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Abstract. In this work, we consider an upper bound for the quantum mutual information in
thermal states of a bipartite quantum system. This bound is related with the interaction energy
and logarithm of the partition function of the system. We demonstrate the connection between
this upper bound and the value of the mutual information for the bipartite system realized by
two spin-1/2 particles in the external magnetic field with the XY-Heisenberg interaction.

1. Introduction
A paradigm of consideration of quantum systems as a potential basis for applications in various
technologies, e.g., information processing, communications, and metrology, inspires a new wave
of studies many-body systems with focus on quantum correlation, quantum entanglement, and
discord phenomena [1–3]. In particular, outstanding findings are obtained for spin models [4–21].
Remarkable progress in experiments with electronic spins [5], nuclear spins [6], quantum dots
[7, 8], and atomic ensembles in optical lattices [9, 10], allows to design quantum systems with
effective spin chain Hamiltonians. This fact opens intriguing prospectives for investigation of
fundamental concepts in these systems and revealing novel interesting phenomena.

Paramount importance of the XY Hamiltonian spin model [4] has been demonstrated [13–18].
In particular, it has been shown that XY Hamiltonian appears in quantum dot spins and cavity
QED systems towards to their applications for quantum information processing [11–15].

Recently, a novel class of so-called entropy–energy inequalities of has been revealed [22]. This
class of inequalities connects the mean value of the Hamiltonian and the entropy of an arbitrary
state for a given Hamiltonian of the system. In the present work, we follow the strategy of
Ref. [22] to construct an upper bound for the quantum mutual information in thermal states of
a bipartite quantum system. We consider the relation between this bound and the value of the
mutual information for the bipartite system realized by two spin-1/2 particles in the external
magnetic field with the XY-Heisenberg interaction.

Our paper is organized as follows. In Section 2, we construct the inequality for the quantum
mutual information and energy in bipartite quantum systems. We consider this inequality in the
framework of the model of spin-1/2 particles with the XY Hamiltonian in the external magnetic
field in Section 3. In Section 4, we give our conclusion and prospectives.
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2. Mutual information–energy inequality
Consider a bipartite quantum system AB, which is described by density operator in the Hilbert
space HAB = HA ⊗HB. The Hamiltonian of the system has the following generic form:

H = HA ⊗ IB + IA ⊗HB +Hint, (1)

where HA and HB describe the subsystems without an interaction, Hint describes the coupling
between subsystems, IA and IB are the identity operators in HA and HB respectively.

We study the state of thermal equilibrium, which is given by the following expression:

ρAB =
1

ZAB
exp (−βH), ZAB = Tr[exp (−βH)], (2)

where β is inverse temperature in the corresponding energy units and Z is the partition function.
Taking partial traces in Eq. (2), we obtain the states of subsystem:

ρA = TrB[ρAB], ρB = TrA[ρAB]. (3)

It is clear that the total energy of state (2) could be represented as a sum of three terms:

E = EA + EB + Eint, EA = Tr[ρAHA], EB = Tr[ρBHB], Eint = Tr[ρABHint]. (4)

Following the strategy of Ref. [22], to derive an inequality between the mutual information
and energy in bipartite thermal state, we start with the notation of the relative entropy [1],

S(ρ||σ) = Tr[ρ ln ρ− ρ lnσ] ≥ 0. (5)

This relation is a measure of difference between states with density matrices ρ and σ. We note
that the identity S(ρ‖σ) = 0 takes place in the case ρ = σ only. Using the von Neumann entropy

S(ρ) = −Tr[ρ ln ρ], (6)

one can rewrite Eq. (5) as follows:

S(ρ‖σ) = −S(ρ)− Tr[ρ lnσ]. (7)

By expanding the trivial identity S(ρAB||ρAB) = 0 and substituting the explicit form of
thermal state (2) in second term in the RHS of Eq. (7), we obtain:

0 = −S(ρAB)− Tr[ρAB(−βH − lnZAB)] = −S(ρAB) + βE + lnZAB, (8)

or, equivalently,
S(ρAB) = βE + lnZAB. (9)

Let us consider the relative entropy between the state ρA of the subsystem A and an another
thermal state ρ̃A,

ρ̃A =
1

ZA
exp (−βHA), ZA = Tr[exp (−βHA)]. (10)

In the general case, we have

0 ≤ S(ρA||ρ̃A) = −S(ρA)− Tr[ρA(−βHA − lnZA) = −S(ρA) + βEA + lnZA (11)

or, equivalently, the following inequality:

S(ρA) ≤ βEA + lnZA. (12)
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One can see that the same inequality could be obtained for the entropy of ρB:

S(ρB) ≤ βEB + lnZB, ZB = Tr[exp (−βHB)]. (13)

Finally, by considering the standard definition of the quantum mutual information

I(ρAB) = S(ρA) + S(ρB)− S(ρAB) (14)

and using Eqs. (9), (12), and (13), we obtain the following inequality:

I(ρAB) ≤ β(EA + EB − EAB) + ln
ZAZB

ZAB
= −βEint + ln

ZAZB

ZAB
, (15)

which gives the upper bound for mutual information in thermal bipartite state.
For the purposes of convenience, we introduce the notation for the upper bound of the mutual

information

Iub(ρAB) = −βEint + ln
ZAZB

ZAB
. (16)

Clearly that in the case of absence of interaction, i.e., at Hint = 0, the upper bound and mutual
information itself goes to zero:

ZAB = ZAZB, I(ρAB) = Iub(ρAB) = 0. (17)

Inequality (15) is a central object of the present paper.

3. Results for XY-Heisenberg interaction
In this section, we discuss an implementation of inequality (15) for the particular spin model.
We consider XY-Heisenberg interaction between two spin-1/2 particles in an inhomogeneous
magnetic field acting along Z-axis. The systems is described by the following Hamiltonian:

HA = B1σz, HB = B2σz, Hint = g(σx ⊗ σx + σy ⊗ σy), (18)

where σi(i ∈ (x, y, z) stands for the corresponding Pauli matrices, g is the coupling constant,
and B1 and B2 are magnetic fields acting on particles (magnetic moments of particles are set to
be unit).

The ground state of Hamiltonian (18) turns to be the entangled state

|Ψ〉 =
1

C

(
2g√

(B1 −B2)2 + 2g2
| ↑↓〉 − | ↓↑〉

)
, (19)

at B1B2 < g2 with C being the normalization factor, and the separable state at B1B2 > g2 (for
positive B1 and B2, the state is | ↑↑〉, and it is | ↓↓〉 otherwise).

We start from consideration the case with no external field, i.e., B1 = B2 = 0. Due to the
symmetry of Hamiltonian (18), the reduced states ρA and ρB of corresponding thermal state
ρAB (2) are proportional to identity operators. On the other hand, we have ZA = ZB = 2 (as
the dimension of the Hilbert space of the subsystems) and EA = EB = 0. Thus, inequalities
(12) and (13) turn into identities and we obtain:

I(ρAB) = Iub(ρAB) = −βE − lnZAB + 2 ln 2. (20)

Situations of non-zero uniform and nonuniform magnetic fields are presented in Fig. 1. First
we note that in Fig. 1a, with entangled ground state, the upper bound (16) explodes at β−1 → 0
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Figure 1. Quantum mutual information (red) given by Eq. (14) and its upper bound (blue)
given by Eq. (16): (a)–(c) are shown as functions of temperature β−1 at fixed coupling constant
g = 1; (d)–(f) are shown as functions of the coupling constant g at fixed temperature β−1 = 1.
The external magnetic fields are: (a) and (d) B1 = B2 = 1/2; (b) and (e) B1 = B2 = 2; (c) and
(f) B1 = 3, B2 = 1.

and becomes even higher than maximal level of mutual information for two-qubit system, i.e.,
the value 2 ln 2. However, at high temperatures β−1 > g the upper bound tends to real value of
the mutual information at all considered values of the magnetic field.

The behavior of the quantum mutual information and its upper bound as functions of the
coupling constant g at fixed temperature β−1, which is presented in Fig. 1(d-f), confirms with
foregoing statement: the difference between I(ρAB) and Iub(ρAB) grows with increasing of the
coupling constant g. It seems like non-uniformity of magnetic field does not bring any significant
changes in the general picture.

4. Conclusion
We have introduced the upper bound (16) for the quantum mutual information in thermal states
of bipartite quantum systems based on the interaction energy and logarithm of the partition
functions. To illustrate our results, we have considered two spin-1/2 particles interacting by XY-
Heisenberg model in the inhomogeneous magnetic field. It turned out that in the considered
model the introduced the upper bound tends to the value of mutual information for the values
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of temperatures (in the energy units) higher than the interaction energy. The important open
question is whether it is true for all possible models of interactions and dimensions of subsystems.
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