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Abstract. We consider the problem of the cosmic ray spectrum formation assuming that
cosmic rays are produced by Galactic sources. The anomalous diffusion equation proposed
in our recent papers is used to describe cosmic ray propagation in the interstellar medium.
We show that in the framework of this approach and with generation spectrum exponent
γ = 2.85 it is possible to reproduce locally observed basic features of cosmic rays in the
energy region of 1010 ÷ 1020 eV: difference between spectral exponents of protons and other
nuclei, mass composition variation, “knee” problem, flattening of the primary spectrum at
E ≥ 1018 ÷ 1019 eV. The crucial model predictions for the mass composition behaviour in the
ultra-high energy region are discussed.

1. Introduction

The problem of ultra-high energy cosmic ray (UHECR) origin remains unsolved, despite
significant progress made in recent years. The suppression of the cosmic ray flux at energy of
(4÷ 6)× 1019 eV being established unambiguously can not be reliably identified as GZK-cutoff
due to the apparent differences between Telescope Array/HiRes and Auger mass composition
results [1,2]. As the Auger data indicated a nuclear UHECR composition becoming heavier with
energy in the region of 4 ÷ 40 EeV, different models assuming that the UHECR spectra cutoff
is not an extragalactic GZK feature are considered [3–5].

In this paper we examine the possibility for self-consistent description of all the basic features
of the observed cosmic ray spectrum in the energy range of 1010 ÷ 1020 eV within the Galactic
origin scenario. We assume the existence of Galactic sources that accelerate particles up to
∼ 1020 eV and take into account highly inhomogeneous (fractal-like) distribution of matter and
magnetic fields in the Galaxy that leads to extremely large free paths of particles (“Levy flights”),
along with an overwhelming contribution to the cosmic ray fluxes observed above ∼ 1018 eV
from particles reaching the Solar System without scattering. The crucial model predictions for
the mass composition behaviour in the ultra-high energy region are presented.
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2. Anomalous diffusion model

In our recent papers an anomalous diffusion (AD) model for solution of the “knee” problem
in primary cosmic-rays spectrum was proposed [6–9]. The “anomaly” in this model results
from the presence of extremely large free paths (Levy flights) of particles between Galactic
inhomogeneities and also the long-lasting trapping of particles in very strong magnetic field
regions (Levy traps). Thus the following asymptotic behaviour of the probabilities of free paths
(p(x,E)) and time, during which particles are caught in magnetic traps (q(τ,E)), takes place:

∫

|x|>r

p(x,E)dx ∝ A(E,α)r−α, 0 < α < 2;

∞
∫

t

q(τ,E)dτ ∝ B(E, β)t−β , 0 < β < 1. (1)

The cosmic rays propagation in the fractal-like interstellar Galactic medium without energy
losses and nuclear interactions can be described by the anomalous diffusion equation. The
equation for the concentration of particles with an energy E, generated in a fractal medium by
Galactic sources with a distribution density S(r, t, E) can be written as

∂N

∂t
= −D(E,α, β)D1−β

0+ (−∆)α/2N(r, t, E) + S(r, t, E). (2)

Here Dµ
0+ denotes the Riemann-Liouville fractional derivative [10] and (−∆)α/2 is the fractional

Laplacian (‘Riesz operator’) [10]. The anomalous diffusivity D(E,α, β) ∼ A(E,α)/B(E, β) =
D0(α, β)E

δ .
The Green’s function G(r, t, E;E0), corresponding to (2), can be found from the equation

∂G(r, t, E;E0)

∂t
= −D(E,α, β)D1−β

0+ (−∆)α/2G(r, t, E;E0) + δ(r)δ(t)δ(E − E0). (3)

With the use of the Laplace-Fourier transformations and formulae [10]

∞
∫

0

e−λtDβ
0+G(r, t, E;E0)dt = λβ

∞
∫

0

e−λtG(r, t, E;E0)dt = λβG̃(r, λ,E;E0),

∫

R3

eikr(−∆)α/2G(r, t, E;E0)dr = |k|α
∫

R3

eikrG(r, t, E;E0)dr = |k|αG̃(k, t, E;E0)

we obtain

G̃(k, λ,E;E0) = δ(E − E0)λ
β−1

∞
∫

0

exp
(

−
[

λβ +D(E,α, β)|k|α
]

y
)

dy.

Then the inverse transform yields

G(r, t, E;E0) = δ(E − E0)
(

D(E0, α, β)t
β
)−3/α

Ψ
(α,β)
3

(

|r|
(

D(E0, α, β)t
β
)−1/α

)

, (4)

where

Ψ
(α,β)
3 (r) =

∞
∫

0

g
(α)
3

(

rτβ/α
)

g
(β,1)
1 (τ)τ3β/αdτ

24th European Cosmic Ray Symposium (ECRS2014) IOP Publishing
Journal of Physics: Conference Series 632 (2015) 012028 doi:10.1088/1742-6596/632/1/012028

2



10−10

10−8

10−6

10−4

10−2

10−2

100

100

102

102

104

10−3 10−1 101

Ψ
(α

,β
)

3
(r
)

r

α = 2.0, β = 1.0
α = 2.0, β = 0.8
α = 1.7, β = 0.8
α = 1.5, β = 0.8
α = 1.3, β = 0.8

Figure 1. Fractional stable distributions densities Ψ
(α,β)
3 (r)

is the density of fractional stable distribution [11], g
(α)
3 (r) (α ≤ 2) the three-dimensional

spherically-symmetrical stable distribution and g
(β,1)
1 (t) is the one-sided stable distribution with

characteristic exponent β ≤ 1 [11]. The probability densities of Ψ
(α,β)
3 (r) are shown in figure 1.

Using the Green’s function (4), we can write a solution of the anomalous diffusion equation
for a point pulse source S(r, t, E) = SimE

−γ exp(−E/E0(z))δ(r)Θ(T − t)Θ(t) with emission
time T and an exponential cutoff at energy E0

N(r, t, E) =
SimE

−γ

D(E,α, β)3/α
×

×







t
∫

max[0,t−T ]

dττ−3β/αΨ
(α,β)
3

(

|r|(D(E,α, β)τβ)−1/α
)






exp

(

−
E

E0(z)

)

.

3. Energy spectrum of cosmic rays

Types of sources and their distribution in space suggest their separation into three parts as
follows:

J(r, t, E) = JG(r, E) + JL(r, t, E) + JNS(r, E).

Here

• JG is the global spectrum component determined by the multiple old (t ≥ 106 yr) distant
(r ≥ 1 kpc) sources;

• JL is the local component, i.e. the contribution nearby (r < 1 kpc) young (t < 106 yr)
sources;

• JNS is the flux of non-scattered particles.
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Figure 2. Comparison of our calculations of primary cosmic ray spectra with experimental
data in wide energy range of 1010 ÷ 1020 eV. Curves marked ’H’, ’He’, ’CNO’, ’Ne-Si’, ’Fe’ and
’Total’ represent our results.

The flux of non-scattered particles JNS is determined by the injected flux

S0E
−γ exp(−E/E0(z))

and the Levy flight probability p(E,> r). Taking into account that for a particle with energy
E the probability p(E,> r) ∼ A(E,α)r−α, A(E,α) ∼ EδL , we have

JNS(r,E) = SNSE
−γ+δL exp(−E/E0(z))r

−α.

Since JNS ∼ r−α, α > 1, we assume that this component is also formed by nearby (r < 1 kpc)
sources, defining the spectrum in ultrahigh energy region, and provides the observed flattening
of the spectrum at E ≥ 1018 eV.

Finally, for the global stationary component formed by old distant sources and the local
component from the nearest sources the expression obtained by the solution of anomalous
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Figure 3. Comparison of our calculations of primary cosmic ray spectra with experimental
data of Telescope Array/HiRes [12] and Auger [13] at ultrahigh energies.

diffusion equation is as follows:

J(r, t, E) =
v

4π

[

SsE
−γ−δ/β +

SimE
−γ

D(E,α, β)3/α
×

×
∑

rj<1 kpc

tj<106 yr

tj
∫

max[0,tj−T ]

dττ−3β/αΨ
(α,β)
3

(

|rj|(D(E,α, β)τβ)−1/α
)

+

+ SNS

∑

rj<1 kpc

E−γ+δL |rj |
−α

]

exp

(

−
E

E0(z)

)

. (5)

In (5) the first term is the contribution from the multiple old distant sources, the second term
is the contribution from nearby young sources and the third term is the flux of non-scattered
particles. To calculate the energy spectrum from nearby young sources, simulation of the Poisson
ensemble of sources was carried out [14]. The Poisson distribution parameter (average number
of sources in the local region) was chosen ∼ 10. This estimation corresponds to number of the
well-known nearest supernova remnants and pulsars with t < 106 yr. Coordinates and times of
birth of the sources were generated randomly and uniformly in the space region r < 103 pc and
in the time interval 104 ≤ t < 106 yr.

The parameters of the model are γ = 2.85, δ = 0.27 as it was established earlier [6],
δL = δ/2. The cut-off energy E0(z) = 4× 1010z GeV was fixed on the basis of comparisons with
experimental data. To assess parameters α = 1.4, β = 0.8, which are specific for our model, the
results of studies of particles diffusion in cosmic and laboratory plasma have been used [15,16].
Finally, for the anomalous diffusivity we get the value of D0 ≈ 10−4pc1.4/yr0.8 [9]. The emission
time T = 104 yr.
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Figure 4. Mean logarithmic cosmic ray mass vs. primary particle energy. Dashed areas —
experimental data [19], [20].

Our results of calculations of energy spectra of cosmic rays are shown in figures 2, 3. Note,
that the “fine structure” of spectrum around the knee can be described satisfactorily in the
framework of the model with two types of sources (see [17]).

An average mass number variation with energy according to our model is shown in figure 4.
It was established that in the region of (2÷ 5)× 1019 eV the fraction of protons is ∼ 40%, while
the fraction of iron is ∼ 15%. A key feature of the model is the essential dip in mean logarithm
of the mass number in the region of (4 ÷ 25) × 1018 eV (from 2.6 to 1.6). The weighting of the
mass composition is predicted at E > 2.5 × 1019 eV and 〈lnA〉 reaches ∼ 3 at E = 2 · 1020 eV.
The presence of such a dip according to the experimental data could be construed in favour of
our model. Note, that recent results of Auger Collaboration exhibit similar feature in 〈lnA〉
variation with energy, although at an order of magnitude lower energies [18].

4. Conclusions

Assuming the Galactic origin of cosmic rays we propose a mechanism for the formation of ultra-
high energy protons and nuclei spectra observed in the Solar System, that reproduces all the
basic features of cosmic ray spectrum observed experimentally.

It is shown that taking into account both the diffusion contribution from nearby young and
old distant sources and also the contribution of non-scattered radiation, due to the presence of
large free paths (Levy flights) caused by anomalous diffusion, a description of the experimental
data in the energy range 1010 ÷ 1020 eV can be obtained if we assume that the particle injection
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spectrum in the Galactic sources is

S = S0E
−2.85 exp(−E/E0(z)), E0(z) = 4× 1010z GeV.

The following basic model predictions are expressed:

• the steepening of all particles spectrum in the range E > 5× 1019 eV is due to the proton
flux cut-off caused by energy limitation of the Galactic particle accelerators;

• at the energies 2 ÷ 5 × 1019 eV the fraction of protons is ∼ 40 %, and the iron fraction is
about 15 % (normal composition);

• in the range 4 ÷ 25 × 1018 eV mean logarithmic cosmic ray mass 〈lnA〉 decreases rapidly
from 2.6 to 〈lnA〉min ∼ 1.6;

• considerable weighting of the mass composition is observed at E > 2.5 · 1019 eV; for
E = 2 · 1020 eV mean logarithmic cosmic ray mass is 〈lnA〉 ∼ 3.
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