 

  .02
,





utN

tS
tBT




 (63) 

Hence, we obtain the expression for optimal control by means of Bellman function in the following 

form  

            ,21 10 tStBtNu T
t . (64) 

Substituting (64) in (55), we obtain a second-order partial equation for Bellman function in the 

following form 

 

 
 

   
     

 

            
 

.0
,~~

2

1

,,

4

1,,

2

2

0
1

0

1






































































tS
tHtRtHtrttLtrtL

tS
tBtNtB

tStS
tF

t

tS

TT

T

T

T

 (65) 

We solve the equation (65) by using the separation of variables method in the form 

       ,,  tStltS T  (66) 

where  tl  -unknown scalar function, and  tS  - unknown matrix  nn -function with imposed 

symmetry condition. Thereafter 

 
 

    ,
,




tStl
t

tS T 



  

 
  ,2

,





tS

tS





   

 
 .2

,
2

2

tS
tS









 (67) 
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As long as  tS  is imposed with symmetry condition, then, with regard to (67) and the fact that  

  TT bbbb  21  is true for scalar b, we obtain 

  
 

            .2
,





 tFtStStFtStF

tS
tF TTTTTTT 




 (68) 

Substituting (67), (68) in (65), we have the following formula  

 
                     

                0
~~

0
1

0

1









tStHtRtHtrttLtrtL

tStBtNtBtStFtStStFtStl

TT

TTTTTT



 
 (69) 

Next, according to the method of separation of variables, we set the coefficients in (69) equal, 

provided powers  are equal. Then, we have the equation (60) for  tS  , and for  tl  we obtain the 

following equation 

                 .
~~

0
1

0 tStHtRtHtrttLtrtl T   (70) 

According to (66) 

       .,   SltS T
t  (71) 

The boundary condition (61) for equation (60) follows from comparison (56) and (71), while the 

boundary condition for (70) has the form 

       Strtl t . (72) 

According to Theorem 1,   00
0 , ttSJ  , and   , thus, it follows from (66), that   

        .0000
0 ttSttlJ T   (73) 

The solution to equation (70) with boundary condition (72) has the form 

                    






t

T

t

dSHRHtrdLtrStrtl .
~~

0
1

0   (74) 

When 0tt  , 
substitution of (74) in (73) results in (62). Applying (67) in (64), we get (59). 

 

5. Conclusions 

Comparing results of Theorem 3 with separation Theorem for memoryless sources in the classical 

case [1], we come to the conclusion that the expression of optimal control has the same form (59). The 

difference is the following: in the classical case, Kalman filter estimates the state vector, while in the 

case considered above, it is the filter (40)-(48), that estimates not only filtering parameters  t  for the 

current value of state vector tx , but also estimates interpolation  tk ,  for previous values of the 

state vector 
k

x , Nk ;1 . Thus, the expression for smallest values of quality criterion 0J changes. 
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