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Abstract. The condition on the potential ensuring the discreteness of the spectrum of infinite
quantum graph Hamiltonian is considered. The corresponding necessary and sufficient
condition was obtained by Molchanov 50 years ago. In the present paper, the analogous
condition is obtained for a quantum graph. A quantum graph with infinite leads (edges) or/and
infinite chains of vertices such that neighbor ones are connected by finite number of edges and
with 8-type conditions at the graph vertices is suggested. The Molchanov-type theorem for the
quantum graph Hamiltonian spectrum discreteness is proved.

1. Introduction

Many important properties of nanosystems are predetermined by the spectrum of its Hamiltonian.
Particularly, spectrum discreteness shows that the bound states gives one full system in the state space
of the corresponding system. The problem investigation starts from classical work of Weyl [1]. Early
results are described in [2, 3]. The Hamiltonian spectrum discreteness condition (for the potential on
axis or half-axis) was suggested by Molchanov in [15]. This condition becomes necessary and
sufficient if we assume that the potential is bounded from below. Later, many authors obtained
different sufficient conditions for the discreteness of the spectrum of the Sturm-Liouville or 1D
Schrodinger operators[4]-[8]. Good review of results in the field is in [9]. Particularly, there are

various necessary or sufficient conditions on locally integrable functions q(x) in order that the
2
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Schrodinger operator —F+q(x) acting on C;’(0,0) is bounded below and that its Friedrichs
X

extension has only discrete spectrum. There are also some results for the case of operator valued
potentials. In this paper the author reviews known conditions for both cases and presents results that
unify and extend the previous work on the subject. Finally the result is applied to the Laplacian on
non-compact complete Riemannian manifolds.

One-dimensional Hamiltonians are widely used in physical models. The most effective model of such
type is a model of quantum graph (see, e.g., [10], [11]). It is a metric graph with the Schrodinger
operator defined at the edges (according the physical motivation) and some coupling conditions at the
graph vertices that specify the transition probabilities across the vertices (see, e.g., [12-14]). The
problem of the spectrum discreteness is closely related with other classical problem starting from the
Sturm theorem - the problem of zeroes of eigenfunctions. At present, it is intensively investigated (see,
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e.g., [16]). The Courant theorem with the problem of nodal set counting is not solved in general case
yet.

The well-known Molchanov’s condition for the potential on the real half-axis (or axis) that guarantees
the discreteness of the spectrum of the corresponding one-dimensional Hamiltonian is represented in
[17,18]. The main goal of the work is to obtain the similar condition for a special type quantum graph.

2. Molchanov-type theorem
Let I’ be a quantum graph, V(T') is a set of it's vertices and E(T) is a set of it's edges. Let also assume
that the graph has finite number of infinite leads (edges) or/and infinite chains of vertices such that
neighbor ones are connected by several (finite number) edges. We demand that the lengths of edges of
these chains are bounded from below and above by some constants and attend that the periodicity or
symmetry properties for this chain isn't needed. Moreover, we assume that after removing of these
infinite chains, the graph contains finite number of edges (may be, some of them have infinite
lengths).
We assume the following equation at the edges:
(H—ADu(x) = —u"(x) — (A — q(x))u(x) = 0. €))
We deal with the Dirichlet boundary condition at the boundary vertices of the graph and J-type
coupling at the internal graph vertices:
d
Sec, gy W) = fou(®), By >0, x €V(D), (20
where u is continuous on I', V(I') is a set of vertices of I', E,, is a set of edges containing vertex v,
du
dxe
vertex, f,, By > 0, are some real positive numbers.

(v) is a derivative of the solution at the vertex v of the edge e in the outgoing direction from the

Theorem
Let g(x) be bounded from below, i.e. there exists such constant ¢ > 0, that for every x the following

inequality takes place: q(x) > —c and satisfy the following conditions on T

Let us take arbitrary w > 0. Consider all paths L, on I having lengths w (|L,| = w), where a is the
starting point of the path L. Let q(x) be such function that (for any w)

limg;se(a,v5)00 J;, q(0)dx = 0. )
Here v, is some fixed vertex of T

Then, for every fixed A there exists a set of f,,, such that any solution u(x) of the problem (1) with
the vertices conditions (2) has finite number of zeroes on T'.

Sketch of the Proof

We will assume that some solution has infinite number of zeroes and will come to a contradiction.
Two cases can be considered.

1. Let I" has finite number of edges. Some of them can have infinite lengths. As we have d-type
conditions at the internal graph vertices and the Dirichlet condition at the boundary vertices, there are
no accumulation points at the graph vertices.

If we have an infinite set of zeroes at an edge of finite length, then u = 0 on the edge and we can
throw off the edge and pose the Dirichlet condition at the end points of this removed edge. At every
finite edge one can have finite number of zeroes and due to the finiteness of the number of edges, we
have a contradiction. So if we have an infinite number of zeroes on I then there is an infinite edge
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with this property. For such edge we have the conventional Molchanov’s condition for the potential on
the real half-axis, i.e. this case simply reduced to the conventional theorem.

2. Let I has infinite leads (edges) and infinite chains of vertices such that neighbor ones are
connected with finite number of edges.

If the infinite number of zeroes is on the part of the graph that has no chains of rings, the Theorem
is proved as in point 1.

Let the infinite number of zeroes be at the infinite chains of vertices such that neighbor ones are
connected with finite number of edges.

One can see that adding of a constant to the potential does not change the situation. Hence, it is
sufficient to consider the case q(x) = 0. Let there exist A = 4y > 0 such that there is a solution
u = u(x) of the equation (1) that has infinite number of zeroes at the chain.

Evidently, it is impossible for A = 1; < 0 due to the sign of the second derivative of the solution:
u" = —(1 — q(x))u. Hence, if one has a root a then there are no other roots greater than a.

1
Ao+1

Let w be a such (small) positive number that w <
dist(a,vy) > N, where v, € V(I'), one has

j q(x)dx > w4y + 1), 4
L

a

where L, is a path on the graph with the starting point a and |L,| = w. It is possible to choose such N
due to the condition (3) for q(x).

In accordance with our assumption that there is an infinite number of zeroes at the chain, there
exists some path through the chain to infinity that contains an infinite number of zeroes. Below we
will deal with the case of such path. One can enumerate zeroes at this path consequently. Hence, we
can choose n for such path that dist(a,,vy) > N, and, later, choose m, such that m > n and
dist(a,, ay) > w. Next, it is possible to suppose that dist(a,,, a,) = Pw, where P is an integer

(due to the conditions q(x) = 0, fL q(t)dt > w4, + 1)).

Let us rewrite equation (1) for A = Ap: u" = (q(x) — Ag)u. A difficulty is related with the graph
vertices belonging to the path. Let us consider the case. Assume that vertex v belongs to the path. We
multiply the both parts by u and integrate over the path from a, to a,, . To come to a contradiction,
we use integration by parts and the mean value theorem. By taking into account inequality (4) and the
vertex condition (2), we show that there exists such set of the vertices parameters, [, that the
following inequality takes place:

. Let us choose N so large that for

0>{1—(+ 1)w}f {u?(t) + [u' ()]},
L

which is impossible as (15 + 1)w < 1. Hence, we arrive at a contradiction. The proof is complete.

One can use the obtained results for the description of many physical system for which the
quantum graph model is appropriate approximation. It is interesting to generalize the result to the
decorated quantum graph and to modifications of the Schrodinger operator, e.g., magnetic Schrodinger
operator (Landau operator).
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