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Abstract. Exceptional orthogonal polynomials constitute the main part of the bound-state
wavefunctions of some solvable quantum potentials, which are rational extensions of well-known
shape-invariant ones. The former potentials are most easily built from the latter by using
higher-order supersymmetric quantum mechanics (SUSYQM) or Darboux method. They may
in general belong to three different types (or a mixture of them): types I and II, which are
strictly isospectral, and type III, for which k extra bound states are created below the starting
potential spectrum. A well-known SUSYQM method enables one to construct ladder operators
for the extended potentials by combining the supercharges with the ladder operators of the
starting potential. The resulting ladder operators close a polynomial Heisenberg algebra (PHA)
with the corresponding Hamiltonian. In the special case of type III extended potentials, for this
PHA the k extra bound states form k singlets isolated from the higher excited states. Some
alternative constructions of ladder operators are reviewed. Among them, there is one that
combines the state-adding and state-deleting approaches to type III extended potentials (or
so-called Darboux-Crum and Krein-Adler transformations) and mixes the k extra bound states
with the higher excited states. This novel approach can be used for building integrals of motion
for two-dimensional superintegrable systems constructed from rationally-extended potentials.

1. Introduction

In 2008, the introduction of exceptional orthogonal polynomials (EOP) by Goémez-Ullate,
Kamran, and Milson [1, 2] has constituted a big advance in both mathematics and physics. They
indeed form complete and orthogonal polynomial systems generalizing the classical orthogonal
polynomials (COP) of Hermite, Laguerre, and Jacobi. In contrast with the latter, there are
indeed some gaps in the sequence of their degrees, which does not impede them to form complete
systems. Furthermore, they occur in bound-state wavefunctions of some supersymmetric
partners of shape-invariant potentials, which are rational extensions of the latter [3].

Since then, a lot of work has been carried out in this area (see, e.g., [4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]). It turned
out that the easiest approach to construct solvable potentials connected with EOP is nth-
order supersymmetric quantum mechanics (SUSYQM) or, equivalently, some extensions of
the Darboux method [31]. In such an approach, one starts from n different seed solutions
©1,09,...,¢n of a starting Hamiltonian H1) and one gets the potential of the partner as
VO (z)=vW(z) - 2%)/\/(901, ©2,...,¢n), provided the Wronskian W is nonsingular.

In general, there may occur three types of EOP (I, II, and III). For I and II, H® ig strictly
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isospectral to H() and shape invariant. For III, there are some additional levels below the
spectrum of H® and H® is not shape invariant. Note that for the harmonic oscillator, only
type III EOP occur.

The purpose of the present communication is to review some recent works, made in
collaboration with I Marquette, on the construction of ladder operators for the potentials
connected with EOP [17, 32, 33, 34].

2. Ladder operators in SUSYQM
In nth-order SUSYQM, let us consider a set of two partner Hamiltonians

HY = — o+ V@), i=1,2, (1)
and let us assume that H() has some ladder operators a and a! of order k. These generate with

H® a polynomial Heisenberg algebra (PHA) of order k — 1 [35, 36, 37], whose commutation
relations are given by

[HY af] = Aaf, [HY 4] = —Xa, @)
[a,al] = PO (HD 4 x) — PO (HWD),
where ) is some constant and P (HM) is some kth-degree polynomial in H®, PM(HM)) =

Hle(H(l) — €).

Since a and/or a' may have zero modes, this PHA may have infinite-dimensional unitary
irreducible representations (unirreps), as well as finite-dimensional ones (singlet, doublet, and
more generally multiplet).

Well-known examples are those of the harmonic oscillator and of the radial harmonic
oscillator. In the former case, a and a' may be written as

d d
= — T —
a dx+x’ a d:c+x’ (3)

and we have k =1, A = 2 and PM(H®) = H® — 1. The corresponding PHA then reduces to
the Heisenberg algebra. In the latter case, we may write

1/ d* d 1 45 20(0+1)
=2 popt 42T 4y
“ 4<dx2+xdx+2$ 2 )

1 /. d? d 1 200 +1)
F= (20— 20— 42?221
¢ 4( d?  ar T x? >’

(4)

where ¢ denotes the angular momentum quantum number. Now k£ = 2, A = 2, P(l)(H(l)) =
%(ZH(D —3—20)(2HM — 1 + 2¢) and the resulting PHA is the su(1,1) Lie algebra. In more
general cases, the PHA turns out to be nonlinear.

In nth-order SUSYQM, the two Hamiltonians H®) and H® intertwine with nth-order
differential operators A and AT as AH®M) = HA A, ATH® = HO A The operators A and
AT, which may be written in terms of the n seed solutions @1, s, . .., ¢, of H1), enable one to
relate the energy spectra, the wavefunctions and the ladder operators of H(!) and H® (31, 36].

In particular, from the ladder operators a and af of HW), one gets ladder operators b and b
of H®) which are (2n + k))th-order differential operators given by b = Aa.A" and bt = Aat AT,
respectively [35, 36]. The new operators H®, b and b satisfy another PHA, which is entirely
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determined by the first one and the SUSYQM transformation. Their commutation relations are
indeed given by

[H® b1 = Abf, [H®) 5] = b,

b, bT] — p(2)(H(2) TN — P(z)(H(Q)), (5)

where P?)(H®) is the (2n + k)th-degree polynomial in H®) defined by

PAHPY = pPOHE) F(HP — X\ f(H?),

FH®) = AAT. ©)
3. Ladder operators for EOP-related problems
In Ref. [32], we used the method presented in Sect. 2 to construct ladder operators for potentials
related to (type III) Hermite and (type I, II, or III) Laguerre EOP.

For type I or II, corresponding to isospectrality, the properties of (H M) a, a') are transferred
to (H®,b,b") and b, b' act on all the wavefunctions of H(?). In contrast, for type III, although
the properties of (H(), a,al) are still transferred to (H®,b,b"), the operators b, bT do not see
the states that have been added below the spectrum of H(Y). Hence, apart from some unirreps
similar to those present for H(), there are also n singlets corresponding to the added states.

When one constructs higher-dimensional superintegrable systems whose constituent
Hamiltonians are connected with EOP families, ladder operators of these one-dimensional
Hamiltonians are very useful to build integrals of the motion of order higher than two by using
a well-known prescription [38]. However, in order to be able to algebraically derive the energy
spectrum of the superintegrable systems, together with the degeneracies of their levels, from the
representations of the polynomial algebra generated by the integrals of motion, it is necessary
that such ladder operators act on all eigenstates of the constituent Hamiltonians. In Ref. [32],
this condition was only satisfied for the type I or II case, but not for type III.

In a first attempt to deal with this problem [17], we proposed some new ladder operators,
different from b and b, for rational extensions of the harmonic oscillator, associated with type
IIT Hermite EOP and constructed in second-order SUSYQM. It turned out, however, that the
two added states below the spectrum of the oscillator formed a doublet and were not connected
to higher excited states.

In a second attempt, we succeeded in solving the problem in the cases of rational extensions of
the harmonic oscillator and of the radial harmonic oscillator, constructed in nth-order SUSYQM
[33, 34]. The procedure used will be reviewed in the next section.

4. State adding versus state deleting in nth-order SUSYQM
In general, there are several possibilities for choosing the n different seed solutions 1, 2, ..., @y
of the starting Hamiltonian H») and these go back to the Darboux intertwining method [39)].

Broadly speaking, there are two (equivalent) possibilities: that of adding a number of states
below the spectrum of the starting Hamiltonian, which is the method alluded to above, and
that of deleting a number of bound states in this spectrum. The former is referred to as the
Darboux-Crum method and takes its origin in the Crum extension [40] of the Darboux method.
In such a case, the seed functions are unphysical solutions of the Schrédinger equation for H™
with energy less than the ground-state, which are converted into physical solutions of H?). The
latter is called the Krein-Adler method and comes from a generalization of the Crum method
made independently by Krein [41] and Adler [42]. The seed functions are then chains of bound-
state wavefunctions that may be lacunary with some even gaps. Note that in general the two n
values are different in both approaches.

To distinguish both possibilities, we shall use different notations, as follows:
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1) (HM, H®) with H® = —j—; +V®(z), i =1,2, in the case of Darboux-Crum method;
2) (HW, H?)) with H® = —j—; + VO (z), i =1,2, in the case of Krein-Adler method.

We plan to show that in the cases of the harmonic oscillator and of the radial harmonic
oscillator, it is possible to arrive at V) (z) = V) (z) 4 constant, thereby allowing the
construction of ladder operators in a novel way [34].

5. Ladder operators for rational extensions of the harmonic oscillator
In this case, we start from the same harmonic oscillator Hamiltonian, H® = H®, which means
that VD(z) = VD(2) = 22, —00 < z < 0.

In the state-adding case, we take n — k and

0i(T) = by (1) = Hom, (2)" /2, My () = (=)™ Hpp,(ix),  i=1,2,....k (7)

where H,,(x) denotes a Hermite polynomial. The ¢y, (x)’s are eigenfunctions of H M),
corresponding to eigenvalues F,,, = —2m; — 1 below the ground state. For even m values,
they are nodeless on the whole real line, while for odd m ones, they have a single zero at x = 0.
With the choice m; < mg < -+ < my with m; even (resp. odd) for ¢ odd (resp. even), the
partner V(2 (z) turns out to be nonsingular [36]. On using standard properties of Wronskians
[43], one can then show that V(?)(z) becomes

d2
VO (2) = 2® — 2k — 25 10g W(Hum,, Homys - Hom) (8)
with corresponding spectrum
E® =2y 41, v=—mp—1,...,—ma—1,—-m; —1,0,1,2,.... (9)

On the other hand, in the state-deleting case, we take n — mj — k + 1 and

(@178027 o 7(1071) — (1/}1’1/)27 oo 77Z}mkfmk,17 e ﬂ;z)mkfmw oo 71;Z)mkfm17- . 'awmk)v (10)

where 1), denotes a bound-state wavefunction and ¥, means that 1, is excluded from the list.
The wavefunctions in (10) are then suppressed from the spectrum. Standard properties of
Wronskians lead again to

2

V(2)(x):x2+2(mk+1—k)—2wIogW(Hl,Hg,...,Hmk_mk_l,...,ﬁmk_ml,...,Hmk), (11)
which is nonsingular provided the gaps between the surviving levels with v = 0,my; —
Mp_1,..., M — Mo, Mg, —m1,mg + 1,mr + 2,..., correspond to even numbers of consecutive
levels [41, 42]. This leads to the same conditions on my, ma, ..., my as in the state-adding case.
After redefining v, one gets the spectrum

E®?) = 2my, +2v + 3, v=—mp—1,...,—mo—1,—-m; —1,0,1,2,.... (12)

As it has been proved that the two Wronskians in (8) and (11) only differ by some
multiplicative constant [22], the two obtained potentials V(?)(z) and V) (z) are the same up to
some additive constant,

VA (z) = VO (z) + 2my, + 2. (13)

This result agrees with the corresponding energies (9) and (12).
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SUSYQM intertwining relations show that one can go from H® to H®?) 4 2my, + 2 along the
following path

H® AT g — g H® = H® 4 2, + 2 (14)

\/

The (my + 1)th-order differential operator

c=AAT (15)

that performs such a transformation is therefore a lowering operator for H(?).
Together with its Hermitian conjugate and H?), it satisfies a PHA of my,th order, defined by
the commutation relations

H? ) = @my +2)ct,  [H?,d = —2my + 2)c,
le,cT] = QH™ + 2my, +2) — Q(H®),

k - (16)
QH®?) = <H(H(2) +2my; + 1)) 11 (H® — 25 —1)
i=1 j=1

JFEME =M 1500y Mp =M1

As explained in [34], the explicit form of Q(H?)), given in (16), can be obtained from standard
properties of SUSYQM.

From the action of Q(H®) = ¢fc on w,(,2) (z) obtained by replacing H?) by El(,2), that of ¢
and ¢ on the same can be easily derived. By choosing the normalization constants of the 1/11(,2)’8
in such a way that all matrix elements of the ladder operators ¢!, ¢ are nonnegative, one can
write the results for ¢ as

cw,(,Q):O, v=—mr—1,...,—m1—1,1,2, ... omp —mp_1 — 1, (17)
me —Mg_1+1,...,mg—mi—1L,mp—mqg+1,...,myg,
G | V2
2 ‘ 2
Cw(() ) — [2mk+l (mg + 1)! (H 771];—771) 1/1(_73.%_1, (18)
i=1 !
e = lzmk“(mk + 1)(2my, — my + 1) (mg — mi — 1)lmy!
- _ 1/2
» Zl—[lmk—i-mj‘—mi-l-l kl—Ilmk—i-ml—mi—i-l w(g) (19)
L. mi —m; < my — m; sl
j=1 I=i+1
i=1,2,... k1,
(v —1)! vt mit1 i (2)
(2) — omi+1 1 -4 i
by [ (v my + )(1/ —my — 1)! (};[1 v+m;— mk> Vomm—1 (20)

v=mr+1,mg+2, ...,

those for ¢! being deduced by using Hermitian conjugation. This proves that the above PHA has
my, + 1 infinite-dimensional unirreps, whose lowest-weight states are @Z)Z@) (z) with ¢ = —my, — 1,

,-my— 1L, L2 o om—mgp 1 — 1, mg—mep 1+ 1, ... ,ompg—my— 1, mp—m1+1, ...
my, respectively. Hence, the k lowest states are mixed with the higher ones.
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6. Ladder operators for rational extensions of the radial harmonic oscillator
The radial harmonic oscillator case is more complicated because SUSYQM changes the ¢ value
in the potential Vy(z) = ixQ + (Hl) , 0 <z < oo. We sketch it below and refer the reader to
[34] for more details.

In the state-adding case, we take n — k, V) (z) = V4 (z), and

/N S | 1
i) = ¢ (2) o 2~ Red LT (—2x2> . i=1,2,...,k (21)

where L( o k)( z), with z = %x2 and o = £ + %, denotes a Laguerre polynomial, m; < mg <
- < my, m; is even (resp. odd) for i odd (resp. even), and a + k > my. Then it turns out that
V(Q)(az) is a rationally-extended V;(z) potential,

V(@) = Vile) — k= 20 log W(LG D (=), LG (o), Lo 0(—2)). (22

m2

where W(fl(z), f2(2), ..., fe(z)) denotes the Wronskian of the functions fi(z), f2(2),..., fr(2)
with respect to z, and that

3
E§23:2u+é+k+§, ve=—mp—1,...,—mg—1,—m; —1,0,1,2,.... (23)

In the state-deleting case, we take n — my, +1 —k, VI (2) = Vi p_m, _1(z), where a + k is
assumed greater than my + 1. Then, with the choice

(¢1,02,---,0n) = ( (Hk_m’“_l), é“k_m’“_l), ey Vfﬁ:’f%’:fl_l), ey V,Sfjﬁ;g“k‘”, (o)
%(ﬁ:f;r:% 1) 7---,1/) (b+k—my— 1))’
we obtain that V(?)(z) is a rationally-extended Vj(z),
VO (2) = Vi(az) +mp+1—k — 2dd2 log W(L{eHF=me=D () plothmme=l ) ’s
LG e ), L e () L Lkl (), -
and
E§?3:2u+£+k:+mk+g, ve=—mp—1,...,—ms—1,—m —1,0,1,2,....  (26)
Here, V) (z) and V) () differ by an additive constant,
VO (z) = VO (z) +my + 1, (27)

again.

Since HY % HW  we need a third SUSYQM transformation relating them to be able to
construct ladder operators. As shown in Ref. [34], such a transformation is of (my, + 1)th order
and the corresponding supercharge operators A and A! can be written in terms of my, + 1 seed

solutions of class II, i.e., n — m; + 1 and

pi(z) = P (), F (@) o ke ket [T (;x) | (25)
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The corresponding partner potentials now read

V() = v (z) = Viyr(z),

- e . (29)
V() =V (z) - QTIO W(¢(€+k)( ),¢§£+k)(a:), b Z+k)( ),
where the latter is nonsingular provided ¢ + k + 1/2 > my. The relation
W( - ,¢1Hk e %:k)) (x_z_ke_m2/4)mk“:ﬂmk(mk“)/g, resulting from standard prop-

ertles of Wronskians [43], leads to

VO (@) = Vg, 1(@) + mp +1=VO(2) + my, + 1, (30)

which establishes the desired relation between V() (z) and V(I (z). Since type II seed functions
lead to isospectral transformations, the corresponding energies satisfy the relation

2(2) (1 ) 3
Engrkfmkflu Eu)ky Engrku 2’/"'5‘*"“‘*‘57 v=0,1,2,.... (31)

We conclude that this third transformation allows us to go from H® = HO to H® =
H® 4+ my + 1.
We can now go from H® to H®) + 2my, + 2 along the following path:

H(Q)AT)H(U H()%H(Z) ()+mk+14>H(2)+mk+1_H(2)_|_2mk_|_2 (32)
which shows that the (2my, + 2)th-order operator
c=AAAT (33)

is a lowering operator for H®.
Together with its Hermitian conjugate and H(?), it satisfies a PHA of (2my, + 1)th order,
similar to (16) except that Q(H®)) is now given by

k my
Q(H®) = <H(H<2> —a+2m; —k:+1)> [[E® +a-2j+k-1)

i=1 j=0
(34)
mg
X 11 (HY —a—2n—k—1)
n=1

NFEMp =M1 50, M =M1

The action of ¢ and ¢/ on the wavefunctions of H® is not substantially different from that
obtained in the harmonic oscillator case, so that the present PHA has my+1 infinite-dimensional
unirreps too. Hence, the k lowest states are mixed with the higher ones again.

7. Conclusion

In the present contribution, it has been shown that for the multi-step extensions of the harmonic
oscillator and of the radial harmonic oscillator connected with type III EOP, it is possible to
build new ladder operators ¢, ¢/ that satisfy a PHA with only infinite-dimensional unirreps.
These new ladder operators differ from the usual ones b, b, well known in SUSYQM. This has
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been made possible by combining the state-adding (or Darboux-Crum) and state-deleting (or
Krein-Adler) approaches to the construction of these extensions. Such new ladder operators are
very useful to construct integrals of motion for superintegrable systems based on one-dimensional
multi-step extensions connected with type III EOP.

An interesting open question is whether such a construction is possible for other types of
potentials than the harmonic oscillator and the radial harmonic oscillator, such as potentials
connected with Jacobi type III EOP.
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