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Abstract. We give large deviation estimates for a non-markovian convolution semi-group
with a non-local generator of Lévy type of big order and with the standard normalisation of
semi-classical analysis. No stochastic process is associated to this semi-group.

1. Introduction

There are much more semi-groups than semi-groups which are represented by stochastic
processes. On the other hand, there are a lot of formulas in stochastic analysis which are natural.
The theory of pseudodifferential operators [1-3] allow to understand a lot of partial differential
equations, including parabolic equations. On the other hand we have imported in the theory
of non-markovian semi-groups a lot of tools of stochastic analysis [4-17]. Stochastic analysis
formulas are valid for the whole process. Their interpretation for non-markovian semi-groups
work only for the semi-group.

In [16] and [17], we have done with the classical normalization of semi-classical analysis [18]
Wentzel-Freidlin estimates [19] for four order differential operators. Here we extend the method
of [16] to the case of an integro-differential operator of big order which generates a non-markovian
convolution semi-group. Normalisation are of Maslov type [18].

2. Statement of the theorems
Let Cp°(R) the set of smooth functions on R with bounded derivatives at each order endowed
with its natural topology. Cy(R) is the space of bounded contiunous functions endowed with
the uniform norm. L? is the space of square integrable norms for the Lebesgue measure. This
is an Hilbert space endowed with its natural scalar product <, >.

Let h be a smooth positive function on R with compact support such that h(y) = h(—y) and
such that A(y) =1 is equal to 1 on [/, f].

Let be o € [0,1]. We introduce the Levy generator acting on Cy°(R):

d+1 ST h(y)
Li(@) = (0" [ (et 9) = f@) = 30 5 r e ey (1

ly’éi;ﬁady is called the Lévy measure.
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Theorem 1:: L is symmetric positive on L?>. It has therefore a natural essentially-self
adjoint extension which generates a semi-group of contraction P, on L?.
We consider the Hamiltonian

d 2i
H(E) = / (expley] ~ 1 Y0 |y|§dlady (@)

=1

Theorem 2: H(£) i is a smooth convex function equals to 1 in 0.
Associate to it, we consider its Legendre transform:

L(p) = sup(ép — H(E)) (3)

£ER

If ¢ is a finite energy function in R, we consider the action functional
do
S(p) = 4
0= [ 1 4

Let us recall some basis of the pseudodifferential calculus. f is the Fourier transform of f. Let
Ly be an operator acting on Cgo(Rd) by

Ly f(x) = /R (2,€) F(€) expl2y/~Tntarlde (5)

We say that a(.,.) is its symbol. If

o o o
5 (s €)] < Ce ©
and if for [¢] > Cp
la(z,&)| = ClE]" (7)

we say that Lp is an elliptic operator of order r. Let us recall that our thesis underline the
relationship between pseudodifferential operators and Poisson processes [20].

Theorem 3:L is an elliptic pseudodifferential operator.

By elliptic theory, it generates a semi-group on Cy(R).

According the theory of semi-classical analysis [19], we consider the symbol L associated to
the symbol e ta(z, £). This leads to the operator

4 (e 21‘
L) = (-0 [ (e~ f@) - 3 D@yl @)

27!
=1

By elliptic theory L€ generates a semi-group on L? and even on Cy(R) Pf. We consider its
absolute value |Pf|. We have

Theorem 4 (Wentzel-Freidlin estimates): Let O be the complement in R of the interval
[z — 0,z + J]. We have when € — 0

LimeLog|Pfl[1 <— inf S 9
ieLoglPf|[Lo](z) < inf (o) Q
ifd+1 is even.
The proof is very similar to the proof of [16], the only difference being in the algebraic
treatment of Davies method [21].



4th International Conference on Mathematical Modeling in Physical Sciences (IC-MSquare2015) IOP Publishing
Journal of Physics: Conference Series 633 (2015) 012085 doi:10.1088/1742-6596/633/1/012085

3. Proofs of Theorem 1, Theorem 2 and Theorem 3
Proof of theorem 1: Let us show that L is symmetric. Let f anf g be smooth with compact
supports:

d
(1 <Lrg> = [ s+ - E_jy— PO ) il dady (10)

The symmetry holds by integrating by parts and since h(—y) = h(y).
Let us show that L is positive. We have if y > 0

2d—1

flaty) —fl@) =Y %f<i>(g;)+/0< o FPD(z 4 51)ds) ..dsag (11)
: S1 52d<Y

=1

Due to the parity of h, we have only to look at

h(y
/ f(a:)/ FCD (& + s1)dsy..dsag 2(de dxdy (12)
RxR* 0<s1<..<524<Yy ‘ ’

By integrating by parts, it is equal to:
h(y
o' | FD (@ + s1)do.dssa ) ddy (13)
RxRt+ 0<81<..<89q¢<y | ’
By Cauchy -Schwartz inequality,
/ FD (@) fD(z + s1)da </(f(d)(x))2dx (14)
R

Therefore

(0™ /R R+ /(@)
/0<81< <52d<y(f(2d) (@ +s1) — f9 (:r))dsy.dsw‘ }TQ(dJ)r dxdy >0 (15)

This shows the result. The fact that the operator has a natural self-adjoint extension which is
essentially self-adjoint holds by standard results.<>
Proof of theorem 2: H(¢) is smooth. We have clearly

d .
B > hy)
d-1 2i
) = [ ewlen] - 1- X S0y (17)
=1

Due to the fact that h(y) = h(—y), the result holds from the fact by induction on [ that

l 2z 27,

explyé] + exp[—Ey] — Z

(18)
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is positive convex in £.{
Proof of theorem 3: Let us compute the symbol of L.

e / £(€) explv/—Tue)de (19)
R

Therefore

h V=1yg)”
+/R|y|§3+)ady/R(eXp[ﬁ($+y)€] ZZ;( 2?) explv/—1z€)) f(€)de

. d — 2
[ 5@ exply=Toi [ (ely=Tey) -1 -y 0 >|y7§3lady (20)

1=

Therefore the symbol is given by

a(¢) = H(V-1¢) (21)
By puting y& = z if £ > 0 we get that
2d _1)iy2
a(g) = @ 1+a)/ (cos|z Zz; W)dz (22)

In (22), we consider a smooth h; function which is equal to zero near 0 and which is equal to 1
in a neighborhood of the infinity and which takes its values in [0, 1] and we write

a(§) = a1(§) + a2(§) (23)
zZ.. .z 2 P2
ay(§) = g1t /Rhl(g)h(g)(COS[Z] - ((2)!)612 (24)
i=0

By integrating by parts succesively, |a1(§)| < C¢™" for all n. On the other if the support of
1 — hy is small enough, we have
jaz(€)] > CgB1+e) (25)

for some positive C. The result arise by symmetry for £ < 0. $

4. Proof of the Wentzel-Freidlin estimates
Let us begin by some elementary remarks. We remark that

Lf=H(N-1)f (26)
such that X X
Pf= exp[—tH(le.)]f (27)

These elementary remarks (which are true a lot of convolution semi-groups) will allow us to
adapt the proof of [16].
Lemma 5: For all 6 > 0, all C there exist ts such that if t < ts

. C
[P (R z—s45)¢) () < exp[——] (28)
Proof: We consider the semi-group

23 '

exp[—*]Pt [exp[—=1£(=")](=) (29)
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The symbol of its generator is

FE(E) = —H(eV/—-1€' +¢) (30)

This is the symbol of an elliptic operator which is positive if || is big. It generates therefore a
semi-group on Cy(R) Qf’g. We get the expansion

Fi(¢) = Hig) +HO () VTE + ¢ / (€2 HD (es17/=T¢ + €)dsydsa+

0<s1<s2<1

HEO + HOVIIE + RY(E)  (31)

Therefore We get
Q5 f = exp[—tHe(g)] exp[—t(+HWV=1¢ + RE(€))]f (32)

The uniform norm of exp[—t(+HM/=1¢ + Rg(¢')) is bounded and the uniform norm of its

derivative is bounded by exp[C|{|]/e. Therefore the norm on Cy(R) of Q§’§ is bounded by
CtH( )
exp[— | exp[C|£]]. Therefore

0§

[Ef (11 o6 ,046)) (x) < exp[— Jexp[—] exp[C¢] (33)

CLH(©)

€
But H(¢) > C|¢] if |¢] > K(C) for all C.$

Remark: This inequality where the classical Davies gauge transform plays a fundamental
role [21] replace the role of exponential martingales of [19].

When we have proved this lemma, the estimates follow closely the lines of [16] and [19].

We cut the time interval [0, 1] is small intervals of length [t;, t;11]. By the semi group property
we use that

1 Pr N o—sarapel (2) < B [Py, [ fa—s,00] ] (2) (34)

In Py _,, we distinguish if ;, , and x4, are far or not. If they are we use the previous lemma.
If they are close, we deduce a positive measures |W,| on polygonal paths ¢; which joins x, to
t,,,- By the previous lemma, it remains to estimate |We[[|1;,_s z14]c(¢1)]. But [We| is a positive
measure, we have

Wllt-sasalon] < Wlewl2 Dt pgpionlent- _mf S0y

Therefore we have only to estimate |W¢|[exp| (¢)] le—s,2+0)c(¢1)]. The sequel follows [19] p 152
( [16]. We can choose some p; in finite numberrs such that if we put

L/(p) = sup(L(p) + L0 (0~ 1) 30

we have for all polygonal paths considereded for a small x

don, i don

L - (5 < x (37)
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Let us put

1
S'(9) = /0 (%ar (38)

Since |W¢| is a positive measure, we have only to estimate the quantity

!

Welfesp > 1, (00) (39)
We remark that
exp[sup a;] < Z expla;] (40)
Moreover
L'(p) = sup(&p — H(&;)) (41)

where & = %L(pi). Therefore it is enough to show that

sup 1P [exp(S (@’ — ) — tsH©)])(2) (42)
z,|¢|<C €

has a small blowing up when ¢ — 0. We do as in the previous lemma. We consider the generator
of the semi group

f = Pilespl>(a’ — 2) ~ tH(O1)(x) (13)
Its symbol is
H(e/TE +6) — TH(E) (14)

Its asymptotic expansion in € is

(HOV=1¢ + Rg(¢) (45)

The result follows as in the lemma.$

5. Conclusion

We have adapted the standard proof of large deviation estimates of jump processes of [19] (with
the standard normalisation of semi-classical analysis [18]) to the case of a non-markov Lévy
generator of big order. The main difference with [16] is that the classical gauge transform of
Davies [21] induces a simple transformation on the symbol of the Lévy generator [20]

References

[1] Dieudonné J 1977 Eléments d’analyse VII ( Paris: Gauthiers-Villars).

[2] Hoermander L 1984 The analysis of linear partial operators III ( Berlin: Springer).

[3] Hoermander L The analysis of linear partial operators IV ( Berlin: Springer).

[4] Léandre R 2012 A path-integral approach to the Cameron-Martin-Maruyama-Girsanov formula associated to a
Bilaplacian Integral and differential systems in function spaces. Journal of function spaces and applications.,
458738. ed Ti-Jun Xiao

[6] Léandre R 2011 2011 World Congress Engineering Technology,ed Victor Jin C.D. ( Los Alamitos: LE.E.E.) p
68

[6] Léandre R Stochastic analysis for a non-markovian generator: an introduction Preprint to appear Festchrift
in memory S. Belavkin. Rus. Journal. Math. Phys., ed J. Gough

[7] Léandre R 2013 A Girsanov formula associated to a big order pseudodifferential operator Festchrift in honour
of G. N’Guérékata. Cubo: a Mathematical Journal. 15 113, ed B. Anglade

[8] Léandre R 2008 Non-Fuclidean geometry and its applications. Acta. Physica Debrecin. 42 133. ed P. Nagy.

[9] Léandre R 2009. It6-Stratonovitch for the Schroedinger equation associated to a big order operator on a torus,.
Fractional Order differentiation. Physica Scripta, 136 014028. ed G. Zaslavsky.



4th International Conference on Mathematical Modeling in Physical Sciences (IC-MSquare2015) IOP Publishing

Journal of Physics: Conference Series 633 (2015) 012085 doi:10.1088/1742-6596/633/1/012085

[10] Léandre R. 2010 Computations of stochastic systems (Trans. Comp. Sciences. VII. L.N.C.S. Vol 5890 ) ed M
A El Tawil .( Berlin: Springer) p 68.

[11] Léandre R 2010 ISAAC 2009 ed M Ruzhansky and J Wirth (Singapore: World Scientific) p.225.

[12] Léandre R 2010 Journal Pseudo Differential Operators and Applications. 1 389

[13] Léandre R 2011 Long time behaviour on a path group of the heat semi-group associated to a bilaplacian
Symmetry measures on compler networks. Symmetry. 3 72 ed. A. Garrido

[14] Léandre R 2012 An It6 formula for an accretive operator Azioms: feature papers Azioms. 1 4. ed A. Garrido

[15] Léandre R 2013 Geometry of science information 2013, ( L.N.C.S. Vol 8085) ed F. Nielsen ( Berlin: Springer)
p 497.

[16] Léandre R 2014 2014 Int. Conf. Comput Science and Comput Intel. Ed B. Akhgar (Los Alamitos: IEEE
computer Society.) p 360

[17] Léandre R 2014 The It6-Stratonovitch formula for an operator of order four and some applications to large
deviation theory Preprint.

[18] Maslov V.P. and Fedoriuk M.V 1981 Semiclassical approzimation in quantum mechanics ( Dordrecht:
Reidel).

[19] Wentzel A.D and Freidlin M.J 1984 Random perturbations of dynamical systems( Berlin: Springer).

[20] Léandre R 1984 Extension du théoreme de Hoermander a divers processus de sauts. PHD thesis ( Université
de Besangon).

[21] Davies E.B 1997 Bulletin London Mathematical Society 29 513.



