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Abstract. All inequivalent realizations of the Poincaré algebras p(1, 1) and p(1, 2) acting in
spaces of not more than three variables are constructed. First-order deformations of p(1, 1) and
p(1, 2) are proposed and the generic realizations for the initial and deformed Poincaré algebras
are presented.

1. Introduction
Realizations of Lie algebras by vector fields are widely applicable in mathematics and physics,
indeed, representations by first-order differential operators are effectively used in Lie group
theory of differential equations: reduction, integration, calculation of differential invariants, etc.;
in group classification of partial differential equations; in the theory of differential invariants; in
general relativity and other physical problems such as classification of gravity fields of a general
form under the motion groups and groups of conformal transformations, or quantization based
on Noether symmetries, see also [1–5] and [6] for review.

In this work we apply an algebraic approach proposed in [7] and the classification of
subalgebras obtained in [8] for the explicit construction of vector fields of the lowest Poincaré
algebra p(1, 1), the six-dimensional Poincaré algebra p(1, 2) and their deformations. Realizations
of different Poincaré algebras were widely studied (see, e.g., [9–13]), but only covariant
realizations were considered and a number of realizations are not represented explicitly as far
as some of the coefficients require the solution of partial differential equations, that can not
be presented in quadratures. Along with the realizations we also propose three one-parametric
deformations of p(1, 1) and p(1, 2) and construct their generic realizations by the same method.
The results of this paper is a part of the forthcoming general classification of the realizations of
Poincaré algebras p(1, 2) and p(1, 3) [14].

Let g be an n-dimensional Lie algebra over a field R or C. We denote an open subset of Rm

as M and the Lie algebra of vector fields on it as Vect(M), the vector fields are taken in a form of
linear first-order differential operators with analytical coefficients and the Lie product of vector
fields is given by their commutator. The group of all automorphisms of g is denoted by Aut(g)
and the notion of realization of a Lie algebra is defined as follows (see [6] for details).

A realization of a Lie algebra g in vector fields on M is a homomorphism R : g→ Vect(M).
The realization is faithful if kerR = {0} and unfaithful otherwise. If the action of the local Lie
group that corresponds to a fixed realization is transitive on M , then this realization is called
generic.
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Realizations of Lie algebras are constructed up to Aut(g)-equivalence and nondegenerate
change of coordinates on M . Note that for any generic realization the dimension of M coincides
with the dimension of g that is m = n.

Below we propose the practical scheme for construction of left-invariant vector fields extracted

from [7]. The coefficients ξik(x) of the generic realization Ξi=
n∑

k=1

ξik(x) ∂
∂xk

, i = 1, 2, . . . , n, can be

recovered from the left-invariant differential one-forms Ωi=
n∑

l=1

ωl
i(x)dxl using the duality of the

left-invariant vector fields and differential one-forms ωl
i(x)ξik(x) = δlk and the coefficients ωl

i(x)
of the differential one-forms are constructed as follows:

ωl
i(x) =

(
A(1)

(
x1
)
A(2)

(
x2
)
· · ·A(i−1)(xi−1))l

i
, i = 2, 3, . . . , n, l = 1, 2, . . . , n, ωl

1 = δl1,

where the matrices A(p), p = 1, 2, . . . , n, are the exponential solutions of the system

Ȧ(p)(t) = −adepA
(p)(t), A(p)(0) = I.

All the rest of realizations of a fixed Lie algebra are constructed by means of projection of
the generic realization using the known set of Aut(g)-inequivalent subalgebras and the following
rule.

Let h = 〈em+1, . . . , en〉 be a subalgebra of g = 〈e1, . . . , en〉 with a complementary space
{e1, . . . , em}, then, using the above approach and the shortcut ∂i = ∂

∂xi
, we will obtain the basis

elements in the form

ei = ξ1i (x1, x2, . . . , xm)∂1 + ξ2i (x1, x2, . . . , xm)∂2 + · · ·+ ξmi (x1, x2, . . . , xm)∂m +

+ ξm+1
i (x1, x2, . . . , xn)∂m+1 + ξm+2

i (x1, x2, . . . , xn)∂m+2 + · · ·+ ξni (x1, x2, . . . , xn)∂n.

The realization projected on the coordinates x1, x2, . . . , xm is well defined and has the form

prh(ei) = ξ1i (x1, x2, . . . , xm)∂1 + ξ2i (x1, x2, . . . , xm)∂2 + · · ·+ ξmi (x1, x2, . . . , xm)∂m.

The number of necessary variables m = dim(g) − dim(h) coincides with the codimension
of h and the projected realization R(h) is called realization corresponding to the subalgebra h.
In particular this means that the generic realization corresponds to zero subalgebra h0 = 〈0〉
and R(h0) is always realized in n = dim(g) variables.

The structure of realizations constructed by means of the algebraic method reminds a tree
diagram, namely: a realization corresponding to a subalgebra h1 can be constructed by means
of projection from a realization corresponding to a subalgebra h2 if h2 ⊂ h1.

Note that all inequivalent realizations of a fixed Lie algebra can be obtained by the above
method, as far as any realization corresponds to a quotient group G/H that acts effectively on
some subspace M , where H is a subgroup that corresponds to some subalgebra h [7].

2. Realizations of the Poincaré algebra p(1, 1)
The ‘smallest’ Poincaré algebra p(1, 1) is supposed to act in the two-dimensional space-time R1,1

and has dimension three: p(1, 1) = 〈P0, P1, J01〉. Its basis elements satisfy the commutation
relations

[P0, P1] = 0, [P0, J01] = P1, [P1, J01] = P0. (1)

Only covariant realizations of the Lie algebra p(1, 1) in space of three variables were
constructed in [9]. All inequivalent faithful realizations of p(1, 1) were also obtained by the direct

GADEISVII IOP Publishing
Journal of Physics: Conference Series 621 (2015) 012009 doi:10.1088/1742-6596/621/1/012009

2



Table 1. Realizations of p(1, 1)

Complementary
vector space

Subalgebra Realization

{P0, P1, J01} 〈0〉 P0 = ∂1, P1 = ∂2, J01 = x2∂1 + x1∂2 + ∂3
{J01, P1} 〈P0〉 P0 = − sinhx1∂2, P1 = coshx1∂2, J01 = ∂1
{P0, P1} 〈J01〉 P0 = ∂1, P1 = ∂2, J01 = x2∂1 + x1∂2
{P0, J01} 〈P0 + P1〉 P0 = ∂1, P1 = −∂1, J01 = −x1∂1 + ∂2
{P0, J01} 〈P0 − P1〉 P0 = ∂1, P1 = ∂1, J01 = x1∂1 + ∂2
{J01} 〈P0, P1〉 P0 = 0, P1 = 0, J01 = ∂1
{P0} 〈P0 + P1, J01〉 P0 = ∂1, P1 = −∂1, J01 = −x1∂1
{P0} 〈P0 − P1, J01〉 P0 = ∂1, P1 = ∂1, J01 = x1∂1

method in [6] for the isomorphic Lie algebra A−13.4 with the commutation relations (e1 = P0 +P1,
e2 = P0 − P1, e3 = J01)

[e1, e2] = 0, [e1, e3] = e1, [e2, e3] = −e2. (2)

We list realizations of p(1, 1) together with the corresponding subalgebras and bases of
complementary vector spaces in Table 1.

The subalgebras that contain one of ideals 〈P0 ± P1〉 of p(1, 1) lead to unfaithful realizations
which are new and were not constructed in [6]. The rest of realizations are equivalent to the
faithful realizations obtained for A−13.4.

We purposely do not fix independent (say t, x) and dependent (say u, w) variables in the
presented realizations. One can choose them in any order convenient for the certain application.
For example, the first realization from Table 1 can be considered as

{P0 = ∂t, P1 = ∂x, J01 = x∂t + t∂x + ∂u}, for u = u(t, x) or

{P0 = ∂u, P1 = ∂w, J01 = w∂u + u∂w + ∂t}, where u = u(t) and w = w(t).

3. Realizations of the Poincaré algebra p(1, 2)
The Poincaré algebra

p(1, 2) = 〈P0, P1, P2, J01, J02, J12〉

is six-dimensional and usually considered in (1+2)-dimensional Minkowski space with the basis
elements that satisfy the nonzero commutation relations

[P0, J01] = P1, [P1, J01] = P0, [P2, J02] = P0,

[P0, J02] = P2, [P1, J12] = −P2, [P2, J12] = P1,

[J01, J02] = −J12, [J02, J12] = J01, [J01, J12] = −J02.

Since we are interested in the generic realization and realizations in not more than three
variables, we need the subalgebras of p(1, 2) of the dimensions three, four and five only. Using
the subalgebras of the Poincaré algebra obtained in [8] and applying the algorithm described in
the first section we obtained the desired realizations. The result is arranged in tables together
with the subalgebras and bases of the complementary vector spaces used in calculations.
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Table 2. Realizations of p(1, 2) in three variables

Complementary
vector space

Subalgebra Realization

{J01, J02, J12} 〈P0, P1, P2〉

P0 = 0, P1 = 0, P2 = 0,
J01 = ∂1,
J02=− sinhx1 tanhx2∂1+ coshx1∂2− sinh x1

cosh x2
∂3,

J12 = coshx1 tanhx2∂1 − sinhx1∂2 + cosh x1

cosh x2
∂3

{P0−P2, J01+J12, J02}

〈P0+P2, P1,
β(P0−P2)+
+J01−J12〉,
β ∈ {0, 1}

P0 = 1
2 (1 + x22)∂1, P1 = −x2∂1,

P2 = 1
2 (−1 + x22)∂1,

J01=(−x1x2−β2 e
−2x3)∂1+ 1

2 (1−x22)∂2+x2∂3,
J02 = −x1∂1 − x2∂2 + ∂3,
J12 = (x1x2 + β

2 e
−2x3)∂1 + 1

2 (1 + x22)∂2 − x2∂3

{P0, P1, P2} 〈J01, J02, J12〉
P0 = ∂1, P1 = ∂2, P2 = ∂3,
J01 = x2∂1 + x1∂2, J02 = x3∂1 + x1∂3,
J12 = x3∂2 − x2∂3

{P0 − P2, J01, J12}
〈P0 + P2,
P1, J02〉

P0 = (sinhx1 sinx3 + coshx1)∂2,
P1 = (− sinhx1 − coshx1 sinx3)∂2,
P2 = − cosx3∂2, J01 = ∂1,
J02=− coshx1 tanx3∂1− cosh x1 x2

cos x3
∂2− sinhx1∂3,

J12 = sinhx1 tanx3∂1 + sinh x1 x2

cos x3
∂2 + coshx1∂3

{J02, J01, P0}
〈αP0 + J12,
P1, P2〉,
α ≥ 0

P0 = coshx1 coshx2∂3, P1 = − sinhx2∂3,
P2 = − sinhx1 coshx2∂3,
J01=− sinhx1 tanhx2∂1+ coshx1∂2−α sinh x1

cosh x2
∂3,

J02 = ∂1,
J12=− coshx1 tanhx2∂1+ sinhx1∂2−α cosh x1

cosh x2
∂3

{J12, J01, P1}
〈αP1 + J02,
P0, P2〉,
α ≥ 0

P0 = − sinhx2∂3, P1 = cosx1 coshx2∂3,
P2 = − sinx1 coshx2∂3,

J01=− sinx1 tanhx2∂1+ cosx1∂2−α sin x1 cosh(2x1)
2 cosh x2

∂3,

J02=− cosx1 tanhx2∂1− sinx1∂2−α cos x1 cosh(2x1)
2 cosh x2

∂3,
J12 = ∂1

{P0−P2, P1, J01+J12}

〈P0+P2,
αP1+J02,
J01−J12〉,
α ≥ 0

P0=(1−x23)∂1−x3∂2, P1=∂2, P2=−(1+x23)∂1−x3∂2,
J01=(x2−x23(x2+2α))∂1+(x1−x3(x2+α))∂2+(1−x23)∂3,
J02=−2(x1 + ax3)∂1 − α∂2 − 2x3∂3,
J12=(x2+x23(x2+2α))∂1−(x1−x3(x2+α))∂2+(1+x23)∂3

Generic realization of p(1, 2) has the form

P0 = ∂1, P1 = ∂2, P2 = ∂3, J01 = x2∂1 + x1∂2 + ∂4,

J02 = x3∂1 + x1∂3 − sinhx4 tanhx5∂4 + coshx4∂5 −
sinhx4
coshx5

∂6,

J12 = x3∂2 − x2∂3 + coshx4 tanhx5∂4 − sinhx4∂5 +
coshx4
coshx5

∂6.

Comparing the realizations of p(1, 2) obtained in this section with the realizations obtained
in [13] we conclude that the result of [13] is a partial case of the results obtained in this paper
as far as only covariant realizations (i.e. the operators P0, P1 and P3 are represented by the
commuting shifts only) were considered and the sets of dependent and independent variables
were fixed before the calculations.
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Table 3. Realizations of p(1, 2) in two variables

Complementary
vector space

Subalgebra Realization

{J01 + J12, J02} 〈P0, P1, P2, J01−J12〉
P0 = 0, P1 = 0, P2 = 0,
J01 = 1

2 (1− x21)∂1 + x1∂2,
J02 = −x1∂1 + ∂2, J12 = 1

2 (1 + x21)∂1 − x1∂2

{J01, J12} 〈P0, P1, P2, J02〉
P0 = 0, P1 = 0, P2 = 0,
J01 = ∂1, J02 = − coshx1 tanx2∂1−sinhx1∂2,
J12 = sinhx1 tanx2∂1 + coshx1∂2

{J01, J02} 〈P0, P1, P2, J12〉
P0 = 0, P1 = 0, P2 = 0, J01 = ∂1,
J02 = − sinhx1 tanhx2∂1 + coshx1∂2,
J12 = coshx1 tanhx2∂1 − sinhx1∂2

{P0 − P2, J01 + J12} 〈P0+P2, P1, J01−J12, J02〉
P0 = 1

2 (1 + x22)∂1, P1 = −x2∂1,
P2 = − 1

2 (1−x22)∂1, J01 = −x1x2∂1+ 1
2 (1−x22)∂2,

J02 = −x1∂1−x2∂2, J12 = x1x2∂1 + 1
2 (1+x22)∂2

Table 4. Realization of p(1, 2) in one variable

Complementary
vector space

Subalgebra Realization

{J01 + J12} 〈P0, P1, P2, J02, J01 − J12〉
P0 = 0, P1 = 0, P2 = 0, J01 = 1

2 (1− x21)∂1,
J02 = −x1∂1, J12 = 1

2 (1 + x21)∂1

4. Deformations of p(1, 1) and p(1, 2)
Deformations of Lie algebras appear in mathematical theories when it is necessary to classify
non-isomorphic structures or to implement an analytical structure on the variety of such objects.
In physics the deformations are used for quantization or for integration of theories with different
symmetries into one model, etc., see also [15] for review.

Here we use the notion of one-parametric deformation proposed by Gerstenhaber [16]. Let
g = (V, [ , ]) be a Lie algebra over V , then its deformation is the one-parametric family of
Lie algebras gt = (V, [ , ]t), t ∈ R, where [x, y]t = [x, y] + tϕ1(x, y) + t2ϕ2(x, y) + · · · , and
ϕi : V × V → V are bilinear, antisymmetric and satisfy the Jacobi identity.

Construction of all possible deformations of a given Lie algebra requires the study of respective
cohomology algebra, in particular, for the existence of infinitesimal deformation it is necessary
that H2(g, g) 6= 0. However for the Poincaré Lie algebra p(1, 1) we can construct one of it’s
infinitesimal deformations directly from the classification of three-dimensional Lie algebras using
the isomorphism p(1, 1) ∼ A−13.4:

[P0, J01]t′ = P1 + t′(P0 − P1), [P1, J01]t′ = P0 + t′(P1 − P0), t′ ∈ R.

Another deformation of the Poincaré algebra can be constructed using the fact that there
exists a contraction from the de Sitter algebras to the Poincaré one

[P0, J01]t = P1, [P1, J01]t = P0, [P0, P1]t = tJ01, t ∈ R.

GADEISVII IOP Publishing
Journal of Physics: Conference Series 621 (2015) 012009 doi:10.1088/1742-6596/621/1/012009

5



The same scheme works for all higher-dimensional Poincaré algebras, in particular for p(1, 2)t:

[P0, J01]t = P1, [P1, J01]t = P0, [P2, J02]t = P0,

[P0, J02]t = P2, [P1, J12]t = −P2, [P2, J12]t = P1,

[P1, P2]t = tJ12, [P1, P2]t = tJ01, [P0, P2]t = tJ02,

[J01, J02]t = −J12, [J02, J12]t = J01, [J01, J12]t = −J02.

Using the same method as in previous sections we construct the generic realizations
R(p(1, 1)t′) and R(p(1, 1)t) of the above deformations, before each realization we present the
complementary vector space that was used for the calculation of this realization:

{P0, P1, J01}, R(p(1, 1)t′) : P0 = ∂1, P1 = ∂2,

J01 = (t′x1 + (1− t′)x2)∂1 + ((1− t′)x1 + t′x2)∂2 + ∂3;

{P0 + P1, P0 − P1, J01}, R(p(1, 1)t) : P0 = 1
2(1− tx21)∂1 + (12 + tx1x2)∂2 − tx1∂3,

P1 = 1
2(1 + tx21)∂1 − (12 + tx1x2)∂2 + tx1∂3,

J01 = x1∂1 − x2∂2 + ∂3.

To construct the generic realization of the deformed algebra p(1, 2)t we use the complementary
space to the empty subalgebra with the basis {P0 +P2, P0−P2, P1, J01 +J12, J01−J12, J02} and
obtain the following result:

P0 = −1
2B∂1 + C∂2 + tx1x4∂4 − tx1∂5,

P1 = −Tx1F∂1 − (1 + 2tx1x2)Tx2F∂2 + (1 + 2tx1x2)∂3 +

+
1

E
((2x2C − 2tx1x2x4TD − x1x42)∂4 + (2tx1x4 + tx2TD)∂5 + (tx1e

−x5)∂6),

P2 = 1
2A∂1 − C∂2 − tx1x4∂4 + tx1∂5,

J01 =
AF

2T
∂1 +

(1 + 2tx2(x1 + x2A))F

2T
∂2 + (x1 + x2A)∂3 −

A(x4
2 − tx22)− 2C

2E
∂4 +

+ x2x4TAF∂4 +
A(x2TD + x4)

E
∂5 +

Ae−x5

2E
∂6,

J02 = x1∂1 − x2∂2 − x4∂4 + ∂5,

J12 =
BF

2T
∂1 +

(1 + 2tx2(x1 + x2B))F

2T
∂2 + (x1 + x2B)∂3 −

B(x4
2 − tx22)− 2C

2E
∂4 +

+ x2x4TBF∂4 +
(x2TD+x4)B

E
∂5 +

Be−x5

2E
∂6.

To improve the presentation of the above realization we used the shortcuts A = tx21 + 1,
B = tx21 − 1, C = tx1x2 + 1

2 , D = sinh((−t)1/2x3), E = cosh((−t)1/2x3), F = tanh((−t)1/2x3),
T = (−t)1/2.

Note, that each of the last three realizations represent not only one Lie algebra, but the
family of non-isomorphic Lie algebras at the same time. As soon as the set of dependent and
independent variables will be fixed all the obtained realizations can be used for the construction
of different types of equations and systems invariant with respect to the underlying symmetry
groups.
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