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Abstract. Based on the exact solution of Boltzmann kinetic equation in the relaxation-time
approximation, the precision of the two most recent formulations of relativistic second-order
non-conformal viscous hydrodynamics (14-moment approximation and causal Chapman-Enskog
method), standard Israel-Stewart theory, and anisotropic hydrodynamics framework, in the
simple case of one-dimensional Bjorken expansion, is tested. It is demonstrated that the failure
of Israel-Stewart theory in reproducing exact solutions of the Boltzmann kinetic equation occurs
due to neglecting and/or choosing wrong forms of some of the second-order transport coefficients.
In particular, the importance of shear–bulk couplings in the evolution equations for dissipative
quantities is shown. One finds that, in the case of the bulk viscous pressure correction, such
coupling terms are as important as the corresponding first-order Navier-Stokes term and must
be included in order to obtain, at least qualitative, overall agreement with the kinetic theory.

1. Introduction
The theory of relativistic hydrodynamics turned out to be very successful in describing soft
hadronic observables produced in ultra-relativistic heavy-ion collisions at RHIC and the LHC
[1, 2]; for a review see also [3]. Due to existence of the lower bound of the shear viscosity
to entropy density ratio resulting from quantum mechanical considerations, dissipative effects
must be included in order to realistically model the quark-gluon plasma [4]. However, despite
the successes of the first and most widely used, Israel-Stewart, formulation of causal relativistic
second-order viscous hydrodynamics [5], the latter is known to suffer from certain approximations
and assumptions. As a result, there are recently multiple developments focusing on constructing
more complete and self-consistent methods for deriving the fluid-dynamical equations of motion.
These methods include complete second-order treatments [6, 7], third-order treatments [8, 9] and
the anisotropic hydrodynamics framework [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29]. The forms of the transport coefficients that are entering all of the dissipative
hydrodynamics formulations have to be determined by matching the latter with the underlying
microscopic kinetic theory. As a result, the minimal requirement for a reasonable non-conformal
hydrodynamic theory is that it should be able to describe the evolution of a viscous medium at
least in this regime.

In principle, all of the hydrodynamic studies based on the kinetic Boltzmann equation use the
so-called relaxation-time approximation for the collisional kernel. Recently it was shown that
in this case the exact solution of the Boltzmann kinetic equation can be constructed providing
one restricts oneself to the case of Bjorken flow [30, 31, 32, 33]; for generalization to Gubser
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flow see [34, 35]. In the following we will show that this tool can be extremely useful for testing
various dissipative hydrodynamics formulations available in literature against the underlying
kinetic theory. We will show that among the cases considered herein, the Chapman-Enskog
method leads to the best overall description of the medium in the general, non-conformal, case.

2. Relativistic dissipative hydrodynamics from kinetic theory
The evolution of the system within relativistic viscous hydrodynamics is governed by the energy
and momentum continuity equations, ∂µT

µν = 0, with the energy-momentum tensor given by

Tµν = εuµuν − (P + Π)∆µν + πµν , (1)

where ε, P , Π and πµν are the energy density, pressure, bulk pressure correction and shear-
stress tensor, respectively, and ∆µν ≡ gµν − uµuν is the projection operator orthogonal to the
fluid four-velocity uµ. One possible way to derive the remaining evolution equations for the
dissipative quantities is to start with the underlying Boltzmann kinetic equation p · ∂f = C[f ].
In the case where the collisional kernel is treated in the relaxation-time approximation, C[f ] =
−(p ·u)(f −feq)/τeq, energy-momentum conservation equation (1) must be supplemented by the
following relaxation-type equations [36, 37],

τΠΠ̇ + Π = −ζθ − δΠΠΠθ + λΠππ
µνσµν , (2)

τππ̇
〈µν〉 + πµν = 2ησµν + 2τππ

〈µ
γ ω

ν〉γ − τπππ〈µγ σν〉γ − δπππµνθ + λπΠΠσµν , (3)

where τπ and τΠ are the shear and bulk relaxation time, η and ζ are the shear and bulk
viscosities, ωµν ≡ (∇µuν−∇νuµ)/2 is vorticity tensor, σµν ≡ ∇〈µuν〉 is the velocity stress tensor
and θ ≡ ∇µuµ is the expansion scalar. We use the notation where ∇µ ≡ ∆µ

ν∂
ν is the projected

spatial gradient and A〈µν〉 ≡ ∆µν
αβA

αβ, with ∆µν
αβ ≡ (∆µ

α∆ν
β+∆µ

β∆ν
α−2/3∆µν∆αβ)/2. In Eqs. (2)

and (3) we also use shorthand notation for the proper-time derivative ˙( ) ≡ d/dτ . The quantities
δΠΠ, λΠπ, τππ, δππ and λπΠ are second-order transport coefficients whose form depends on the
method used to derive the evolution equations (2) and (3). Hereafter, we will consider three
methods which are available in literature: Israel-Stewart theory [5], 14-moment approximation
[7] and Chapman-Enskog method [9, 38]. Each of these formulations predict the same general
form of equations (2) and (3), however, they lead to different forms of the second-order kinetic
coefficients. In the following we will show which method provides the best agreement with
the underlying kinetic theory equation in the simple case of purely-longitudinal boost-invariant
(Bjorken) expansion. In this case, the results of the viscous hydrodynamics equations may be
confronted with the exact solution of the Boltzmann kinetic equation [30, 31, 32]. Moreover,
in this case, the six independent equations in (2) and (3) for dissipative fluxes reduce to two
differential equations for bulk pressure correction Π and rapidity–rapidity coefficient of the
shear-stress tensor πµν .

3. Comparison with the exact solution of Boltzmann kinetic equation
In Fig. 1 we present (a) the pressure anisotropy PL/PT ≡ (P + Π− π)/(P + Π + π/2) (directly
related to shear stress tensor since π ≡ −τ2πηη) and (b) bulk pressure correction scaled by proper
time resulting from two second-order non-conformal viscous hydrodynamics formulations: Israel-
Stewart [5] (purple dashed lines) and 14-moment approximation [7], with (brown dotted lines)
and without (green dashed-dotted lines) shear–bulk couplings. One can observe that the results
obtained within traditional Israel-Stewart theory provide the poorest description of the exact
solution of the underlying Boltzmann kinetic equation [30, 31, 32] (red solid lines), for both shear
and bulk viscous corrections. One observes also that, in order to obtain at least a qualitative
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Figure 1. (Color online) Time evolution of
(a) pressure anisotropy and (b) bulk pressure
correction obtained using exact solution of
the Boltzmann equation (red solid lines),
Israel-Stewart viscous hydrodynamics (purple
dashed lines), 14-moment approximation
without (green dashed-dotted lines) and with
(brown dotted lines) shear–bulk couplings.
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Figure 2. (Color online) Time evolution
of (a) pressure anisotropy and (b) bulk
pressure correction obtained using exact
solution of the Boltzmann equation (red solid
lines), 14-moment approximation (brown
dotted lines), Chapman-Enskog method (blue
dashed lines) and anisotropic hydrodynamics
(black dashed-dotted-dotted lines).

description of the bulk pressure correction, one is forced to include the shear–bulk couplings
(λΠπ and λπΠ) in the two relaxation equations (2) and (3) for the dissipative quantities.

In Fig. 2, in addition to the previous results from 14-moment approximation (brown dotted
lines) and the exact solution (red solid lines), we also show the results of the alternative
formulation of second-order causal viscous hydrodynamics using Chapman-Enskog iterative
method [38, 9] (blue dashed lines) and, for completeness, a novel formulation of anisotropic
hydrodynamics framework [27] (black dashed-dotted-dotted lines). We can immediately see that,
while the anisotropic hydrodynamics describes the bulk (isotropic) pressure correction at the
same level of accuracy as the 14-moment approximation method, it provides a better description
of the pressure anisotropy. Surprisingly, the Chapman-Enskog iterative procedure leads to
equations providing the best overall description in the case of massive, thus non-conformal,
fluid dynamics.

4. Conclusions
Herein we presented an analysis of the relative importance of the transport coefficients
following from various second-order non-conformal viscous hydrodynamics formulations, i.e.,
Israel-Stewart, 14-moment approximation and Chapman-Enskog method. As a benchmark,
we used the new exact solution of the Boltzmann kinetic equation within relaxation-time
approximation. We showed explicitly that the inclusion of shear–bulk couplings, which are
ignored in Israel-Stewart theory, is crucial for capturing the characteristic evolution of the
bulk pressure correction. We also showed that the Chapman-Enskog method leads to a set
of equations that provide the best overall description of a non-conformal system. We note,
however, that, in conformal case, the best description of the pressure anisotropy can be obtained
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within anisotropic hydrodynamics framework. We finish with the conclusion that the forms of
the transport coefficients entering the relativistic second-order viscous hydrodynamics theory
are crucial for the proper description of the quark-gluon plasma within this framework.
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