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Abstract. The magnetization of layered high-temperature superconductors (HTSC) with 
ferromagnetic nanorods as bulk pinning centers is studied in the 2D model of layered HTSC by 
using Monte Carlo method. Magnetic part of the interaction energy between a ferromagnetic 
cylinder of arbitrary radius and constant magnetization and an Abrikosov vortex was calculated 
in London approximation. The magnetization at different radius of magnetic defects was 
investigated. The results of calculations were compared with the results for extended 
nonmagnetic defects. 

1.  Introduction 
The transport properties of type-II superconductors strongly depend on the dynamics of vortex system 
and the pinning properties of the defects structure. The experimental and theoretical study of the 
interplay between superconductivity and ferromagnetism has suggested that ferromagnetism can 
actually enhance superconductivity in artificial superconductor-ferromagnet hybrid structures under 
certain conditions. In general, artificial ferromagnet-superconductor hybrid structures are characterized 
by a superconducting film on the top or underneath a textured ferromagnetic layer. The ferromagnetic 
layer can be either solid (superconductor-ferromagnet bilayer, [1-4]) or made of magnetic dots or 
dipoles [5,6]. In [5,6] the dynamics of ac-driven vortices and antivortices in a superconducting film 
with an array of magnetic dipoles was investigated by hybrid molecular dynamic – Monte Carlo 
simulations. The spontaneous appearance and stabilization of vortex-antivortex (v-av) pairs was 
observed, the E-J curves were obtained. The periodic sequence of production and annihilation v-av 
pairs results in the peaks of the E-J curve. In [7] the superconductor with ferromagnetic nanoparticles 
as bulk pinning centers was studied experimentally, the magnetization curves were obtained. The 
interaction of a vortex with ferromagnetic particle of arbitrary radius was theoretically analyzed. In [8] 
the enhancement of a single vortex pinning by a magnetic cylinder was calculated, it was shown that a 
magnetic inclusion can reduce the Lorenz force on a vortex yielding an enhanced critical current 
density. 

The Monte Carlo method has demonstrated the high efficiency in the calculation of the transport 
properties and magnetization of layered HTSC. The calculations in presence of nonmagnetic defects 
were performed in [9-11], the effect of ferromagnetic impurities in the case of bulk ferromagnetic 
defects were analyzed in [12]. But the model [12] suggests the size of ferromagnetic particles much 
smaller than superconducting magnetic penetration depth and does not work for magnetic inclusions of 
arbitrary radius and shape. The aim of our work is to investigate the pinning properties of the array of 
ferromagnetic rods in the bulk of the superconductor and to investigate the magnetization and the 
transport properties at different concentration and size of ferromagnetic defects. 

4th International Conference on Mathematical Modeling in Physical Sciences (IC-MSquare2015) IOP Publishing
Journal of Physics: Conference Series 633 (2015) 012108 doi:10.1088/1742-6596/633/1/012108

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd 1



 
 
 
 
 
 

2.  Model and the calculation method 
The calculations were performed within the two-dimensional model of a layered HTSC by using 
Monte Carlo algorithm [9-11]. The model is a limiting case of the realistic three-dimensional model 
involving various types of in-plane interactions and the inter-plane interaction. In this model, a vortex 
line in the bulk of the superconductor is represented in the form of a set of interacting planar vortices 
(pancakes). Early calculations in this approximation as well as comparison with the experimental data 
confirm that such an approach provides an adequate description of the situation. Thus, the Gibbs 
thermodynamic potential of a two-dimensional system with variable number of interacting pancakes 
(in the absence of inter-plane interaction) takes a form: 
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where      52.0/ln0  TT   is a self-energy of a vortex, N  is a number of pancakes in the 
layer under consideration, the second term describes the pair interaction of vortices, the third term is 
the interaction of vortices with pinning centers and the fourth term corresponds to the interaction of 
vortices with the surface and Meissner current.  22

00 4/  s , ec /0   is the quantum of 
magnetic flux (see [9-11] for details). 

In this work, we introduce the ferromagnetic rods of arbitrary radius as bulk pinning centers. For 
calculations, the interaction energy between the vortex line and ferromagnetic rod must be obtained. 
Let us consider an infinite ferromagnetic cylinder of radius R and magnetization M, embedded into an 
infinite type-II superconductor containing straight vortex lines. Similarly to [7], we solve in cylindric 
coordinates the London equation for the vector-potential A in a superconductor and the Maxwell 
equation inside the ferromagnetic particle and obtain the supercurrent induced around the rod:  
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where K0 and K1 are the McDonald functions, is a superconductive penetration depth. The energy of 
interaction between ferromagnetic rod and vortex line is calculated as an inverse work of Lorenz force 
when the vortex moves from infinity to the position r at the distance r from the centre of the rod:  
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The coefficientdenotes a thickness of a superconductive layer. It is worth noting that at R<< this 
expression turns to the energy of point magnetic dipole in the field of the vortex. The calculations 
were performed for temperatures of 1-10 K and for typical parameters of Bi2Sr2CaCu2O8-: 
nm, 2 nm, Tc=84 K. Ferromagnetic particles have a size about 0.1, the 
magnetization of the particles is about 102 - 103 Gs, the size of superconducting region under 
consideration is 36  m. 

3. Results 

Let us consider the superconductive slab with periodic lattice of ferromagnetic rods. The magnetic 
moment of the defects is perpendicular to the superconductive layers and does not change during the 
magnetization process. We analyze now the magnetization curves at different size of ferromagnetic 
defects. Fig.1 represents the two typical magnetization loops at different radius, magnetization and 
concentration of the rods (a) and the dependence of the square of the loop (which is proportional to the 
value of hysteretic losses) for the configurations from (a) on the amplitude of external magnetizing 
field (b). According to [11], the smaller the square of the loop, the greater the critical current (in the 
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regime of hysteretic losses). A zero residual magnetization at the second half of the magnetization 
cycle (when the external field drops from maximal negative value to zero; see the curves in fig. 1a) is a 
special feature of magnetic defects with constant magnetization and takes place because the 
ferromagnetic particles do not pin the vortices of opposite polarity. The calculations were done for 
both periodic and non-periodic lattices of defects and it was shown that the results in both cases 
qualitatively coincide.  
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Fig. 1. The magnetization loops at different size of ferromagnetic rods (a) and the square of the 
magnetization loop as a function of the amplitude of the external field (b). R is a radius of the 
ferromagnetic defect, c is a volume concentration of a ferromagnetic in the superconductor.  

 

a)  b)  
 

Fig. 2. Different configurations of vortices arising during magnetization process: a) c=31%, R=180 
nm, b) c=13%, R=90 nm. The opened circles denote the magnetic defects. 

 
Note that at some sizes and concentrations of magnetic defects the vortices form superlattices like 

shown in fig.2 during magnetization.  
Let us analyze now the transport properties of the superconductor with extended magnetic defects. 

We fix the volume concentration of the ferromagnetic and then change the size of individual rod. The 
smaller the radius of the defect, the higher the number of defects per unit square and vice versa. We 
then obtain the current-voltage characteristics and estimate the critical current jc as a current at which 
the electric field strength in the superconductor reaches 0.1 V/cm. The results are shown in fig. 3. It 
is readily seen that at each concentration there is some optimal combination of R, N at which jc reaches 
a peak and the peak shifts left at smaller concentrations. 

The computational model introduced above is applicable for cylindric ferromagnetic defects but 
does not include the case of defects of arbitrary shape. In order to describe this case we may consider 
the extended defect as an ensemble of point defects (of the radius The potentialproduced by 
extended defect is therefore the sum of point defects potential. The simulations show a satisfactory 
agreement between two potentials, especially far from the defect’s surface. 

4th International Conference on Mathematical Modeling in Physical Sciences (IC-MSquare2015) IOP Publishing
Journal of Physics: Conference Series 633 (2015) 012108 doi:10.1088/1742-6596/633/1/012108

3



 
 
 
 
 
 

4 6 8 10 12 14

1,2

1,6

2,0

2,4

2,8

3,2

3,6
c=0,57%
 c=0,78%
 c=1,15%

R, nm

j
c
, 106 A/cm2

 
 

Fig. 3. The critical current as a function of the radius of the rod at different concentrations of the 
ferromagnetic. The magnetization of the ferromagnetic M=800 Gs and is the same for all curves  

4. Conclusion 

The description of the interaction between straight vortex line and ferromagnetic rod of arbitrary 
radius in the bulk of the superconductor was introduced in the 2D – model of layered high-temperature 
superconductor. The magnetization curves of the superconductor were obtained at the different size of 
magnetic defects. The transport properties at different configurations of ferromagnetic defects were 
investigated. The model can be used to investigate the magnetization and transport properties of the 
layered HTSC with bulk ferromagnetic defects of arbitrary size and configuration. 
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