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Abstract. A set of non-linear algebraic equations, which must to be solved using a numerical
procedure, for ball’s motion, sliding friction and internal loading distribution computation in a
high-speed, single-row, angular-contact ball bearing, subjected to a known combined radial,
thrust and moment load, which must be applied to the inner ring’s centre of mass, is
introduced. For each step of the procedure it is required the iterative solution of 9Z + 3
simultaneous non-linear equations — where Z is the number of the balls — to yield exact solution
for contact angles, ball attitude angles, rolling radii, normal contact deformations and axial,
radial, and angular deflections of the inner ring with respect the outer ring. While the focus of
this work is obtaining the steady state forces and moments equilibrium conditions on the balls,
under the selected loading, the numerical aspects of the procedure are treated in a companion
paper. The numerical results derived from the described procedure shall be published later.

1. Introduction

Ball and roller bearings, generically called rolling bearings, are commonly used machine elements.
They are employed to permit rotary motions of, or about, shafts in simple commercial devices such as
bicycles, roller skates, and electric motors. They are also used in complex engineering mechanisms
such as aircraft gas turbines, rolling mills, dental drills, gyroscopes, reaction and momentum wheels,
and power transmissions.

The standardized forms of ball or roller bearings permit rotary motion between two machine
elements and always include a complement of ball or rollers that maintain the shaft and a usually
stationary supporting structure, frequently called housing, in a radially or axially spaced-apart
relationship. Usually, a bearing may be obtained as a unit, which includes two steel rings each of
which has a hardened raceway on which hardened balls or rollers roll. The balls or rollers, also called
rolling elements, are usually held in an angularly spaced relationship by a cage, also called a separator
or retainer.

There are many different kinds of rolling bearings. This work is concerned with single-row
angular-contact ball bearings — see figure 1 — which are designed to support combined radial and
thrust loads or heavy thrust loads depending on the contact angle magnitude. The bearings having
large contact angle can support heavier thrust loads. The figure 1 shows bearings having small and
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large contact angles. The bearings generally have groove curvature radii in the range of 52-53% of the
ball diameter. The contact angle does not usually exceed 40°.

) Large argle

Figure 1. Angular-contact ball bearing.

This work is devoted to study of internal load distribution in a high-speed angular-contact ball
bearing. Several researchers have studied the subject of internal load distribution in a statically loaded
angular-contact ball bearing (see [1]-[10]). The methods developed by them to calculate distribution of
load among the balls and rollers of rolling bearings can be used in most bearing applications because
rotational speeds are usually slow to moderate. Under these speed conditions, the effects of rolling
element centrifugal forces and gyroscopic moments are negligible. At high speeds of rotation these
body forces become significant, tending to alter contact angles and clearance. Thus, they can affect the
static load distribution to a great extension.

Harris [11] described methods for internal loading distribution in statically loaded bearings
addressing pure radial; pure thrust (centric and eccentric loads); combined radial and thrust load,
which uses radial and thrust integrals introduced by Sjovill; and for ball bearings under combined
radial, thrust, and moment load, initially due to Jones.

The first great contribution to the study of ball motion, sliding friction and internal load distribution
in a high-speed angular-contact ball bearing must be credited to A B Jones [12]-[13]. Harris describes
the orbital, pivotal and spinning ball’s motions and load distribution in ball bearings, in general
reproducing the Jones’s developments. In this work the Jones’s works is revisited and differences are
introduced under the yoke of critical analysis, which will be detailed. Then, particularly, in this work,
a set of non-linear algebraic equations, which must to be solved using a numerical procedure, for ball’s
motion, sliding friction and internal loading distribution computation in a high-speed, single-row,
angular-contact ball bearing, subjected to a known combined radial, thrust and moment load, which
must be applied to the inner ring center of mass, is introduced. For each step of the procedure it is
required the iterative solution of 9Z + 3 simultaneous non-linear equations — where Z is the number of
the balls — to yield exact solution for contact angles, ball attitude angles, rolling radii, normal contact
deformations and axial, radial, and angular deflections of the inner ring with respect the outer ring.
While the focus of this work is obtaining the steady state forces and moments equilibrium conditions
on the balls, under the selected external loading, the numerical aspects of the procedure are treated in a
companion paper. The numerical results derived from the described procedure shall be published later.

2. Mathematical model

Having defined in other works analytical expressions for bearing geometry and the contact stress and
deformations for a given ball or roller-raceway contact (point or line loading) in terms of load (see,
e.g., [12]) it is possible to consider how the bearing load is distributed among the rolling elements. In
this section a specific internal loading distribution resulting from a combined radial, thrust, and
moment external load, which must be applied to the center of mass of the inner ring of a high speed
ball bearing, is considered.
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The figure 2 shows the displacements of an inner ring related to the outer ring due to a generalized
loading system including radial, axial, and moment loads. The figure 3 shows the relative angular
position of each ball in the bearing.

{0 pe e

Figure 2. Displacements of an inner Figure 3. Ball angular positions in the radial plane that is
ring (outer ring fixed) due to a perpendicular to the bearing’s axis of rotation, Ay =
combined radial, axial, and moment 27lZ, y; =2r(j—1)/Z, j = 1...Z, in which Z is the number

external loading. of balls.

Let a ball bearing with Z balls, each with diameter D, symmetrically distributed about a pitch circle
according to figure 3, to be subjected to a combined radial, thrust, and moment load applied to the
inner ring’s center of mass. Then, a relative axial displacement, J,, a relative angular displacement, 0,
and a relative radial displacement, J,, between the inner and outer ring raceways may be expected
according figure 2. Let i = 0 to be the angular position of the maximum loaded ball.

Under zero load the centers of raceway groove curvature radii are separated by a distance A given
by

A=(fo+fi—1DD, ey

in which f,, f; are the conformities for outer and inner raceways, respectively.

Under an applied static load, the distance s between centers will increase from A to A plus the
amount of the contact deformation J; plus J,, as show by figure 4. The line of action between centers is
collinear with A. If, however, a centrifugal force acts on the ball, then because the inner and outer
raceway contact angles are dissimilar, the line of action between raceway groove curvature radii
centers is not collinear with A, but is discontinuous as indicated by figure 5. It is assumed in figure 5
that the outer raceway groove curvature center is fixed in space and the inner raceway groove
curvature center moves relative to that fixed center. Moreover, the ball center shifts by virtue of the
dissimilar contact angles.

The figure 5 when compared with similar figures in [11] and [13] shows minor differences. The
inner contact angle must be f; + Ocosy; rather than S, to take into account the tilting of the rigid inner
ring with respect the rigid outer ring, during the external loading application. Furthermore, since the
problem is to be solved numerically, no makes sense to linearize the distances between the final and
initial inner raceway groove curvature center positions, as done in previous works.

In accordance with figure 5 the distance between the fixed outer raceway groove curvature center
and the final position of the ball center at any ball location j is
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Figure 4. (a) Ball-raceway
contact before loading; (b) Ball-
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Similarly, the distance between the moving inner raceway groove curvature center and the final

position of the ball center at any ball location j is

Aij= (fl - OS)D + 6ij’

“)

in which 6,; and J; are the normal contact deformations at the outer and inner raceway contacts,

respectively.

In accordance with the relative axial displacement between inner
and the relative angular displacement 6, the axial distance between
curvature centers at ball position j is

sy = Asing,+ d, + Asindcosy;,
in which
F, = Vad, + (f; — Y2)Dcospy

and outer rings mass centers, d,,
inner and outer raceway groove

&)
Q)

is the radius to locus of inner raceway groove curvature centers, d, is the unloaded pitch diameter, and
By is the unloaded contact angle. Further, in accordance with the relative radial displacement between
inner and outer rings mass centers, J,, and the relative angular displacement 6, the radial distance
between inner and outer groove curvature centers at each ball location j is

)

Since the iterative techniques of the Newton-Raphson method will be used to solve the associated
nonlinear equations, the angles f,; and f; are best stated in terms of the co-ordinates V and W, in figure
5. Then

5. = Acosfy+ 0,cosy; — R(1 — cosO)Ncos y.

w;j
(fD—O.S)D+60j,
Vi
(fo—0.5)D+6,;

(®)
©))

sinf,; =

cosfy; =
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i Sy Wi
sin(B;; + Ocosyp;) = —(f,-—ol.s)Disi,-’ (10)
Szj=Vj

cos(Byj + Bcosy;) = i (11)

fi—O.S)D+5i]"

Similarly, the ball angular speed about its own center pitch and yaw angles, «; and a’;, are best
stated in terms of the ball angular velocity components: w,;, @, and ®,;; in which x’, y’, and z” are
the axes of the coordinate frame whose origin is at the ball center; x' is parallel to the longitudinal axis
of the bearing around which the balls circulate in its orbital motion, and z’ is the radial axis. Then

[
sina; = —————, (12)
J W% +w?, +w?, .
OO T
wi,j+w;,j
oSl = —m———, (13)
/ W% +w?, +w?, .
(O TPy T
sina! = —2J (14)
J w?, +w?, ’
x Ty
[
cosa) = —=L—. (15)
N
Using the Pythagorean Theorem, it can be seen from figure 5 that
2 2 2
2
V2 + WP —[(f, —0.5)D +6,;] =0 =¢j17. (17)
From (12)-(15)
(1)32611+(1)32//]+(1)§11_(D}2?]=0=E]+2Z7 (A)R]:\/w)zcr]+w§lj+(l)§r] (18)

For steady state operation of a ball bearing at high speed, the forces and moments acting on each
ball are as shown by figure 6.
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Figure 6. Ball loading at angular position Figure 7. Forces and moments about the inner ring
Wi center of mass.
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The normal ball loads are related to normal contact deformations by

Qoj = Koj57 Qij = Kij 65>, (19)
in which K,; and Kj; are functions of contact angles [11].
From figure 6 considering the three axes equilibrium forces:
Qij sin(ﬁij + 9c051/)]-) — Qojsinfy; — injcos([)’ij + 9cosz/}j) + Fyojcosfy; =0, (20)
Qij cos(,[?l-j + Bcosd)}-) = Qoj cosﬁoj + injsin(ﬁij + Bcoswj) — Fxojsin,[?oj + Fzrj =0, (21
Fyoj + Fyij = 0 = €452, (22)
Substituting (8)-(11) and (19) into (20)-(21) yields
FxoVi—KojSoP Wi | Kij63;(sxj=W))=Fuij(szj=V;) _

(fo—0.5)D+6oj (fi—0.5)D+5ij =0= Ej+3Z, (23)

Koj8o7Vj+FxojWj  Kij6ij*(52j=V )+ Fxij(sxj=W;) o
(fo—0.5)D+6,; - (fi—0.5)D+5;; - FZ’J' =0= €j+4az- 24)

From figure 6 considering the three axes equilibrium moments:
—Mg;j sin(Bij + 6cosy;) + M, sin B,; — Mg;jcos(Bij + 6cosp;) + Mgy jcosBy; = 0, (25)
—Mg;; cos(Bi; + Ocosp;) + My, cos By; + Mpijsin(Bij + Ocosy;) — Mgy sinB,j + My; = 0, (26)
My'j —_ Myij - Mij = 0 = Ej+SZ' (27)
Substituting (8)-(11) into (25)-(26) yields
MRojVj+MsojW; _ Msij(sxj=W;)+Mrij(szj=Vj) _ o _ _

(fo=0.5)D+8,; (fi=0.5)D+6;; =0=Guez, 28)

MsoVi—MRojW; — Msij(szj=V;)—MRij(sxj=W;) 0 .
(fo—0.5)D+8,; (fi=0.5)D+6; + MZ’J' =0= €j+72- (29)

The centrifugal force acting on the ball at angular position y; is given by [11]

1
Fpj=mdm;wh;, (30)
in which m is the mass of ball,
dmj = de + 2[V; — (f, — ¥2)Dcospy| (31)

is the operational ball’s pitch diameter at position j, and w,, is the absolute orbital speed of the ball
about of the bearing axis.
Substituting the identity a)rzn j= (co,nj/co)za)2 in (30) gives
1

Omi\2
Fyj = 3ma?dy, (“29)", (32)

in which w is the absolute angular velocity of the rotating ring.
For the outer race to be stationary w,,; = —,j, @ = @;j + W,
Wmi 1
T , , (33)
L j{T[(f 0-09)D+5, |47, jVj}[wx'j(Szj'Vj)’f‘*’z’j(sxj‘wj)]

T (@m; ,
roj{%[(fi“’-s)”+5ij]‘rij(szj“’j)}(“’x’j"j+“’z’jo)

— |w?, +w?, +w?, .
wRj KTy T (34)

w T;aj(("x’jvi"'wz’jwi) : T;j[“’x’j(szj_vj)+“’z’j(5xj_wj)]7

d . , .
T om0sD 80|41,y —5H(Fi-0.5)D+8y5]-7(s75-7 )

and
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in which wy, w,; are the angular velocities about the bearing axis of the inner and outer rings with
respect to the ball at position j, and 1;;, 7, ; are the inner and outer rolling radii [11].
Likewise, for the inner race to be statlonary Wpj = —Wijy O = O + Dy

Wmj _ 1

T (3%
P . ro.{TJ[(fi—o.s)msi]] l](sz}—VJ)}((u ' V]+mZ/]W])
T dm
TU{ [(fg 0.5)D+6, ]+TO]V]}[0)xlj(SZ]‘ Vj)"'"’z’](sxj_wj)]
and wgi/w is given by (34) with opposite sign.
Similarly, the gyroscopic moments acting on the ball at angular position y; are given by [11]
@R\ (@m) W1
M’ _]w (w)(w) wz,.+m2,.+mz,.’ (36)
(O Oy O
and
. . w 1.
M., = —Jw? (LR (Lmi) ¥ ! 37
z] J (a))(w) w,]+wy,]+w/] G7

in which J is the ball’s mass moment of inertia.
The friction forces due to sliding in the x and y-directions of inner and outer ball-raceway elliptical
contact areas are given by [11]

2
X5,
bij |1= # 2 2
_ 3HKGSy cay “i b v
Fyij iy — — siny;;dy;; dx;; 38
xij = 21Tan”f lf % a4 b} Yijayij AXij, (38)
—bij |1 2.
l
1__
boj 2 2
3”K01501 ao %oj Xoj  Yoj
J —_ 9 _
Fxo; 2magjboj — aoj 1 ‘1(2,]- bz Smymdyo; dxo]’ 39)
- Oj _T
0j
2
%2,
3uK;i8 byj (127 2 2
J a y i _ Yij
F" U=ij ij 1____ - B 3 4
YU = Zmaby; aijf 5 ) cosy;jdy;; dx;j, (40)
—bij 1— l]
afj
1- ‘”
boj 2 2.
_ 3uK,j6 o a az; X5 V5
F 3uoj%0] (o) 1-=4 _%Ycosy,.dy,; dx 41
yoj ™ 2maojboj ojf agj bg yO] yo; oj> ( )
~byj 1——

in which u is the friction coefficient; ay, by, a,,, and b,; are semimajor and semiminor-axes of inner and
outer pressure ellipses; x;, yij, X,j, ¥,; are the co-ordinates of an element of area, dydx, inside the contact
ellipse, which has a resultant velocity of slip V of the race on the ball acting at the angle y with respect
to the y-direction, which are given by

y___inj y  Vioj
— tap-1 0 @sij — tan-1 2 ©soj 42
¥ij = tan L Yoj = tan . (42)
yy yoj
Xij+ xo]’+
Wgij Wsoj

Viii» Vop Vyips Vi @4ijs and @y,; are the relative linear and angular slip velocities of inner and outer
races with respect to the ball located at position j. The terms involving these velocities for use in (42)
are given by [11]
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< —x - /RZ_a”+/ U)[(fl 0.5)D+8;— T (szj Vj)}
= (43)
L,]

(fi- 05)D+6
@t j(Sxj=Wj)=®,1; [SZj_Vj_ o st

D\? '
Vo ( Rf-x};— |Rf-af;+ (;) —aizj—rij)[wxr].(szj—Vj)+erj(sxj—Wj)]
00 .

qu

Wsij

= (44)
sij (fi-05)D+8;;
“’x’j(sxj_Wj)_“’z’j|52j_vi_ @ Tij
2_,2 2_,2 D\?_ 5 5 Toj
—( [RE-x2;- [R3-aZ;+[(2) - aZ; )| (fo-0.5)D+ ot g Viloy
onj — 2 (45)
Wsoj (fo—o.s)D+80j ,
wx’ij_wZ’j Vj+TTo]
2
2_.2 _ [p2_,2 D\*_ 2 _.'. . .
- (/RO x2;- [R3-a2+ [(2) - a roj)(wxerJ+a)Z/1.W])
X = , (46)
Wsoj (fo—-0.5)D+8;
Wyt ;W= w1 |Vj+ drj To;
2
in which R; and R, are the curvature radii of deformed surfaces, given by
2f;D 2f,D
;= fi , R, = foD (47)
2fi+1 2f,+1

The total frictional moments of the friction forces about the normal at the center of the contact
ellipse are [11]

2
bjj |1-
3#KL] aij
Msi] f
—bij

(]/l] - tan_l z—:) dyl] dxij, (48)

2TL’anU —aij

11

2
X< .
boj [1-—3L
M _ 3[/”(0]60] aO] x + y
SO] 277(101170] aO] 0] O]
—boj 1_&
0]

The moments of the friction forces about the y’-axis are [11]

2
X5,
bij |[1-—F
3uK61° ay; ajj
M _ J =iy ij J‘

YU T amagby; J-ai

2

X, Y _1Yoj
—a—?—b—‘;’cos<yoj—tan 1x—‘7{)dyojdxoj. (49)
(J] oj

v
b2 smyU dy;jdx;j, (50)

ij

boj *oj
3UK ;83 of [77az; 2
M,,, = 2Koi%] rao; o\ - - JG) -
yoJ 2na0,b01 Aoj 2 0% 0 Toj 2 0
1-Zoi
aOI

i Yy

1—a‘ 7 smyojdyoj dx,j.  (51)
o of

_baj

The frictional moments about an axis through the ball center perpendicular to the line defining the
contact angle, which line lies in the x’z’-plane, are [11]
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by |12
Mgy = 25008 pay (N ([ y i dyy; dxyj. (52
Rij = 2ma;jby; —ai]f <% -X - _al} __l_bz cosy;;dy;; dx;j, (52)
”'_121

_bij 1—
2
boj 12l
3#1(0]5 a %oj of ya
M °J RE-ak - [RE-dkt ————Jcos dy,; dx 53
Roj — 2ma,jboj aujf JT of o; g bz YojAYoj 0j: ( )
_bo]
a

Equations (16)-(18), (22)-(24) and (27)-(29) may be solved simultaneously for V;, W, d,;, dy, 'y,
r’y, Wy, @y, and o, ; at each ball angular location once values for d,, J,, and 6 are assumed.

An iterative procedure is to be used to solve the equations simultaneously. Since K,; and K are
functions of contact angle, equations (8)-(11) may be used to establish K,; and Kj; values iteratively.

To find the values of J,, J,, and 0, it remains to establish the equilibrium conditions of forces and
moments about the inner ring center of mass, as shown by figure 7, which are

vz [KuSi (sxi=Wi)=Faij(szi=Vi)] _ o _

F, j=1 [ (Fi-0.5)D+;; =0 =€9z7+1, (54)
vz [Kubi (szi=V i)+ Faij(sxi=W5) 0

Fr =25 [ (fi—0.5)D+5;; cospj =0 = €oz42, (55)

M — Y7 { RIK;; 51'5511131'1' — Fyj(cosp;j — ri/ R)]cosy; —
( Fyijrising;; — MSUCOS,BU)Sim,Dj} =0 = €9z+3. (56)

in which F,, F,, and M are external forces and moment applied to the inner ring center of mass.

Having computed values for V;, W,, 6,;, 3y, '), 7’y @y, @y, and w; at each angular position and
knowing F,, F,, and M as input conditions the values of J,, J,, and & may be computed by equations
(54)-(56). After obtaining the primary unknown quantities d,, J,, and 6, it is necessary to repeat the
calculation of V;, W,, 6,), 0y, 1’0j, 7’y @, @y, and @, until compatible values of primary unknown
quantities d,, J,, and 6 are obtained.
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